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Exercise 1. Factor analysis

A friend proposes to improve the factor analysis model by working with correlated latent variables. The
proposed model is

p(h; C) = N(h;0,C) p(vih; F, ¥ ¢) = N(v;Fh+c,¥) (1)

where C is some covariance matriz, and the other variables are defined as in the lecture slides. N'(x;pu, %)
denotes the pdf of a Gaussian with mean p and covariance matriz X.

(a) What is marginal distribution of the visibles p(v; @) where 8 stands for the parameters C,F,c, ¥ ?

Solution. The model specifications are equivalent to the following data generating pro-
cess:

h ~ N(h;0,C) e ~ N(€0,¥) v=Fh+c+e (S.1)

From the basic result on the distribution of linear transformations of Gaussians on FA and
ICA lecture slide 11 (Barber Result 8.3), it follows that v is Gaussian with mean g and
covariance X,

p=FE[h]+c+ E[e] (S.2)
~~ ~~
0 0
=c (S.3)
Y =FV[hF" + V]
—FCF' + 0.

(b) Assume that the singular value decomposition of C is given by

C =EAE’ (2)
where A = diag(\1, ..., \g) is a diagonal matrixz containing the eigenvalues, and E is a orthonormal
matriz containing the corresponding eigenvectors. The matriz square root of C is the matriz M
such that

MM = C, (3)

and we denote it by C'/2. Show that the matriz square root of C equals

C'? = Ediag(\/M1,....\/Ap)ET. (4)

Solution. We verify that CY/2C'/2 = C:

C/2C'? = Ediag(\/A1, ..., V/Ap)EEdiag(v/ A1, ..., VAp)ET (S.6)
= Ediag(\/A1, ..., V/Ap) Idiag(v/ AL, ...,/ Ap)ET (S.7)
= Ediag(\/ A1, . .., V/Ap)diag(v/ A1, ..., VAD)ET (S.8)
= Ediag(\1,...,Ap)ET (S.9)
= EAE' (S.10)
=C (S.11)



(c) Show that the proposed factor analysis model is equivalent to the original factor analysis model
p(h;I) = N'(h; 0,1) p(v|h; F, ¥, c) = N(v;Fh +c, ¥) (5)
with F = FC'/2, so that the extra parameters given by the covariance matriz C are actually

redundant and nothing is gained with the richer parametrisation.

Solution. We verify that the model has the same distribution for the visibles. As before
E[v] = c, and the covariance matrix is

V[v]=FIFT +¥ (S.12)
—FC/2C'/?FT + @ (S.13)
—FCF' +V¥ (S.14)

where we have used that C'/2 is a symmetric matrix. This means that the correlation
between the h can be absorbed into the factor matrix F and the set of pdfs defined by the
proposed model equals the set of pdfs of the original factor analysis model.

Another way to see the result is to consider the data generating process and noting that we
can sample h from N (h; 0, C) by first sampling h’ from N (h’; 0,I) and then transforming
the sample by C'/2,

h ~ N'(h;0,C) — h = CY/?n/ h' ~ N (h';0,1). (S.15)
This follows again from the basic properties of linear transformations of Gaussians, i.e.
V(Cl/zh/) _ Cl/2v(h/)(cl/2)—r — 01/2101/2 = C
and E(C'/?h’) = C'/2E(h’) = 0.

To generate samples from the proposed factor analysis model, we would thus proceed as
follows:

h' ~ N(h';0,1) €~ N(e0,0) v=F(CY?h) +c+e (S.16)

But the term
v=F(C/?h) +c+e

can be written as R
v=(FCY))h+c+e=Fh' +c+e

and since h’ follows N (h’;0,I), we are back at the original factor analysis model.

Exercise 2. Independent component analysis
(a) Whitening corresponds to linearly transforming a random variable x (or the corresponding data)
so that the resulting random variable z has an identity covariance matriz, i.e.
z=Vx with V[x]=C and V[z]=1

The matriz 'V is called the whitening matriz. Note we do not make a distributional assumption on
X, in particular x may or may not be Gaussian.

Given the eigenvalue decomposition C = EAET, show that
V = diag\\[ 2, A YHET (6)

is a whitening matriz.



(b)

Solution. From V[z] = V[Vx] = VV[x]V T, it follows that

V[z] = VV[x]V ' (S.17)
=vcv'’ (S.18)
= VEAE'V' (S.19)
. —-1/2 —1/2\=T T~7T
= diag(\; /%, A, ) ETEAETV (S.20)
= diag(A; /%, A HAETVT (S.21)
where we have used that ETE = I. Since
N
VT = |diag(A[ 2. .. ,A;W)ET} = Bdiag(\[ %, ... 0,7
we further have
V[z] = diag(A; /%, ..., A AR Ediag(A; 2, A7 %) (8.22)
— diag(A; %, .. A, D) Adiag(A 2 AR (S.23)
= diag(A; /%, ..., A, D) diag(Ar, - ., Ag)diag(AT 2, AR (S.24)
=1, (S.25)

so that V is indeed a valid whitening matrix. Note that whitening matrices are not unique.
For example,

V = Ediag(A\; ?,... A, AET

is also a valid whitening matrix. More generally, if V is a whitening matrix, then is also
RV a whitening matrix, where R is an orthonormal matrix. This is because

V[RVx] = RV[Vx]R" =RIR' =1

where we have used that V is a whitening matrix so that Vx has identity covariance
matrix.

Consider the ICA model

D
v = Ah, h ~ py(h), pu(h) = th(hi), (7)

where the matriz A is invertible and the h; are independent random variables of mean zero and
variance one. Let 'V be a whitening matriz for v. Show that z = Vv follows the ICA model

D
z = Ah, h ~ pn(h), pu(h) = [ [ pa(ha), 8)
i=1
where A is an orthonormal matriz.

Solution. If v follows the ICA model, we have

z=Vv (S.26)
= VAh (S.27)
= Ah (S.28)



with A = VA. By the whitening operation, the covariance matrix of z is identity, so that

I=V(z)=AV(h)AT. (S.29)

I=AAT, (S.30)

which means that A is orthonormal.

In the original ICA model, the number of parameters is given by the number of elements
of the matrix A, which is D? if v is D-dimensional. An orthogonal matrix contains D(D —
1)/2 degrees of freedom (see e.g. https://en.wikipedia.org/wiki/Orthogonal matrix), SO
that we can think that whitening “solves half of the ICA problem”. Since whitening
is a relatively simple standard operation, many algorithms, e.g. “fastICA”, first reduce
the complexity of the estimation problem by whitening the data. Moreover, due to the
properties of the orthogonal matrix, the log-likelihood, see e.g. the slides on “Factor and
Independent Component Analysis”, also simplifies for whitened data because the inverse
of an orthonormal matrix is its transpose and because the determinant of an orthonormal
matrix equals one.


https://en.wikipedia.org/wiki/Orthogonal_matrix
https://en.wikipedia.org/wiki/FastICA
https://www.inf.ed.ac.uk/teaching/courses/pmr/17-18/assets/slides/slides10.pdf
https://www.inf.ed.ac.uk/teaching/courses/pmr/17-18/assets/slides/slides10.pdf

