
incremental model construction and calibration

- from “a bottom-up approach to gene regulation”
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2 classes

- model-driven design, Jim Collins



incremental modeling with careful calibration at each stage

- both a deterministic (uses a thermo model as we have studied earlier) 

- and stochastic model (next class)

model of (random exponential with 20 min doubling time) growth and division (with 
binomial for plasmid allocation to daughter cells)

incude the dynamics of plasmid duplication (linked to plasmid’s origin of 
replication ...)

the idea of the paper: model-driven design



(prok) transcriptional logic - Terminology

plasmid copy numbers - origin of replication (type)

dose-response curve

Gamma distribution

CV = coefficient of variation = Var(X)1/2/E(X)

noise sources: growth and division, synthesis machinery
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when the repressor-only and repressor–activator systems were
considered. Comparison of the experimental results and the stochas-
tic simulations in Fig. 1e and Fig. 1i–k shows that the model can
accurately capture the in vivo behaviour of the unregulated system
and all three regulated systems.
The coefficients of variation (CVs) of the three regulated systems

are shown in the insets of Fig. 1f–h. As can be seen, the stochastic
model slightly underestimates the experimentally observed variabil-
ity. This discrepancy of approximately 0.1 in CV for each system is
largely due to the model’s inability to capture the long tails that
extend into high fluorescence levels in the experimental flow cyto-
metry histograms, and indicates that our relatively simple model
does not account for all sources of variability. For example, while the
model includes extrinsic noise5 that arises from cell growth and
division and fluctuations in plasmid copy number, it does not account
for cell-to-cell variability in the transcriptional and translational
machinery.
An important test for any mathematical model is its ability

to predict the outcome of novel experiments. We designed and
conducted several new experiments on the basis of the model’s

predictions. First, the stochastic model results revealed that a large
amount of the variability in GFP levels is attributable to fluctuations
in the plasmid copy number. To test this prediction, we placed the
repressor–activator system on a low-copy plasmid that is tightly
regulated, maintaining 3–4 copies of the plasmid per cell28. Experi-
ments were then conducted using both arabinose and IPTG as an
inducer, and as expected, the cells with the low copy number showed
reduced expression levels. In the stochastic model, the plasmid copy
number was fixed at three, and the concentration of LacI was
proportionally reduced to reflect this change. The functional
relationship between arabinose level and CI concentration was
taken to be the same in the low-copy case as in the high-copy case,
to match our experimental observation that reducing the plasmid
copy number did not affect the shape of the system’s arabinose
response curve (see Supplementary Information). No additional
changes were made to the model. As seen in Fig. 2, the experimental
distributions for GFP expression levels closely match those predicted
by the model, indicating that the model accurately captures fluctu-
ations in expression levels that are attributable to varying plasmid
copy number.

Figure 1 | Unregulated, repressor-only, activator-only and repressor–
activator systems on high-copy plasmids. Schematic designs, experimental
data and model data are shown. a, The unregulated system with the
engineered OROlac promoter controlling the reporter gfp. The white boxes
in the OROlac promoter represent the operator sites at which CI and LacI
proteins bind. The red cross at OR3 represents the point mutation that
reduces CI binding at that operator site. b, The repressor-only system
consists of the PLtetO1 constitutive promoter controlling lacI and the
OROlac promoter controlling gfp. c, The activator-only system consists of
the pBAD promoter controlling cI and theOROlac promoter controlling gfp.
d, The repressor–activator system represents a combination of the
repressor-only and activator-only systems. e, Histograms of the unregulated
system: experimental data (red) and stochastic model data (blue). The x axis
represents arbitrary fluorescence units from flow cytometry, and the y axis
represents the frequency of cells producing the corresponding fluorescence
level. f, Repressor-only system results: GFP expression represented as

normalized fluorescence versus IPTG level; red circles are experimental data
and the blue lines are the results of the deterministic model. The inset shows
CV versus IPTG level: experimental data (red) and stochastic model data
(blue). g, Activator-only system results: normalized fluorescence versus
arabinose level, with an inset showing CV versus arabinose level.
h, Repressor–activator system results: normalized fluorescence versus
arabinose level. The inset shows CV versus arabinose level, with 10mM
IPTG in each case. i, Histograms of normalized cell counts versus arbitrary
fluorescence units, of experimental data (red) and stochastic model data
(blue) for the repressor-only system. The solid lines in the histograms are the
results for no inducer (IPTG in this case) and the dashed lines are the results
for the highest level of IPTG. j, Histograms (as above), showing results for no
inducer (solid lines) and the highest level of arabinose (dashed lines) for the
activator-only system. k, Histograms (as above), showing results for no
arabinose (solid lines) and the highest level of arabinose (dashed lines), with
10mM IPTG in each case for the repressor–activator system.
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when the repressor-only and repressor–activator systems were
considered. Comparison of the experimental results and the stochas-
tic simulations in Fig. 1e and Fig. 1i–k shows that the model can
accurately capture the in vivo behaviour of the unregulated system
and all three regulated systems.
The coefficients of variation (CVs) of the three regulated systems

are shown in the insets of Fig. 1f–h. As can be seen, the stochastic
model slightly underestimates the experimentally observed variabil-
ity. This discrepancy of approximately 0.1 in CV for each system is
largely due to the model’s inability to capture the long tails that
extend into high fluorescence levels in the experimental flow cyto-
metry histograms, and indicates that our relatively simple model
does not account for all sources of variability. For example, while the
model includes extrinsic noise5 that arises from cell growth and
division and fluctuations in plasmid copy number, it does not account
for cell-to-cell variability in the transcriptional and translational
machinery.
An important test for any mathematical model is its ability

to predict the outcome of novel experiments. We designed and
conducted several new experiments on the basis of the model’s

predictions. First, the stochastic model results revealed that a large
amount of the variability in GFP levels is attributable to fluctuations
in the plasmid copy number. To test this prediction, we placed the
repressor–activator system on a low-copy plasmid that is tightly
regulated, maintaining 3–4 copies of the plasmid per cell28. Experi-
ments were then conducted using both arabinose and IPTG as an
inducer, and as expected, the cells with the low copy number showed
reduced expression levels. In the stochastic model, the plasmid copy
number was fixed at three, and the concentration of LacI was
proportionally reduced to reflect this change. The functional
relationship between arabinose level and CI concentration was
taken to be the same in the low-copy case as in the high-copy case,
to match our experimental observation that reducing the plasmid
copy number did not affect the shape of the system’s arabinose
response curve (see Supplementary Information). No additional
changes were made to the model. As seen in Fig. 2, the experimental
distributions for GFP expression levels closely match those predicted
by the model, indicating that the model accurately captures fluctu-
ations in expression levels that are attributable to varying plasmid
copy number.

Figure 1 | Unregulated, repressor-only, activator-only and repressor–
activator systems on high-copy plasmids. Schematic designs, experimental
data and model data are shown. a, The unregulated system with the
engineered OROlac promoter controlling the reporter gfp. The white boxes
in the OROlac promoter represent the operator sites at which CI and LacI
proteins bind. The red cross at OR3 represents the point mutation that
reduces CI binding at that operator site. b, The repressor-only system
consists of the PLtetO1 constitutive promoter controlling lacI and the
OROlac promoter controlling gfp. c, The activator-only system consists of
the pBAD promoter controlling cI and theOROlac promoter controlling gfp.
d, The repressor–activator system represents a combination of the
repressor-only and activator-only systems. e, Histograms of the unregulated
system: experimental data (red) and stochastic model data (blue). The x axis
represents arbitrary fluorescence units from flow cytometry, and the y axis
represents the frequency of cells producing the corresponding fluorescence
level. f, Repressor-only system results: GFP expression represented as

normalized fluorescence versus IPTG level; red circles are experimental data
and the blue lines are the results of the deterministic model. The inset shows
CV versus IPTG level: experimental data (red) and stochastic model data
(blue). g, Activator-only system results: normalized fluorescence versus
arabinose level, with an inset showing CV versus arabinose level.
h, Repressor–activator system results: normalized fluorescence versus
arabinose level. The inset shows CV versus arabinose level, with 10mM
IPTG in each case. i, Histograms of normalized cell counts versus arbitrary
fluorescence units, of experimental data (red) and stochastic model data
(blue) for the repressor-only system. The solid lines in the histograms are the
results for no inducer (IPTG in this case) and the dashed lines are the results
for the highest level of IPTG. j, Histograms (as above), showing results for no
inducer (solid lines) and the highest level of arabinose (dashed lines) for the
activator-only system. k, Histograms (as above), showing results for no
arabinose (solid lines) and the highest level of arabinose (dashed lines), with
10mM IPTG in each case for the repressor–activator system.
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The insets of Fig. 2b and d show a comparison of the CVs for the
experimental and model results. The model accurately predicts
the behaviour of the CV for the low-copy case, taking into account
the 0.1 discrepancy discussed above. At very low inducer levels,
the model predicts a larger CV than is observed experimentally.
We attribute this discrepancy to autofluorescence in the experi-
mental system. This has the effect of artificially increasing the

mean fluorescence, thereby decreasing the CV. The effect is only
important at low fluorescence levels, where autofluorescence makes
up a significant portion of the measured mean value.
To test the model’s predictive power in a more complex system, we

added positive feedback to the repressor–activator system. To
accomplish this, we expanded the system so that the cI gene was
transcribed polycistronically with gfp under the control of theOROlac

promoter (Fig. 3a). Adding feedback to the stochastic model requires
the explicit inclusion of the CI mRNA and protein molecular
abundances and the biochemical processes that affect their levels
(synthesis, degradation, multimerization). The parameters that
control these processes were chosen so that in the absence of
feedback the expanded model produced CI protein levels identical
to that of the simpler model (see Supplementary Information). As
can be seen in Fig. 3b–g, the agreement between the behaviour
predicted by the model and the experimental results is very good,
validating the bottom-up approach to understanding gene regulatory
networks.
We also used the model to conduct a systematic analysis of how

the different sources of noise contribute to the overall variability
(Supplementary Fig. 7). Surprisingly, we found that if we run
simulations with no cell growth or division using an ensemble of
cells with varying plasmid copy number, the CV increases above the
level at which cell growth and division proceed normally. This result
was unexpected, because cell growth and division are generally
thought to add variability to expression levels. A theoretical expla-
nation of this counterintuitive prediction is provided in the Sup-
plementary Information. In very general terms, this phenomenon
can be understood as follows: in a population of cells with varying
plasmid copy number, the intercellular variability increases as
expression levels increase from new protein synthesis. Cell division
not only limits the mean protein level, it also causes the distribution
to be more tightly centred about the mean (Supplementary Fig. 8).
This leads to an overall reduction of the variability in protein
expression for the high-copy system where plasmid copy-number
fluctuations account for a significant portion of the noise. In

Figure 2 | Histograms of model data (blue lines) and experimental data
(red lines) for the repressor–activator system on a low-copy plasmid. The
x axis represents arbitrary fluorescence units from flow cytometry, and the
y axis represents the frequency of cells producing the corresponding
fluorescence level for: a, 1 £ 1026% arabinose, no IPTG; b, 5 £ 1024%
arabinose, no IPTG; c, 1mM IPTG, no arabinose; d, 50mM IPTG, no
arabinose. The inset in b shows CV versus arabinose level, and the inset in d
shows CV versus IPTG level; model data (blue lines) and experimental data
(red lines).

Figure 3 | Repressor–activator system with positive feedback.
a, Schematic of the positive feedback construct, where the cI gene is added to
the repressor–activator system on a high-copy plasmid. The cI gene is
incorporated, along with gfp, in a polycistronic region controlled by the
engineered OROlac promoter. Model predictions and experimental results
for the repressor-activator system with positive feedback: b, Normalized
mean (arbitrary fluorescence units) versus arabinose level, where the red
circles are experimental data and the blue diamonds are model predictions.
The inset shows CV versus arabinose level. c, Normalizedmean versus IPTG

level, with an inset showing CV versus IPTG level. d, Normalized mean
versus arabinose level, with 50mM IPTG in each case, with an inset showing
CV versus arabinose level for 50mM IPTG. e, Histograms, normalized cell
counts versus arbitrary fluorescence units, of experimental data (red) and
model predictions (blue) for 0.0001% arabinose. f, Histograms of
experimental data (blue) and model predictions (red) for 50mM IPTG.
g, Histograms of experimental data (blue) and model predictions (red) for
0.0001% arabinose and 50mM IPTG.
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when the repressor-only and repressor–activator systems were
considered. Comparison of the experimental results and the stochas-
tic simulations in Fig. 1e and Fig. 1i–k shows that the model can
accurately capture the in vivo behaviour of the unregulated system
and all three regulated systems.
The coefficients of variation (CVs) of the three regulated systems

are shown in the insets of Fig. 1f–h. As can be seen, the stochastic
model slightly underestimates the experimentally observed variabil-
ity. This discrepancy of approximately 0.1 in CV for each system is
largely due to the model’s inability to capture the long tails that
extend into high fluorescence levels in the experimental flow cyto-
metry histograms, and indicates that our relatively simple model
does not account for all sources of variability. For example, while the
model includes extrinsic noise5 that arises from cell growth and
division and fluctuations in plasmid copy number, it does not account
for cell-to-cell variability in the transcriptional and translational
machinery.
An important test for any mathematical model is its ability

to predict the outcome of novel experiments. We designed and
conducted several new experiments on the basis of the model’s

predictions. First, the stochastic model results revealed that a large
amount of the variability in GFP levels is attributable to fluctuations
in the plasmid copy number. To test this prediction, we placed the
repressor–activator system on a low-copy plasmid that is tightly
regulated, maintaining 3–4 copies of the plasmid per cell28. Experi-
ments were then conducted using both arabinose and IPTG as an
inducer, and as expected, the cells with the low copy number showed
reduced expression levels. In the stochastic model, the plasmid copy
number was fixed at three, and the concentration of LacI was
proportionally reduced to reflect this change. The functional
relationship between arabinose level and CI concentration was
taken to be the same in the low-copy case as in the high-copy case,
to match our experimental observation that reducing the plasmid
copy number did not affect the shape of the system’s arabinose
response curve (see Supplementary Information). No additional
changes were made to the model. As seen in Fig. 2, the experimental
distributions for GFP expression levels closely match those predicted
by the model, indicating that the model accurately captures fluctu-
ations in expression levels that are attributable to varying plasmid
copy number.

Figure 1 | Unregulated, repressor-only, activator-only and repressor–
activator systems on high-copy plasmids. Schematic designs, experimental
data and model data are shown. a, The unregulated system with the
engineered OROlac promoter controlling the reporter gfp. The white boxes
in the OROlac promoter represent the operator sites at which CI and LacI
proteins bind. The red cross at OR3 represents the point mutation that
reduces CI binding at that operator site. b, The repressor-only system
consists of the PLtetO1 constitutive promoter controlling lacI and the
OROlac promoter controlling gfp. c, The activator-only system consists of
the pBAD promoter controlling cI and theOROlac promoter controlling gfp.
d, The repressor–activator system represents a combination of the
repressor-only and activator-only systems. e, Histograms of the unregulated
system: experimental data (red) and stochastic model data (blue). The x axis
represents arbitrary fluorescence units from flow cytometry, and the y axis
represents the frequency of cells producing the corresponding fluorescence
level. f, Repressor-only system results: GFP expression represented as

normalized fluorescence versus IPTG level; red circles are experimental data
and the blue lines are the results of the deterministic model. The inset shows
CV versus IPTG level: experimental data (red) and stochastic model data
(blue). g, Activator-only system results: normalized fluorescence versus
arabinose level, with an inset showing CV versus arabinose level.
h, Repressor–activator system results: normalized fluorescence versus
arabinose level. The inset shows CV versus arabinose level, with 10mM
IPTG in each case. i, Histograms of normalized cell counts versus arbitrary
fluorescence units, of experimental data (red) and stochastic model data
(blue) for the repressor-only system. The solid lines in the histograms are the
results for no inducer (IPTG in this case) and the dashed lines are the results
for the highest level of IPTG. j, Histograms (as above), showing results for no
inducer (solid lines) and the highest level of arabinose (dashed lines) for the
activator-only system. k, Histograms (as above), showing results for no
arabinose (solid lines) and the highest level of arabinose (dashed lines), with
10mM IPTG in each case for the repressor–activator system.
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when the repressor-only and repressor–activator systems were
considered. Comparison of the experimental results and the stochas-
tic simulations in Fig. 1e and Fig. 1i–k shows that the model can
accurately capture the in vivo behaviour of the unregulated system
and all three regulated systems.
The coefficients of variation (CVs) of the three regulated systems

are shown in the insets of Fig. 1f–h. As can be seen, the stochastic
model slightly underestimates the experimentally observed variabil-
ity. This discrepancy of approximately 0.1 in CV for each system is
largely due to the model’s inability to capture the long tails that
extend into high fluorescence levels in the experimental flow cyto-
metry histograms, and indicates that our relatively simple model
does not account for all sources of variability. For example, while the
model includes extrinsic noise5 that arises from cell growth and
division and fluctuations in plasmid copy number, it does not account
for cell-to-cell variability in the transcriptional and translational
machinery.
An important test for any mathematical model is its ability

to predict the outcome of novel experiments. We designed and
conducted several new experiments on the basis of the model’s

predictions. First, the stochastic model results revealed that a large
amount of the variability in GFP levels is attributable to fluctuations
in the plasmid copy number. To test this prediction, we placed the
repressor–activator system on a low-copy plasmid that is tightly
regulated, maintaining 3–4 copies of the plasmid per cell28. Experi-
ments were then conducted using both arabinose and IPTG as an
inducer, and as expected, the cells with the low copy number showed
reduced expression levels. In the stochastic model, the plasmid copy
number was fixed at three, and the concentration of LacI was
proportionally reduced to reflect this change. The functional
relationship between arabinose level and CI concentration was
taken to be the same in the low-copy case as in the high-copy case,
to match our experimental observation that reducing the plasmid
copy number did not affect the shape of the system’s arabinose
response curve (see Supplementary Information). No additional
changes were made to the model. As seen in Fig. 2, the experimental
distributions for GFP expression levels closely match those predicted
by the model, indicating that the model accurately captures fluctu-
ations in expression levels that are attributable to varying plasmid
copy number.

Figure 1 | Unregulated, repressor-only, activator-only and repressor–
activator systems on high-copy plasmids. Schematic designs, experimental
data and model data are shown. a, The unregulated system with the
engineered OROlac promoter controlling the reporter gfp. The white boxes
in the OROlac promoter represent the operator sites at which CI and LacI
proteins bind. The red cross at OR3 represents the point mutation that
reduces CI binding at that operator site. b, The repressor-only system
consists of the PLtetO1 constitutive promoter controlling lacI and the
OROlac promoter controlling gfp. c, The activator-only system consists of
the pBAD promoter controlling cI and theOROlac promoter controlling gfp.
d, The repressor–activator system represents a combination of the
repressor-only and activator-only systems. e, Histograms of the unregulated
system: experimental data (red) and stochastic model data (blue). The x axis
represents arbitrary fluorescence units from flow cytometry, and the y axis
represents the frequency of cells producing the corresponding fluorescence
level. f, Repressor-only system results: GFP expression represented as

normalized fluorescence versus IPTG level; red circles are experimental data
and the blue lines are the results of the deterministic model. The inset shows
CV versus IPTG level: experimental data (red) and stochastic model data
(blue). g, Activator-only system results: normalized fluorescence versus
arabinose level, with an inset showing CV versus arabinose level.
h, Repressor–activator system results: normalized fluorescence versus
arabinose level. The inset shows CV versus arabinose level, with 10mM
IPTG in each case. i, Histograms of normalized cell counts versus arbitrary
fluorescence units, of experimental data (red) and stochastic model data
(blue) for the repressor-only system. The solid lines in the histograms are the
results for no inducer (IPTG in this case) and the dashed lines are the results
for the highest level of IPTG. j, Histograms (as above), showing results for no
inducer (solid lines) and the highest level of arabinose (dashed lines) for the
activator-only system. k, Histograms (as above), showing results for no
arabinose (solid lines) and the highest level of arabinose (dashed lines), with
10mM IPTG in each case for the repressor–activator system.
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we want to compute the equilibrium transcription rate, relative to baseline 
rate (with no TFs at all)

supposing fluorescence is proportional to GFP numbers, and GFP 
numbers are proportional to said rate; the rate ratio should be the fluo 
ration: <--- mapping model output to data

we need to:

1- compute the eq. probability of occupancy of the promoter (as a function 
of the TFs’ concentration) in each 3 cases, rep, act and both TFs

2- compute the TF’s concentration in each 3 cases as a function of the 
inputs (IPTG, arabinose) <--- mapping data inputs to model

model vs. data - 
strategy:



OLac OR1 OR2

OLac OR1 OR2

OLac OR1 OR2

OLac OR1 OR2

OLac OR1 OR2

OLac OR1 OR2

State 1

State 2

State 4

State 3

State 5

State 6

K12 K13

K24 K25 K35

K56K46

p(i)/p(j=i+A)

=n(i)/n(i+A) exp(-beta(E(i)-E(j))) 

= 1/n(A)exp(-...)

=Ki,A/[A}=: Kij

occupancy states of the promoter, equilibrium probability 

OR  “sequential”, 6 states only we suppose (active) TFs A, B 
are in constant nb n(A), n(B),...

this gives p(i) as a function of [A], [B],
the active TFs, hence the promoter 
activity: <gamma(i);p(i)>



f fraction of 4-mer w/o IPTG= [T]/[T]tot

Kd,TI[TI]=[T][I] (1 new param)

f = Kd,TI/(Kd,TI+ [I]) 

k31 modified off-rate for TI:Olac

=k’31(f+(1-f)*alpha)

=k’31(Kd,TI+ alpha [I])/(Kd,TI+ [I])

NB: alpha>1, since IPTG inactivates the 
repressor (1 new param)

equilibrium for active TFs: the repressor-only case

repressor-only: 

lacI is a 4-mer, comes in 2 kinds: 

- with IPTG, TI (weaker binding to Olac, 
increases the dissoc rate), 

- and without T (stronger) 

[I]: short for IPTG concentration

[I]~[I]tot

p(3)/p(1)=[T]/Kd,TP * (Kd,TI+ [I])/(Kd,TI+ alpha*[I])



p(2)/p(1)=[cI2]/K1,cI 

= ([cI2]0 + s [A])/K1,cI

equilibrium for active TFs: the activator-only case

activator-only: cI2 a dimer under the 
indirect influence of arabinose [A] 

assume 

[cI2] = [cI2]0 + s [A] (2 new params)



p(i)/p(i+A)= ... complicated expression 
but we know how to write it

equilibrium for active TFs: the repressor and activator case

- combine the two preceding cases

no new parameter is needed 



- fit parameters to 3 data sets



parameters 1: promoter equilibrium



parameters 2: promoter activities



parameters 3: IPTG vs lacI



parameters 4: arabinose vs cI
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- model-driven design 2,  the stochastic case 

1- inputs -> steady state of TF concentrations, cI2, TI and T

2- TF concentrations -> transition rates (Q matrix) of the promoter CTMC 

3- CTMC state -> transcription rate for mRNA -> translation GFP

4- V(t) random growth volume with exponential law of which mean V(t) = V(0) exp(-ln 2 t) 
(doubling time 1, so time unit = cell cycle; + binomial for plasmid allocation to daughter 
cells)

5- high copy plasmid Gamma(alpha,beta): mean = alpha*beta = 50,  var = alpha*beta2 
fitted (50 comes from plasmid’s origin of replication ...)



 sources of noise

1- transitions of the promoter (negligible)

2- transcription/translation

3- V(t) random growth 

4- binomial allocation of mRNAs, plasmids, GFPs
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parameters 2: additional stochastic parameters

time unit = cell cycle = 20 minutes

volume/plasmid  evolution

transcription,

translation

promoter Q matrix



parameters 3: additional parameters for stochastic model of FB model 



digression: use bionumbers! (bionumbers.hms.harvard.edu)



physical vs functional composition

pops



impedance matching - how it is useful to have many versions of a promoter

- The upstream network must be reconfigured to produce TetR instead of LacI
- the downstream network must receive a new input Gal4p (Fig. 1a) because TetR and tTA interfere

http://www.nature.com.ezp-prod1.hul.harvard.edu/nbt/journal/v27/n5/full/nbt0509-450.html#f1
http://www.nature.com.ezp-prod1.hul.harvard.edu/nbt/journal/v27/n5/full/nbt0509-450.html#f1

