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Cell signaling is spatially heterogeneous even at
steady state

signals sometimes generate spatially heterogeneous
steady states, eg gradients of pho’'ed proteins

done via microdomains on membranes or
organelles, anchored Kinases, and anchored dual
Kinases—Pho ases

all this depends on shape, and size!
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Turing patterns

Turing—pattern formation in a reaction—diffusion
medium:

— long—range inhibition (fast diffusing inhibitor)

— short—-range activation (slow diffusing activator)

Numerical results are obtained from the model:

de/dt = (1/e)(fz2(q—2)/(q+2)+x(1—m2)/(e1 +1—mz) —x?) + Az
dz/dt r(l—mz)/(e14+1—mz)—z+d, Az

- x the activator and z the inhibitor

- d, = 10 is the ratio of diffusion coefficients Dz/Dx

- ¢ 1s time

- ¢ = 0.0002, m = 0.0007, ¢ = 0.02, e =2.2; f = (A)1.1, (B) 0.93, (C) to (F) 0.88.
- size of domains: diameter = 20 (A) to (C) and (F), 14 (D) and (E), height = 40.
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in numero
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discrete
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discrete model

A(loc™0) <-> A(loc™1) @ 1,1
A(loc™1) <> A(loc™2) @ 1,1
A(Qoc™2) <-> A(loc™3) @ 1,1
A(loc™3) <-> A(loc™4) @ 1,1
A(Qloc™4) <-> A(loc™5) @ 1,1
A(loc™5) <-> A(loc™6) @ 1,1
A(Qloc™6) <-> A(loc™7) @ 1,1
A(Qoc™7) <-> A(loc™8) @ 1,1
A(Qoc™8) <-> A(loc™9) @ 1,1

Ainit: 100 * (A(a"blue,loc™9))
Ahinit: 100 * (A(a"red,loc™0))
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steady state

sigady state is NOMQQENLQUS o~

13/1/2009 diff1 ka rescale=10.0000 sample=0.0140t.u
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steady state — balance

ag = aq
20, = a;—1+a;11 f0<i<m-—1
Am—1 — Am—2
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heat source at 0

_kipase ar 0. diffusible oho.ase.

’red 0’ A(loc™0,a"blue) -> A(loc”0,a"red) @ 10
'blue’ A(a"red) -> A(a"blue) 0 1

# Simulation observables:
7%obs: Ax@0° A(a"red,loc™0)
%obs: A(a“red,loc™1)
%obs: A(a"red,loc™2)
%obs: A(a"red,loc™3)
%obs: A(a"red,loc™4)
%obs: A(a“red,loc™5)
7%obs: A(a“red,loc™6)
%obs: A(a“red,loc™7)
%obs: A(a“red,loc™8)
%obs: A(a“red,loc™9)
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simulation
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guess Initial condition

13/1/2009 diff1 ka rescale=10.0000 sample=0.0300t.u

20 | | | | | |
[A(a~red,loc~2)]
18 L [A(a~red Joc~1)] —— |
FA (Ared loc~0)]
16 |-
14 |
2
: 2t
0
<
=
= 10
s
=
3
= st
@)
6 L
4 L
2 L
0 = A ke | | | | |
0 5 10 15 20 25 30

Time

Monday, 14 March 2011



steady state

-mig -loc +mig +loc

dal, + k'al, = da’ + kad

dad + kad = dab + k'al,

2daj + K'a] = dal_| +daj,; f0<i<m-—1
2dal = da?_ +dab,, +Kal H0<i<m-—1
dal. {4+ k'al, | =dal. ,

da’ _, =dab _,+Ka’

m—1 — m—1
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steady state

o
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INUOUS

cont
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pure diffusion PDE/heat equation

equation de la chaleur

2 (exp(-(3* pi)**2 * y**2) * sin(3*pi*x))
@ — @ (exp(-(2* pi)**2 * y**2) * sin(2*pi*x))
8t a 5132 (exp(-(1%* pi)**2 * y**2) * sin(1*pi*x))
o/\\
T e

- 0.

0.5
0.1

X 1-5

—_— 2 2 .
u(x,t) = E Bpe ™ " tsinnra
n

Monday, 14 March 2011




reaction/diffusion PDE

O:a” = d0%a” — k'a”
0sa’ = dd*a® + K'a”

0:a”(0,t) = dOya"(0,t) + ka®(0,t) — K'a"(0,t)
0;a’(0,t) = dd,a’(0,t) + k'a”(0,t) — ka®(0, t)
oa”(1,t) = —d0oa" (1,t) — K'a"(1,t)
0:a’(1,t) = —d0yab(1,t) + k'a" (1,1)

Oia(z,t) = dd?a(x,t) for x € (0,1)
0ra(0,t) = d(0,a)(0,t)  forx =0
Ora(l,t) = —d(0,a)(1,t) forx =1

Monday, 14 March 2011



suppose red As are slower

T — e ——————

— T ——

d.Aa” + dyAa® =0

d,0a" (0) + dpdrab(0) = 0

d,0.a" + dbé’xab =0

dy(a®(x) — a”(0)) = d,(a"(0) — a"(x))
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a = a(blue)+a(red) — material gradient
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Grid step, continuous vs. discrete

The relationship between the discrete grid diffusion rate dy, for steps of length h (size of a cell),
and D the continuous diffusivity is:

D = 6, h?

NB: h is sometimes called the length scale of the grid.
This equation is similar to the binary volume correction k =~ - AV.
Dimensions check (do not confuse dimensions with units) [L*T~!] = [T1][L?].
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narrow escape in 3d

T — SRR

Schuss Z et al. PNAS 2007;104:16098-16103

T = —c
4D
[ — ——
Yos1 Vi oy
V12 Vs n2
T — T
at equilibrium, as 71—)2711 — 72—)1”2

so concentrations are equal
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anistropic diffusion: d_r=3*d_Db
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material gradient |l
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the art of cascading

we can compose cascades of reversible
modifications (in a purely forward fashion here)

and choose
the wiring between layers

the anchoring
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A simple cascade:
U->X->D

®@U(s), X(s~u) -> U(s!l), X(s~ul!ll)
U(s!l), X(s!l) -> U(s), X(s)
U(s!l), X(s~ull) -> U(s!l), X(s~p!l)

® X(s~p?,d), D(s~u) -> X(s~p?,d!1l), D(s~u!l)
X(d!1l), D(s!l) => X(d), D(s)

X(d!1l), D(s~u!l) -> X(d!1l), D(s~p!l)
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first wiring .____..___d
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1st wiring

. homogeneization
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# we rely on

A(Toc~0)
A(loc~1)
A(loc~2)
A(Toc~3)
A(loc~4)
A(Toc~5)
A(Toc~6)
A(loc~7)
A(Toc~8)

<->
<->
<->
<->
<->
<->
<->
<->
<->

id to distinguish agents

A(loc~1)
A(loc~2)
A(Toc~3)
A(loc~4)
A(Toc~5)
A(loc~6)
A(loc~7)
A(loc~8)
A(Toc~9)

[SESOEONONONONSNONS]
RPRRRRRRR
RPRRRRRRR

1,1

# uniform cooling reaction
A(a~red) -> A(a~blue) @ 1

# activation source located at loc=0..9

A(i~1,loc~0,a~blue) -> A(i~1,loc~0,a~red) @ 10

# the remainder of the cascade players are

A(i~1,loc~0,a~red),
A(i~1,loc~1,a~red),
A(i~1,loc~2,a~red),
A(i~1,loc~3,a~red),
A(i~1,loc~4,a~red),
A(i~1,loc~5,a~red),
A(i~1,loc~6,a~red),
A(i~1,loc~7,a~red),
A(i~1,loc~8,a~red),
A(i~1,loc~9,a~red),

A(i~2,loc~0,a~red),
A(i~2,loc~1,a~red),
A(i~2,loc~2,a~red),
A(i~2,loc~3,a~red),
A(i~2,loc~4,a~red),
A(i~2,loc~5,a~red),
A(i~2,loc~6,a~red),
A(i~2,loc~7,a~red),
A(i~2,loc~8,a~red),
A(i~2,loc~9,a~red),

A(i~2,loc~0,a~blue)
A(i~2,loc~1,a~blue)
A(i~2,loc~2,a~blue)
A(i~2,1loc~3,a~blue)
A(i~2,loc~4,a~blue)
A(i~2,loc~5,a~blue)
A(i~2,loc~6,a~blue)
A(i~2,loc~7,a~blue)
A(i~2,loc~8,a~blue)
A(i~2,1lo0c~9,a~blue)

A(i~3,1loc~0,a~blue)
A(i~3,loc~1,a~blue)
A(i~3,loc~2,a~blue)
A(i~3,loc~3,a~blue)
A(i~3,loc~4,a~blue)
A(i~3,loc~5,a~blue)
A(i~3,loc~6,a~blue)
A(i~3,loc~7,a~blue)
A(i~3,1loc~8,a~blue)
A(i~3,loc~9,a~blue)

%init: 100 * (A(i~1l,a~blue,loc~5))
%init: 100 * (A(i~2,a~blue,loc~5))
%init: 100 * (A(i~3,a~blue,loc~5))

%0bs: A(i~1,a~red, loc~0)
%obs: A(i~2,a~red,loc~0)
%0bs: A(i~3,a~red, loc~0)
%obs: A(i~1,a~red,loc~5)
%0bs: A(i~2,a~red, loc~5)
%obs: A(i~3,a~red,loc~5)
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diffusible

A(i~1,loc~0,a~red),
A(i~1,loc~1,a~red),
A(i~1,loc~2,a~red),
A(i~1,loc~3,a~red),
A(i~1,loc~4,a~red),
A(i~1,loc~5,a~red),
A(i~1,loc~6,a~red),
A(i~1,loc~7,a~red),
A(i~1,loc~8,a~red),
A(i~1,loc~0,a~red),

A(i~2,loc~0,a~red),
A(i~2,loc~1,a~red),
A(i~2,loc~2,a~red),
A(i~2,loc~3,a~red),
A(i~2,loc~4,a~red),
A(i~2,loc~5,a~red),
A(i~2,loc~6,a~red),
A(i~2,loc~7,a~red),
A(i~2,loc~8,a~red),
A(i~2,loc~0,a~red),

A(i~2,loc~0,a~red)
A(i~2,loc~1,a~red)
A(i~2,loc~2,a~red)
A(i~2,loc~3,a~red)
A(i~2,loc~4,a~red)
A(i~2,loc~5,a~red)
A(i~2,loc~6,a~red)
A(i~2,loc~7,a~red)
A(i~2,loc~8,a~red)
A(i~2,loc~0,a~red)

A(i~3,1loc~0,a~red)
A(i~3,loc~1,a~red)
A(i~3,loc~2,a~red)
A(i~3,loc~3,a~red)
A(i~3,loc~4,a~red)
A(i~3,loc~5,a~red)
A(i~3,loc~6,a~red)
A(i~3,loc~7,a~red)
A(i~3,1loc~8,a~red)
A(i~3,loc~0,a~red)
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stochastic simulatim_________i

13/1/2009 diff3 ka rescale=10.0000 sample=0.0300t.u
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Spatial Kappa simulator v1.0.0
https://github.com/donal-s/SpatialKappa
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https://github.com/donal-s/SpatialKappa
https://github.com/donal-s/SpatialKappa
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2Nnd wiring: non monotic gradients
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Spatial coordinate x [um]
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3rd wiring
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3rd wiring: distance sensitive gradients

0 2 4 6 8 10 0 2 PR 8 10
Spatial coordinate x [um] Spatial coordinate x [pum]
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