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Recap

p(x,y¥o,2)
plxlyo) = g2

Assume that x,y,z each are d = 500 dimensional, and that each
element of the vectors can take K = 10 values.

> Issue 1: To specify p(x,y,z), we need to specify
K39 — 1 =10%% _ 1 non-negative numbers, which is
impossible.

Topic 1: Representation What reasonably weak assumptions
can we make to efficiently represent p(x,y,z)?

» Directed and undirected graphical models, factor graphs

» Factorisation and independencies
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Recap
Zz p(x,Yo,2)

p(x|yo) =
ZX 7 p(anO’Z)

» |ssue 2: The sum in the numerator goes over the order of
K9 = 10°%° non-negative numbers and the sum in the
denominator over the order of K29 = 101900 \which is
impossible to compute.

Topic 2: Exact inference Can we further exploit the
assumptions on p(x,y, z) to efficiently compute the posterior
probability or derived quantities?

» Note: we do not want to introduce new assumptions but
exploit those that we made to deal with issue 1.

» Quantities of interest:

> p(x|yo) (marginal inference)

» argmax, p(X|yo) (inference of most probable states)

» E[g(x) | yo] for some function g (posterior expectations)
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Assumptions

If not otherwise mentioned, we here assume discrete valued
random variables whose joint pmf factorises as

p(Xl, “ o ,Xd) X H ¢i(Xi),
i=1

with X; C {xq,..., x4} and x; € {1,..., K}.

Note:
> Includes case where (some of) the ¢; are conditionals

» The x; could be categorical taking on maximally K different
values.
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Program

1. Marginal inference by variable elimination
2. Marginal inference for factor trees (sum-product algorithm)

3. Inference of most probable states
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Program

1. Marginal inference by variable elimination
o Exploiting the factorisation by using the distributive law
ab + ac = a(b + ¢) and by caching computations
o Variable elimination for general factor graphs
o Structural changes to the graph due to variable elimination

e The principles of variable elimination also apply to continuous
random variables
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Example (full factorisation)

» Consider discrete-valued random variables
X1,X2,X3 € {1, Ceey K}

» Assume pmf factorises p(Xl,XQ,Xg) X ¢1(X1)¢2(X2)¢3(X3)
» Task: compute p(x3 = k) for k € {1,..., K}
» We can use the sum-rule
p(x1 = k)= > _ p(x1 =k, x2, x3)
X2,X3
Sum over K? terms for each k (value of x7).

> Pre-computing p(x1, x2, x3) for all K3 configurations and then
computing the sum is neither necessary nor a good idea

» Exploit factorisation when computing p(x; = k).
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Example (full factorisation)

(sum rule) p(x1 = k)= > p(x1 =k, x2, x3) (1)
(factorisation) X Z Z d1(k)d2(x2)P3(x3) (2)
(distr. law) x ¢1(k) Y Y do(x2)d3(x3) (3)
(distr. law) x ¢1(k [Z ¢2(X2)] [Z q§3(x3)] (4)
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Example (full factorisation)

p(x1 = k) < ¢1(k) [Z ¢2(X2)] [Z ¢3(X3)] (5)

What's the point?
» Because of the factorisation (independencies) we don't need

to evaluate and store the values of p(xg, X2, x3) for all K3
configurations of the random variables.

» 2 sums over K numbers vs. 1 sum over K2 numbers

» Recycling/caching of already computed quantities: we only
need to compute

e [T

once; the value can be re-used when computing p(x; = k) for
different k.
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Example (chain)

» Assume the pmf factorises as

d—1
P(X1, vy Xd) O [H ¢i(Xi,Xi+1)] $d(Xd)
i=1

%!

O O O

» Task: compute p(x3 = k) for k € {1,..., K}

» Non-scalable approach: Pre-compute p(xi, ..., xq) for all K¢
configurations and then use sum-rule

» Smarter: Exploit factorisation when applying the sum rule
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Example (chain)

We have to sum over xo,...,xy. Let's do x4 first

p(xt, ... xd—1) = > _ p(x1,...,xd) (6)
d fd—1 i

(factorisation) X Z H oi(Xi, xit1) | ¢d(Xq) (7)
X4 Li=1 i

s _
o > |1 ¢i(xi xiv1) | dd—1(xd—1,%d)Pa(xa)  (8)
Xd _[:1 -

/N

d—2
(by distr. law) o< [H ¢i(Xi7Xi+1)] > dd-1(xd—1, xa)0d(xd) (9)
i=1 Xd

\ 4
-~

&d(Xd_1) total cost: K-K=K?

d—2
x [H ¢i(Xi,Xi+1)] dd(xd-1) (10)
i=1
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Example (chain)
Factor graph for p(xi,...,xq) x [Hflz_ll ,'(Xi,X,'_|_]_)i| Od(Xq)
1 Pd—2 Dd—1 Pd
O OO

Factor graph for p(xi, ..., x4-1) o {Hf-j:_f i(Xi7Xi+1)} da(Xd—1)

~

1 Pd—2 Gd
O O
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Example (chain)

Next, sum over xy_1

p(X17°°'7Xd—2) — Zp(Xla”'?Xd—l) (11)
_ fd—2 1 .
(actorsation) o< 3 | ] (¢t xi41) | Baxa1) (12)
Xd—1 Li=1 i
rd—3 T _
x > I ¢i(xis xix1) | pd—2(xd—2, Xd—1)Pa(xd—1)
Xd—1 Li=1 i

d—3
(by distr. law) o [H ¢i(XiaXi+1)] > dd—2(xd—2, Xd—1)Pd(xXd—1)

i=1 Xd—1

A&

7
-~

Q;d,d_1(xd_2) total cost: K-K=K?2

d—3
X [H Qbi(XiaXH—l)] bd,d—1(xd—2) (13)
=1
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Example (chain)

Factor graph for p(xy,...,x4_1) < [H,d 12 i(Xi, Xi11) gbd Xd—1)

O OO

Factor graph for
p(x1,...,Xd—2) {H,d Py ,(X/,X/+1)} Pd,d—1(Xd—2)

O O
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Example (chain)

» Continue eliminating the last (leaf) variable
» Each time we eliminate a variable, we need to

» compute ¢;(x;, x;+1) for all values of x; and x;11
(matrix with K2 numbers)
» sum over K numbers to compute the ¢(x;) for all K values of

x; (cost: O(K?))
» To compute p(x; = k) we have to eliminate d — 1 variables
= Total cost for p(x1) :0((d — 1)K?) = O(dK?)
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Example (chain)

» Benefits of exploiting the factorisation

» Linear growth in number of variables d: in contrast to
exponential growth O(K9) when factorisation is not exploited

» Recycling/caching: most terms do not depend on x; and can
be re-used when we compute p(x; = k) for different k

(e.g8- dd, dd,d—1 etc.)

» Chains have the special property that they stay a chain after a
leaf variable is eliminated.

» More general factor trees have the same property, which we
exploit in the sum-product algorithm.

» First: variable elimination for general factor graphs.
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Basic ideas of variable elimination

1. Use the distributive law ab + ac = a(b + ¢) to exploit the

factorisation (D[] — [1>2):

reduces the overall dimensionality of the domain of the factors
in the sum and thereby the computational cost.

2. Recycle/cache results
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Variable (bucket) elimination

Example task: Given p(xi,...,xq) < [[" ¢i(X;) compute the
marginal p(Xiarget) for some Xtarget C{x1,...,Xd}.

» Assume that at iteration k, you have the pmf over d* = d — k
variables X¥ = (x;,, ... ,Xi, ) that factorises as

p(X¥) o TT 6K(5)
—1

» Decide which variable to eliminate. Call it x*.
(X>I< S Xk: x* §§ Xtarget)
» Let X¥t1 be equal to X¥ with x* removed. We have

(sum rule) Xk+1 Zp Xk (14)
(factorisation) X Z H gbf(()(,k) (15)
x* i=1
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Variable elimination (cont.)

p(X ™Yo > T ek (xf) I oFaf) (16)

X* jixrg Xk ix*eXxk
(distr. law) o H gb )C'k Z H gb Xk (17)
ix* g Xk X* jixre XK

\ 4
-~

new factor ¢.

o | ]I o (x| o:(X) (18)

ix* g Xk

where 22* is the union of all X,-k that contained x*, with x* removed

Y= U (v \x) (19)

i:X*EXik
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Variable elimination (cont.)

» By re-labelling the factors and variables, we obtain

p(X* o | T] oF(X/)] dx(X) (20)
_i:x*géXik ]
x ml_[ ¢f<+1(Xik—|—1), (21)
i=1

which has the same form as p(X*).
» Set k = k 4+ 1 and decide which variable x* to eliminate next.

> To compute p(AXiarget) stop when Xk = Xtarget, followed by
normalisation.
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How to choose the elimination variable x*7

» When we marginalise over x*, we generate a new factor ¢,
that depends on

Y= U (x\x) (22)
ix*eXK

This is the set of variables with which x™ shares a factor node
in the factor graph (“neighbours”).

> Ex.iop(xis. .o x6) o @a(xe; x2, Xa)@B(x2, X3, Xa) (X35 x5)PD (X3, X6 )
If we eliminated x* = x3: X, = {x2, x4, X5, Xp }
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How to choose the elimination variable x*7

» When we marginalise over x*, we generate a new factor ¢,
that depends on

= U (v\x) (23)

i:x*GXik

This is the set of variables with which x™ shares a factor node
in the factor graph (“neighbours”).

» |f X, contains many variables, variable elimination becomes
expensive in later iterations (exponential in size of largest X'¥).

> Optimal choice of x* is difficult (for details, see e.g. Koller, Section

9.4, not examinable)

» Heuristic: choose x* in a greedy way, e.g. the variable with
the least number of neighbours in the factor graph (e.g. x5 or
Xg in the example)
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Computing conditionals

» The same approach can be used to compute conditionals.

» Example: Given

p(X17 R 7X6) X ¢A(X17X27X4)¢B(X27X37X4)¢C(X37X5)¢D(X37 X6)

assume you want to compute p(xi|x3 = «)

» We can write

p(X17X27X47X57X6’X3 — CV) X p(X17X27X3 — CV7X47X57X6)

X Pa(X1, X2, X4) OB (X2, X4 )P (x5)Pp(X6)

and consider p(x1, x2, X4, X5, Xg|x3 = «) to be a pdf/pmf
P(x1, X2, Xa, X5, X5 ) defined up to the proportionality factor.

» We can compute p(x1|x3 = a) = p(x1) by applying variable
elimination to p(x1, x2, Xa, X5, Xp ).
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Example

» Example:

p(Xla R 7X6) X ¢A(X17X27X4)¢B(X27X37X4)¢C(X37X5)¢D(X37 X6)
dc
O
$D
() =—()

» Task: Compute p(x1, x3)

» Note the structural changes in the graph during variable
elimination
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Example (cont)

Task: Compute p(xi, x3)
First eliminate xg

p(X17 SRR 7X5) X Z ¢A(X17 X2 X4)¢B(X27 X37X4)¢C(X37 X5)¢D(X37X6)

X6

X ¢A(X17 X2, X4)¢B(X27 X3, X4)¢C(X3> X5) Z ¢D(X37 X6)

X6

~

X pa(x1,x2,xa)pB(x2, X3, X4) P (X3, X5) P (X3)
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Example (cont)

Task: Compute p(xi, x3)
Eliminate xg

p(X17 <. 7X4) X Z ¢A(X17 X2, X4)¢B(X27 X3, X4)¢C(X37 X5)$6(X3)
X ¢A(X17X27X4)¢B(X27X37X4)$6(X3) Z ¢C(X37X5)

X5

X (/5A(X1»X2»X4)</5B(X2,X3,X4)<56(X3)<55(X3)
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Example (cont)

Define g556(X3) = Q’36(X3)§55(X3)

p(x1,. .., x) X pa(x1,x2, xa)P5(x2, X3, X2) P6(x3)P5(x3)

X ¢A(X17 X2, X4)¢B(X27 X3, X4)&56(X3)
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Example (cont)

Task: Compute p(xi, x3)
Eliminate x»

p(X17 X3, X4-) X Z ¢A(X17 X2, X4)¢B(X27 X3, X4)$56(X3)

X &56()(3) Z ¢A(X17 X2, X4)¢B(X27 X3, X4)

X2

X &56()(3)&2()(17 X3, X4)

~ ~

P56

Michael Gutmann Exact Inference 28 /78



Example (cont)

Task: Compute p(xi, x3)
Eliminate x4

p(x1,x3) o< > ds6(x3)d2(x1, X3, Xa)
x Ps6(x3) Y p2(x1, X3, %a)

X P56(x3)P2a(x1, X3)

~ ~

P24 P56

ds6(x3) P 4(X1, x3)

ZXl,Xg %56( ) (X17 X3)

Normalisation:

P(Xl, X3) —
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Structural changes in the graph during variable elimination

» Eliminated leaf-variable and factor node
— factor node

» Factors node depending on the same variables
— single factor node

» Factor nodes between neighbours of the target variable
— single factor node connecting all neighbours
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What if we have continuous random variables?

» Conceptually, all stays the same but we replace sums with
integrals

» Simplifications due to distributive law remain valid
» Caching of results remains valid

> In special cases, integral can be computed in closed form (e.g.
Gaussian family)

» If not: need for approximations (see later)

» Approximations are also needed for discrete random variables
with high-dimensional range (if K is large).
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Program

1. Marginal inference by variable elimination
o Exploiting the factorisation by using the distributive law
ab + ac = a(b + ¢) and by caching computations
o Variable elimination for general factor graphs
o Structural changes to the graph due to variable elimination

e The principles of variable elimination also apply to continuous
random variables
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Program

2. Marginal inference for factor trees (sum-product algorithm)
o Factor trees
e Sum-product algorithm = variable elimination for factor trees
o Messages = effective factors
e The rules for sum-product message passing

Michael Gutmann Exact Inference 33/78



Factor trees

» We next consider the class of models (pmfs/pdfs) for which
the factor graph is a tree

» Tree: graph where there is only one path connecting any two
nodes (no loops!)

» Chain is an example of a factor tree.

» Useful property: the factor tree obtained after summing out a
leaf variable is still a factor tree.

o W
¢D l
PA . @
.4@ ¢.C Z PE OF
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Variable elimination for factor trees

Task: Compute p(xy) for

p(x1,...,x5) X pa(x1)dB(x2)Pc(x1, X2, X3)PD(X3, Xa)PE(X3, X5)PF(Xs5)

¢ W
¢D l
PA . @
.4@ Cb.c Z PE
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Sum out leaf-variable xs

Task: Compute p(xi)

p(xt,...,xa) = ZP(XL.--,XS)
< Y palx1)es(x)dc(x1, X2, x3)dp(x3, X4 ) PE (X3, X5) P (x5)
x pa(x1)PB(x) P (X1, X2, x3)dp (x5, %4) Y P (x5, X5)PF ()

x da(x1)ps(x2)dc(x1, X2, X3)dp (X3, Xa) D5 (x3)
¢ W

¢D
é .
1 | X3
dc <:<~5
|
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o

O

36 /78



Visualising the computation

Graph with transformed factors:

¢ B
¢D l
0P - @
———C,
Graph with “messages” |
¢ B
¢D .
da : - @
- - Cb.c M:;& 3 OF
| I4@7I

Message:  flgp—xy(X3) = d5(x3) = 3, de(x3, X5)F (x5)

Effective factor for x3 if all variables in the subtree attached to ¢
are eliminated (subtree does not include x3)
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Sum out leaf-variable x4

Task: Compute p(xi)

px1,..,x3) =Y p(x1,...,x)
x Y dalx)ds(x2)éc(x1, x2, X3)dp(x3, Xa) Ps(x3)
x qs/:(xl)qﬁB(Xz)qbc(xl, x2,%3)05(x3) Y dp(x3,%a)
X pa(x1)ps(x2)dc(xt, X2, X3)$5(X3)$:4(X3)

¢ W

~

P4
|
o
.—< X1 ) H X3
¢c <:<~5
|
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Visualising the computation

Graph with transformed factors:

¢g W )
P4
N
PA
.—< X1 > [ | X3
¢c s
Graph with messages: u
¢g W

Message: op—sxs(X3) = €54(X3) =2, Pp(x3, %)
Effective factor for x3 if all variables in the subtree attached to ¢p
are eliminated (subtree does not include x3)
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Simplify by multiplying factors with common domain

Task: Compute p(xi1)

p(x1,...,x3) x ga(x1)Ps(x2)dc(x1, x2, X3)§55(X3)<54(X32
P54 (x3)
x da(x1)pa(x2)pc(x1, X2, X3)P5a(X3)

o5 W
— OO
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Visualising the computation

Graph with transformed factors:

¢g W

é s

PA
l‘@ ¢lC @7.
Graph with messages:
¢g W
¢D
—( b A e oF
I4@7I

Message: fix; e (33) = $54(33) = 04(33)P5(x38) = Heppsx5 (X3) i —sxs (X3)

Effective factor for x3 if all variables in the subtrees attached to x3
are eliminated (subtrees do not include ¢.)
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Sum out leaf-variable x3

Task: Compute p(xi)

p(X17X2) — ZP(X17X27X3)
x Y alx1)ds(x)dc(x1, X2, X3)Psa(x3)
x pa(x1)P8(x2) > dc(x1, X2, x3)Psa(x3)

x da(x1)P8(x2)Psaz(x1, X2)

¢ W

?4@7!
P543
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Sum out leaf-variable x, and normalise

P(Xl) = Z P(X17X2) X Z ¢A(X1)¢B(X2)95543(X17X2)
x da(x1) ) dB(x2)Psaz(x1, X2)
X pa(x1)Psa32(x1)

) — da(x1)Psa32(x1)
P) D da(x1)Psa32(x1)
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Alternative: sum out both x» and x3

Since

&5432(X1) = Z ¢B(X2)&543(X17 X2)
— Z dB(x2) Z dc(x1, X2, X3)§/;54(X3)
— Z gbc(xl,XQ,X3)¢B(X2)(ES4(X3)

X2,X3

we obtain the same result by first summing out x> and then x3, or
both at the same time.

In any case:

p(x1) < a(x1) > dc(x1, x2, x3)pa(x2) dsa(x3)

X2,X3
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Visualising the computation

Graph with transformed factors:

¢A (55432
I4@7I
Graph with messages:
o5 A
¢D
¢ —()
A
u :X1: Hopc—x .:LLX3*>¢)C
¢c 3 OF
I4@7I

Message:
Hoc—x (X1) = Psaza(x1) = D Pc(x1, X2, X3)PB(X2) tixs— o (X3)

Effective factor for xy if all variables in the subtrees attached to ¢¢
are eliminated (subtrees do not include x;)

Michael Gutmann Exact Inference
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Representing leaf-factors with messages

Since there are no variables “behind” the leaf-factors, all
leaf-factors define effective factors themselves:

Hp p—x1 (Xl) = ¢A(X1)
Hog—x(X2) = ¢B(X2)
Igr—sxs(X5) = OF(x5)

We then obtain

¢ W
M¢B—>X2 ¢D
=—(x)
¢AIU“¢A—>X1
- & e Hxz—¢
c—X1 X3—PC
¢c PE OF
(o) —n
Hor—rxs
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Variables with single incoming messages copy the message

We had

Hxs— e (X3) = Hgp—sxs (X3 ) Hpp—xs (X3)
which corresponded to simplifying the factorisation by multiplying
effective factors defined on the same domain. Special cases:

fxs—de(X5) = Hgr—sxs(X5)
,LLX2—>¢c(X2) — Hog—rxo (X2)
We then obtain

¢ W
M¢B_>X2 ¢D
n—(x)
L4
¢AM¢A—>X1 Xo—¢c
| X1 - y
dc—x1 x3—r¢c
¢c DE OF
. ()
luX5—>¢E M¢F—>X5
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Messages from leaf variable nodes

What about x47 We can consider

p(xi,...,x5) X dpa(x1)ds(x2)dc(x1, X2, x3)dp (X3, Xa) (X3, X5) D F (X5)

to include an additional factor ¢g(xs) = 1. We can thus set

Héc—xa (X4) =1
Hxa—dp (xa) = /L¢G—>X4(X4) =1

Graph:
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Single marginal from messages

We have seen that

p(x1) o ¢A(X1)€E5432(X1)
X Hpa—x1 (Xl):ucbc—ml (Xl)

Marginal is proportional to the product of the incoming messages.

¢ W
M¢B—>X2
¢DILLX4—>¢D
—()
,u
¢AN¢A—>X1 xp—r¢c
X1
/’LQSc—)Xl luX3—>qZ5C
dcC PE OF
“—()—n
/’LX5—>¢E /’L¢F—>X5
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Single marginal from messages

Cost (due to properties of variable elimination):

» Linear in number of variables d, exponential in maximal number of
variables attached to a factor node.

» Recycling: most messages do not depend on x; and can be re-used
for computing p(x;1) for any value of x; (as well as for computing
the marginal distribution of other variables, see next slides)

¢ W
/’LQbB—>X2
¢DNX4—>Q5D
n—(x)
L4
¢AN¢A—>X1 Xp—¢c
& 2 .M
pc—rx1 x3—¢c
¢c OE OF
. ()
luX5—>ng M¢F—>X5
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Further marginals from messages

» \We have seen that

p(x1) o </5A(X1)Q35432(X1)

X Hpp—rx (x1 )quc—ml (x1)

» Remember: Messages are effective factors
¢A &5432 Hpp—xq Hpe—xq

» This correspondence allows us to write down the marginal for
other variables too. All we need are the incoming messages.
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Further marginals from messages

> Example: For p(x2) we need [i4,—sx, and fig . —sx,
> lpg—x, 1S Known but py -, needs to be computed

> Lly-—sx, COrresponds to effective factor for x; if all variables of
the subtrees attached to ¢, are eliminated.

» Can be computed from previously computed factors:

Fpa—xi and Hxs— e
¢ W
M¢B—>X2
¢D:uX4—>¢D
) =
$p—x3
I25% Hope—sx
gbA%ﬁXl o—dc | Hoe—rx
X1
M¢C—>X1 MX3%¢C
¢c E OF
.4@7.
Hxs— e Her—xs
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Further marginals from messages

» By definition of the messages, and their correspondence to
effective factors, we have

p(X17 X2, X3) X QbC(Xl, X2, X3)/'LQ5A—>X1 (Xl),uqﬁg—>xz (XZ)MX3—>¢C (X3)

» Eliminating x; and x3 gives

P(X2) X fipg—x,(X2) Z Dc(X15 X2, X3 )tz pc (X3 ) Hp g3y (X1)

X1,X3

O fhgg—sxp (X2 ) Hhp 30 (X2)

Hog—x B

Hepa—x1 Ko —xo Hxs—pc

¢c

Michael Gutmann Exact Inference 53 /78



Further marginals from messages
We had

Hoesxa(X2) = D dc(X1, X2, X3) bxg—pc (X3) fhpa—sxg (X1)

X1,X3

Introducing variable to factor message [, ¢, = Upi—x; = PA

Hgea(X2) = D dc(X1, X2, X3) g (X3) sy - (X1)

X1,X3

¢DIMX4—>¢D
—(

E OF

l‘@il
luX5—>qu M¢F—>X5
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Using arrows to indicate the messages

Less cluttered representation using arrows for the messages

¢ W
! ®p .
(%)
¢IA — X1 %ilT X3
— 5 —
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All (univariate) marginals from messages

» We can use the messages to compute the marginals of all
variables in the graph.

» For the marginal of a variable x we need to know the incoming
messages 4, —x from all factor nodes ¢; connected to x.

» This means that if each edge has a message in both directions,
we can compute the marginals of all variables in the graph.

¢z N
T qu%
| =
IA% X1 %ilT% X3 g
— — —
¢ PF

¢ K%E — o
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Joint distributions from messages

» The correspondence between messages and effective factors
allows us to find the joint distribution for variables connected
to the same factor node (neighbours).

» For example, we can compute p(x3, x5) from messages

> The messages iy, ¢, and fi ¢, correspond to effective
factors attached to x3 and xs, respectively.

Hoxs— b .4@ H @7. Hoxs— e

E

» Factor graph corresponds to

p(x3,X5) < PE(X3, X5) hsz—sp (X3) s — i (X5)
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“Rules” of message passing: factor to variable messages

Note: The rules come from the fact that messages correspond to
effective factors obtained after marginalisation.

J
Hp—x(X) = Z ¢(X1"'°>>97X)HMX,-—>¢(X/')
i=1

X1 yeeey Xj

Rule corresponds to eliminating variables xi, ..., X;
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“Rules” of message passing: variable to factor messages

Note: The rules come from the fact that messages correspond to
effective factors obtained after marginalisation.

Hx—g(X) = H Hgi—x(X)
i=1

¢1 W
R
— — ?
»> l X |
e
¢3

Rule corresponds to simplifying the factorisation by multiplying effective

factors defined on the same domain.
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“Rules” of message passing: univariate marginals

Note: The rules come from the fact that messages correspond to
effective factors obtained after marginalisation.

p(x) o< | [ 1g-x(x)
i=1

¢1 W
O\
N . s
o> W X |
e
¢3 W
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“"Rules” of message passing: joint marginals

Note: The rules come from the fact that messages correspond to
effective factors obtained after marginalisation.

J
p(xt, ..., x) < ¢(x1,- ., %) [ s (X)
i=1

Michael Gutmann Exact Inference 61/78



A word about numerics

In practice, it is better to work with log-messages (see Barber's
paragraph on "“log messages”, p86)
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Other names for the sum-product algorithm

» Other names for the sum-product algorithm include

» sum-product message passing
> message passing
» belief propagation

» \Whatever the name: it is variable elimination applied to factor
trees
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Key advantages of the sum-product algorithm

Assume p(x1,...,xq) < [[g ¢i(X;), with X; C {xq,..., x4}, can
be represented as a factor tree.

» The sum-product algorithm allows us to compute

> all univariate marginals p(x;).
» all joint distributions p(X;) for the variables X that are part of
the same factor ¢;.

» Cost: If variables can take maximally K values and there are
maximally M elements in the X;: O(2dKM) = O(dk™)

Michael Gutmann Exact Inference
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Applicability of the sum-product algorithm

» Factor graph must be a tree

» Can be used to compute conditionals (same argument as for
variable elimination)

» May be used for continuous random variables (same caveats
as for variable elimination)

» Same ideas can be used to compute argmax, p(x)
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If the factor graph is not a tree

» Use variable elimination

» Group variables together so that the factor graph becomes a
tree (for details, see Chapter 6 in Barber, or Section V in Kschischang et
al, Factor Graphs and the Sum-Product Algorithm, 2001; not examinable)

» Pretend the factor graph is a tree and use message passing
(loopy belief propagation; not examinable)

» Can you condition on some variables so that the conditional is
a tree? Message passing can then be used to solve part of the
inference problem.

Example: p(xi, x2,x3,x4) is not a tree but p(xi, x2, x3|x4) is.
Use law of total probability

= > > p(x1,x2, x3]xa) p(xa)

Xa X2,X3

\

-~

by message passing
(see Barber Section 5.3.2, “Loop-cut conditioning”)
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Summary

1. Marginal inference by variable elimination
o Exploiting the factorisation by using the distributive law
ab + ac = a(b + ¢) and by caching computations
e Variable elimination for general factor graphs
o Structural changes to the graph due to variable elimination

e The principles of variable elimination also apply to continuous
random variables

2. Marginal inference for factor trees (sum-product algorithm)
o Factor trees

o Sum-product algorithm = variable elimination for factor trees
o Messages = effective factors

o The rules for sum-product message passing
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Program

3. Inference of most probable states
o Maximisers of the marginals % maximiser of joint
o We can use the distributive law max(ab, ac) = amax(b, ¢) to
exploit the factorisation
o Max-product algorithm and back-tracking
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Other inference tasks

» So far: given a joint distribution p(x), find marginals or
conditionals over variables

» Other common inference task:
» Find a setting of the variables that maximises p(x), i.e.

argmax p(x)
X

» Find the corresponding value of p(x), i.e.
max p(x)
X

» Note: the argmax, p(x) task here includes argmax, p(x|y,),
which is known as maximum a-posteriori (MAP) estimation or
inference.
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Maximisers of the marginals # maximiser of joint

» The sum-product algorithm gives us the univariate marginals
p(x;) for all variables xi, ..., Xy.

> But the vector with the argmax, p(x;), x1,.

same as argmax, p(X)

» Example (Bishop Table 8.1):

X1 X2 P(X1,X2)
0 0 0.3
1 0 04
0 1 0.3
1 1 0.0

.., Xd, 1S not the

X1 P(Xl)
0 0.6
1 0.4

Michael Gutmann

Exact Inference

X2 P(Xz)
0 0.7
1 0.3
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Using the distributive law to exploit the factorisation

» For marginal inference, we relied on the distributive law

ab+ ac = a(b + c)

sum(ab, ac) = a sum(b, ¢)
» For finding the most probable state, use similarly

max(ab, ac) = amax(b, c)
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Example (chain)

(Based on a slide courtesy of David Barber)

p(a, b, c,d) < fi(a, b)f2(b, c)fz(c,d)fs(d)

f f f f
(DO ()
For marginal inference, we had

p(a) o 3° 33" fi(a, b)fa(b, ) fa(c, d)fa(d)
b ¢ d

3 fia,6) | X (b.) [ (e, ()] |
b 9 d

7

N~

:uf3—>C::uC—>f2
N o/
~~
My —b—Hb—f

\ 7
~~

lu’f]_—>a
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Example (chain)

(Based on a slide courtesy of David Barber)
p(a, b, c,d) < fi(a, b)f2(b, c)fz(c,d)fs(d)

f f f f
(o) ——(O—8—(2)—=
For finding max p(a, b, ¢, d):

1

afr;’aci(d p(a, b,c,d) = — Max max max max fi(a, b)f(b, c)fz(c, d)fa(d)
1

= — mMmaxXm
a

> ax fi(a, b) [mgx f>(b, ¢) [mjx f3(c, d)fa(d)]

b

\ 7

~"

’7f3—>c:’7c—> D)

\ &

-~

Vfh—b—"Vb—f

~N"~

7f1—>a

As before for the sum-product algorithm, the ~v_, denote messages
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Example (chain)

1
max. p(a,b,c,d) = ~ Max max fi(a, b) | max f(b, c) [mjx f3(c, d)fa(d)]

\ 7
~

'7f3—>c(C):,Uac—>f2 (C)

’Yf2—>b(b):'7’b—> fl (b)

VA —>a(a)

How to compute argmax p(a, b, ¢, d)?
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Example (chain)

1
b,c,d) = —= fi(a, b f>(b, f3(c,d)fs(d
max pla,b,c.d) = 2 maxmax i(a,b) | max (b, c) [ max (e, d)fa(d)] |

\ 7
~~

'7f3—>c(c):/*bc—> f2 (C)

\ 7
"~

Y —>b(b):’7b—> fl (b)
N _J/
WV

fo-]_ —>a(a)

Consider maxy f3(c, d)fa(d):

» This is an optimisation problem that needs to be solved for all
values of c.

» Maximiser d* = argmax f3(c, d)fs(d) depends on c:
d*(c) = argmax f3(c, d)fz(d)
d

» d*(c) is a function (look-up table) that returns the optimal
value for d for any value of c.
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Example (chain)

1
b,c,d — fi b (b f- d)fa(d
max p(a,b, ,d) = — maxmaxfi(a )[mcax 5 (b, ) [ max (e, d)fa( )]}

\ - 7
~~

fo3 —)C(C):/‘I’C—> f2 (C)

A 7
"~

Yy —b(P)=7b— £ (b)

\ 7
"~

7f1 —>a(a)

In addition to d*(c) = argmax f3(c, d)fs(d), we further have:

c*(b

b*(a) = argmax fi(a, b)yp—£ (D)

= argmax fo(b, ¢)ve—g(C)

) Cc
) =

5 = argmax vy (a)
a

After a has been computed, we can compute argmax p(a, b,c,d)
via b = b*(3), & = c*(b), and d = d*(&) (“back-tracking” )
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Max-product algorithm

» The above example for a chain extends to general factor
graphs (like in variable elimination)

» max takes the place of )

» For factor trees: sum-product algorithm becomes max-product
algorithm with corresponding rules of how to compute the
corresponding messages (see Barber, Section 5.2.1)

» Messages for the max-product algorithm are called
max-product messages.

» For numerical stability, it is better to implement the
algorithms using log messages: max-product algorithm
becomes max-sum algorithm (see Bishop, 8.4.5)
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Program recap

1. Marginal inference by variable elimination
@ Exploiting the factorisation by using the distributive law
ab+ ac = a(b + ¢) and by caching computations
@ Variable elimination for general factor graphs
@ Structural changes to the graph due to variable elimination
@ The principles of variable elimination also apply to continuous random
variables

2. Marginal inference for factor trees (sum-product algorithm)
@ Factor trees
@ Sum-product algorithm = variable elimination for factor trees
@ Messages = effective factors
@ The rules for sum-product message passing

3. Inference of most probable states
@ Maximisers of the marginals # maximiser of joint
@ We can use the distributive law max(ab, ac) = amax(b, ¢) to exploit the
factorisation
@ Max-product algorithm and back-tracking
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