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Describing Robot Motion

* Different aspects to the description
— How does the robot move? How do we want to represent that?
— Where does the robot move? How to represent environment?

* Consider a walking robot:

Can capture poses in a
configuration space \
(a.k.a. joint space)

Some dynamics /

information is better
understood in phase space

Environment/constraints
would shape the geometry
in the work/task space

Family of end-point goals
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The Configuration Space

* A space describing the A % | Elbow angie
various configuration " '
variables

* Inthe example, there are

two rOtational jOintS (eaCh Robot arm Configuration space
variable evolves along a , .
T
circle, S*
— Combined effect is that Eng‘;ZV
motion can be described as
oints on the torus ¢
P 0 Wrist angle 2m
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Relating C-Space and Workspace
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Note the change in obstacle ‘shape’ in golng from
one space to another. How do we efficiently compute this?
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Configuration Spaces can be Complex

5-gonal linkage

5-gonal linkage P(1,1,1,1,15) with 5 € {3,2.1,2,1.9,1}
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What is Kinematics?

* Robot kinematics: In a kinematic analysis the position, velocity
and acceleration of all links are calculated without considering
forces that cause this motion.

— As opposed to dynamics - which studies relation between motion of
objects and its causes.

* Robot kinematics deals with aspects of redundancy, collision
avoidance and singularity avoidance.

19/01/2012 Structure and Synthesis of Robot Motion 6



Start from Basics: Simplest Example

 Consider a 2-dim object on a plane, goes from one pose to
another as shown

* To describe it (in a computer program), keep track of
— Translation of a canonical point, say, the center — (x,y)

— Angle by which object is rotated (with appropriate
convention for axis and direction) - 0

* If I have many objects, I'll need to pick a global origin and
describe them all in terms of corresponding (x, y, 0)
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2-dim Motion
Translation:
Every point is mapped as (z,y) — (z + x¢, ¥y + yt)

Rotation:
Every point is mapped as (x,y) — (xcosf — ysin @, x sin # + y cos 6)

. . . . . y '=(simf.coshH
This can we written in terms of a rotation matrix. y W )
R(0) = cosf) —sinf

VA sin@  cosé 0
¢ i g : T T §
So. every point is transformed as — R(0)
Y Y >
......... e :

Yaa,
.~
v
"y
‘a,

’ , , ﬂ x'=(cos6.-sinH)
Such equations can describe two things:
* Chawnge of coordinate frames between polnts in robot

* New position of an object if it performs a wmotion in the environment
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2-dim Motion

Translation and Rotation:
This involves a 3 x 3 homogeneous transformation matrix.,
where rotation is followed by a translation:
cosf —sinf x;
T(zy,ye,0) = | sinf cos@
0 0 1

_ B
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Describing 3-dim motion

Translation: E
Every point is mapped as (z.y. z) — (x + x¢, Yy + ys, 2 + 2¢) . &%aw
Rotation:
Different rotation matrix for each axis. (ﬁ-ﬁ
cosa —sina 0 Aol Pitchl_ 4
Yaw: R.(a) = [ sina cosa 0 )
0 0 1
cos3 0 sinf )
Pitch: R, () = 0 1 0
—sinf3 0 cosf?
1 0 0
Roll: Ry(v)=| 0 cosy —sin~y

0 siny cosvy
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(Non)-commutativity

In 3-dim (and beyond), interesting things begin to happen:

A
Physics e
. - “ > ' You wneed to Rnow the order
| - of operations to be able to
2) Rotated 90 ot ’
o / X fje)gr::ztabnut X. f}t;c;:ayt.ed S0 'FMLL@ dﬁSOYLbe tl’\e YeSl/LLt!
(1) The book in its ’/ / @
original orientation. fi" D ‘
L | ’ E
(4) Rotated 90
degrees about y. (5) Rotated about
y, then x.
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Combined 3-dim Rotations

cosacos 8 cosasinfsiny —sinacosy cosasinfcosy +sinasing rt\

T — smacosF sinasinfsiny+cosacosy sinasinfcosy—cosasiny y:
—sin 3 cos Fsinn cos 3 cos ) 2%
\ 0 0 0 1

Which corresponds to: Roll by ~: pitch by 3: yaw by «: translate by (z;, y;, z¢).

If a robot/object consists of many links/parts, we could
compute position of any end with respect to a base via an
appropriate sequence of transformations:

T=T,T,...T,

wWhere are these two polnts
w,r.t, each other?
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A Question

* Suppose you want to hold some things fixed in your robot
while the rest of the mechanism does its thing...

e.g., you want to hold a glass of water (hence your ‘end
effector’ position) while moving the hand/glass to your mouth

* This happens in many settings: A R evovange
— Constraint (wiping windows)

— Dynamics (Do not fall/slip) T&
— Task spec. (‘standing’ poses) _J

Robot arm Configuration space

19/01/2012 Structure and Synthesis of Robot Motion 13



Describing Subspaces

* The kind of restrictions in
the previous slide
correspond to subspaces

 Alinear subspace would be %

a hyperplane '\"'7\4,23

=

* Ingeneral, when we
translate between spaces,
the restrictions take on a
more general form

19/01/2012 Structure and Synthesis of Robot Motion 14



A Typical Scenario

B  Many robotics problems
< W involve a workspace goal

that needs to be achieved
through joint space actions

[

* Translating between the
two coordinate systems

requires thinking through a
sequence of coord. Frames

* Inthe figure:

— How does object motion
translate to robot

19/01/2012

manipulator motion?
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Two Aspects of Kinematics

e Forward Kinematics

— Given joint angles, compute the transformation
between world & gripper coordinates

— Relatively straightforward

* |nverse Kinematics

— Given the transformation between world coordinates
and an arbitrary frame, compute the joint angles that

would line your gripper coordinates up with that
frame.

— More involved than forward case, as will see
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Forward Kinematics

A}’u

Scenario:

You have a robotic arm that starts
out aligned with the x_-axis.

You tell the first link to move by 0,
and the second link to move by 0,

Question:

What is the position of the end of
the robotic arm?

19/01/2012

Xy

Solution:

Use transformation matrices from
earlier slides
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Locate the Yellow Dot in Base Frame

Translation, along x?, by |,

v H=R/(Y,) * T (/) *R(Y,) * T,(L,) *R,(Y,)

Rotation, around z, by Y,

i.e. Rotating by Y, will put you in the XY! frame.
Translate in the along the X! axis by /..
Rotating by Y, will put you in the X2Y? frame.
and so on until you are in the X3Y3 frame.

Y1

The position of the yellow dot relative to the X3Y3 frame is
| = (/;, 0). Multiplying H by that position vector will give you the
coordinates of the yellow point relative the the X°Y° frame.
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y1

Variation: New Coordinate Frame at the Dot

Y3

X4

H=R,(Y,) * Tu(l;) *R(Y,) * To(ly) * R,(Y;) * Tyslls)
This takes you from the X°Y° frame to the X*Y4 frame.

The position of the yellow dot relative to the X*Y4 frame

| T is (0,0).
| X | [ O]
| v | | o |
| | — |\l | Notice that multiplying by the (0,0,0,1) vector will
I Z I I 0 I equal the last column of the H matrix.
L1 ] L1 ]
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Inverse Kinematics: Simplest Example

Revolute and Find Angle:
Pr|sm§t|cJ0|nts 0= ,rctan(z)
Combined X
More Specifically:
(x,y) / P y

_ y arctan2() specifies that it’s in the
0= rctan 2(;) first quadrant

Finding S:

S= [(x*+ /%)
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Bit More Complex: 2-link Manipulator

Given: I,,1,,x,y

(x,y) _
Find: 0,6,

Redundancy:

A unique solution to this problem

[ does not exist - two solutions are possible.
Sometimes no solution s possible.

19/01/2012 Structure and Synthesis of Robot Motion
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Solving for the Joint Angles

c, = '0s0,
......... c,, = 0sO,+ )
_____ (Dx=lc+l,cy,
2Q)y=1Is+/,smn,

3)6= 1+ ,
(1) +(2) =x*+y* =

=12+ 17+ 20, € (¢ +5,(sin,.0)

e

2 2
TTTTTT 7T =i+l 2,

(w20 v2_7%2_72)
.'.Ozzarccosliry h = |

L 211, )

19/01/2012 Structure and Synthesis of Robot Motion 22



Solving for Joint Angles, Contd.

X= ¢+ ,C,

= G LG LSS,

= (L + ,¢)— (ys,)
y= S+ ,S,,
1S+ 5856+ , 8,6
2(Uysy)+ U+ ,¢,)

<+s5,(1,5,)

= l,s,)+ ([, +1,c
y (ll_l_l_z Cz) (2 2) 1(1 2 2)
1
= lys 1°+1,°+ Ll c
TETR AL 33
S — v(, +l_>202); Ly, 0, _aresinl YL +D o) Xlzsz\l
X 4+ 7 \ x 2 _|_y )
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Things Can Get Complicated...

Hands should follow This is still within our model:
the mouse

But, we’d like to avoid tedious
Keep feet fixed calculations like in last slide
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Use of the Jacobian — Computing Velocities

e Chain of links maps a set of
input variables (Joint Sar—
Angles) to end effecter =)
variables: x= 76

r
lterate

d#=J'(dX) —

¥

Iy
A+ dey

* The Jacobian is defined as: w1l /y

IF(O)
o)

J(0) =
* A transformation from joint

velocities to end-point
velocities: = t= 100
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Jacobian: A Simple Example

dr  O(rcosf)dr  O(rcosb) df

T o d@ + @ C to costr — rsintt

dy  O(rsinf)dr O(r sinb)dd

== & + YR ==> Yy = sinfr 4+ r costt

X=1c0s6
y=1sinf

19/01/2012

3 0 where | 7= | ~TSn ¢ cos v
rcostl  sind
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Using the Jacobian Inverse

Use task level goals to figure Concept of Pseudoinverse:
out how end effecter should
move - V V=J0
Solve for the joint angle TV =JJ0
velocmes.: | ST TV =0
V="=16)0 L
JV=0

Some pitfalls:

) _ whereJ = J'J) J'=J'(JJ')
— J might be singular

— Overdetermined system

. 7 B 3 o 4 —Siﬂ-ﬁ' cajﬁ
[J’ } [ J ] = [ ; ] where J & = [ cosf  sin 0 ]

19/01/2012 Structure and Synthesis of Robot Motion
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Jacobian of the 2-link Arm

—512
Cha
0
0

C1L1 + LaCha
S1Ly + LaSto

0
1

O(C1L; + LaCla) 06,

5

00,

ot

8(31L1 + Lgslg) J09

ot

_LQSIQ
LQGIQ

)l

cC; =5 0 114 Coy —So 0 Cols 19
0 S G 0 511 1 Sy Cy 0 Sals o | Si2
I 0o 0 1 0 T 0o 0 1 o0 Iy = 0
0 0 0 1 0 0 0 1 0
0X  J(CiL; + LyCyy) 00,
X =C1L LoCls —
141 + LoCha ; pm 90,
X = (=S1Ly — LyS12)01 — Ly5120,
Y (:'?(SlLl + nglg) 00,
Y =5/L LS9 — = _
1L + Lgdqa: It 50,
e Y = (C1Ly + LyC15)0; + LyC100,
2 /j,’}’,
-7 8] .
L e and X || =51L1 — LadShe
1 h Y | ChLy + LyCh
6
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Regularizing the Inverse

 While the pseudoinverse
will yield a solution, it may
not be the right one always

e What are the criteria?

* One way to handle this is to
define additional
optimisation criteria:

0 (0

R
N :Orthonorma basis of null space
T (6 :"Goodness"function

O=T"6V- VN
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(Kinematic) Motion Planning

Once we know how to compute forward/inverse kinematics,
we are in a position to ask questions about planning

1. Given a start and end state, how to move between them?

2. How to represent external world and imposed constraints?

— How much detail do you need?
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Roadmaps

it pak

ez

b usicn g

FumL
3

Collapse description down to a (topological) relation between
landwmaries that suffices for planning purposes
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A Combinatorial Roadmap

2

]

The roadmap derived from the vertical cell decomposition.

Computations can quickly get very expensive!

19/01/2012 Structure and Synthesis of Robot Motion
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Probabilistic Roadmaps

Exploit the following observation:

It is cheap to check if a single robot configuration is in free
space or not

Note this assumption: need collision detection ability

So, by coarse sampling, one may compute nodes of a
roadmap that are in free space

Fine sampling (local planner) picks edges connecting nodes

At ‘query’ time, connect start and goal points to nearest node
in roadmap and perform path planning as before



Generic Procedure for Sampling-based Planning

1. Initialize an undirected search graph (V, E'), where V' contains
qr, or qc:, or both, and E is empty.

2. Choose a vertex ¢ € V' for expansion. Construct a local path
Te : |0, 1] = Cypee such that 7(0) = ¢ and 7(1) = ¢,eq for some
new € Cf-ree-

3. If grhew €V then add ¢e00 to V. Also add local path 7. to E.

4. Search for a global path in (V, E) that connects ¢r with go. If
found (or some termination condition is satisfied) then terminate,

else go to 2.

19/01/2012 Structure and Synthesis of Robot Motion
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Generic Procedure, Visually

An illustration of motion planning as incremental graph search.

19/01/2012 Structure and Synthesis of Robot Motion
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Sampling-based Roadmaps

e A roadmap can be used for multiple queries. In a sampling-based
roadmap, a(i) is connected to all its neighbors in the graph.

e In a probabilistic roadmap (PRM), a(i) is a random sequence.
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Probabilistic Roadmap Construction

’ free space ‘




Probabilistic Roadmap: Step 1

Configurations are sampled by picking coordinates at random




Probabilistic Roadmap: Step 1

Configurations are sampled by picking coordinates at random




Probabilistic Roadmap: Step 2

Sampled configurations are tested for collision (in workspace!)




Probabilistic Roadmap: Step 3

The collision-free configurations are retained as “milestones”




Probabilistic Roadmap: Step 4

Each milestone is linked by straight paths to its k-nearest neighbors




Probabilistic Roadmap: Step 5

Retain only collision-free links




Probabilistic Roadmap: Step 6

The collision-free links are used to form the PRM




Probabilistic Roadmap: Query Time

The start and goal configurations are included as milestones




Probabilistic Roadmap: Finding the Path

Search PRM (e.g., A*) for a pathfromstog




In Practice, Key Requirements for PRMs

PRMs need the following procedures to be extremely efficient:

e Collision Detection (numerous libraries exist)
— To check if a sampled configuration is in free space

— To check if local plan is feasible

* Nearest-neighbour search (e.g., kd-trees)

— To pick target nodes for any given sample node

(a) Naive sampling (b) Uniform sampling

19/01/2012 Structure and Synthesis of Robot Motion
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What can Go Wrong? Narrow Passages

low density of
free samples

high density
of free samples

free samples

colliding local path
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What can Go Wrong? Lack of Connectivity

A combination of issues:

* Collection of narrow
passages can impede
roadmap growth

* Non-uniformity of a finite
set of samples may lead to
clustering —so k-NN
connections may not cover ¢
the whole space

e Similarly, boundary points o \
are sparsely sampled ./\\ .
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Single-Query Planning:
Rapidly Exploring Random Trees (RRT)

[LaValle '98, LaValle & Kuffner '00]

Use a tree that explores space,

q\)\}k much like an unfurling search tree
init
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RRT: Step 1

[LaValle '98, LaValle & Kuffner "00]

19/01/2012

qrand

Nearest Neighbor of q,,,4 in tree

Structure and Synthesis of Robot Motion
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RRT: Step 2

[LaValle '98, LaValle & Kuffner '00]

19/01/2012

q init

q near

qnew”,.--

q rand

Structure and Synthesis of Robot Motion
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RRT @ Work

45 1terations 2345 1terations

In the early iterations, the RRT quickly reaches the unexplored parts.
However, the RRT is dense in the limit (with probability one), which means that
it gets arbitrarily to any point in the space.

19/01/2012 Structure and Synthesis of Robot Motion
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What is Really Going On?

nerementally, a partition in terms of a Voronol diagram is refined.

The probability that a path is found increases
exponentially with the number of iterations.

[Kuffner & LaValle '00]
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In Practice, Many Extensions may be Needed

qr dc

Multi-resolution e;q:Lom‘c’Low

Bi-directional search
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