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Exercise 1. Kalman filtering

We here consider filtering for hidden Markov models with Gaussian transition and emission distributions.
For simplicity, we assume one-dimensional hidden variables and observables. We denote the probability
density function of a Gaussian random variable x with mean p and variance o2 by N (z|p,o?),

The transition and emission distributions are assumed to be

N(z|p,0?) =

plhslhs—1) = N (hs| Ashs 1, BY) (2)
p(vslhs) = N (vs|Cshs, D?) (3)
The transition and emission distributions correspond to the following update and observation equations
hs = Ashs—l + BS§S7 (4)
vs = Cshs + Dgns, (5)
where &5 and ns are independent standard normal random variables, e.g. £ ~ N (£5]0,1) — independent

from each other and from the hs and vs. The equations mean that hs is obtained by scaling hs_1 and
by adding noise with variance B2. The observed value vs is obtained by scaling the hidden hs and by
corrupting it with Gaussian observation noise of variance D?.

The distribution p(hy) is assumed Gaussian with known parameters. The Ag, Bs,Cs, Dy are also assumed

known.

(a) Show that
[ Nl N Az, B)de Ayl Au, A% + 1) (6)

[While this result can be obtained by direct integration, an approach that avoids this is as follows:
First note that N'(z|u, 0?)N (y| Az, B?) is proportional to the joint pdf of z and y. We can thus
consider the integral to correspond to the computation of the marginal of y from the joint. Using
the equivalence of Equations (2)-(3) and (4)-(5), and the fact that the weighted sum of two Gaussian
random variables is a Gaussian random variable then allows one to obtain the result.]

Solution. We follow the procedure outlined above. The two Gaussian densities corre-
spond to the equations

T =p+of (S.1)
y = Ax + Bn (S5.2)

where ¢ and 7 are independent standard normal random variables. The mean of y is

E(y) = AE(z) + BE(r) (53
= Au (S.4)

where we have use the linearity of expectation and E(n) = 0. The variance of y is

V(y) = V(Ax) + V(Bn) (since z and 7 are independent) (S.5)
= A%V (z) + B*V(n) (by properties of the variance)
= A%0? + B?



(b)

Since y is the (weighted) sum of two Gaussians, it is Gaussian itself, and hence its distri-
bution is completely defined by its mean and variance, so that

y ~ N(y|Ap, A%0? + B?). (S.8)

Now, the product N (z|u, o?)N (y| Az, B?) is proportional to the joint pdf of z and ¥, so
that the integral can be considered to correspond to the marginalisation of x, and hence
its result is proportional to the density of y, which is N(y|Au, A%0? + B?).

Show that
N (z|my, o2 )N (x|mg, 03) o< N'(z|ms, 03) (7)
where
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Solution. We show the result using a classical technique called “completing the square”,
see e.g. https://en.wikipedia.org/wiki/Completing_the_square.

We work in the (negative) log-domain and use that

)2
—log [N(z|m,0?)] = (36272%) + const (S.9)
o
22 e T const (S.10)
=_— —z— + — +cons .
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= %'2 — x% + const (S.11)

where const indicates terms not depending on x. We thus obtain

—log [N(z|m1,07)N (z|ma, 03)] = —log [N (z|m1, 01)] — log [N (z|ma,03)] (S.12)
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Comparison with (S.11) shows that we can further write

x? x <m1 m1> (JE - m3)2
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https://en.wikipedia.org/wiki/Completing_the_square

where

m m
ms3 = 03 (21 + 21) (819)
01 01
so that
2 2 (z — m3)2
—log [N (z|my, 07)N (z|m2, 03)] = g7 +const (S.20)
03
and hence
N (zlmy, o?)N (z|ma, 03) x N (z|ms,o3). (S.21)
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In the lecture, we showed that p(hi|vi.t) o< a(hy) where a(h) can be computed recursively via the
“alpha-recursion”

a(hy) = p(ha) - p(vi]h1) alh) = p(vslhs) Y p(hs|hs—1)alhs—1). (10)

hs—1

We have also seen that the alpha-recursion corresponds to sum-product message passing with

Hho—¢.11 (hs) = a(hs) Hepo—h, (hs) = Z p(hslhs—1)a(hs—1) (11)
hs_1

and that pg,—n,(hs) x p(hs|v1:s—1). For continuous random variables, the sum above becomes an
integral so that

alhs) = p(“Slhs)N%—WS (hs) Hepo—hs (hs) = /p(hs|hs—l)a(hs—l)dhs—l~ (12)

For a Gaussian prior distribution for hy and Gaussian emission probability p(vi|hi), a(h) =
p(h1) - p(vi|h1) o< p(hilvr) is proportional to a Gaussian. We denote its mean by py and its
variance by o3 so that

a(hy) o< N'(hy|pr, 03). (13)
Assuming a(hs—1) < N'(hs_1|ps—1,0%_1) (which holds for s = 2), use Equation (6) to show that
fig.—h, (hs) < N (hs|Aspis—1, Ps) (14)
where
P, = A2 | + B2 (15)



Solution. We can set a(hs—1) ./\/'(hs,lmsfl,ag_l). Since p(hs|hs—1) is Gaussian, see
Equation (2), Equation (12) becomes

fig—sh, (hs) = /N(h8|Ashs—17BE)N(hs—lms—lv‘7?1)dhs—1- (5.27)

Equation (6) with 2 = hs_1 and y = hy yields the desired result,
figg—hs (hs) = N (hs| Aspis—1, Aol + BY). (S.28)

With a(hs—1) o< p(hs—1|vi:s—1) and pg,—n, (hs) o p(hs|vis—1), we can understand the
equation as follows: To compute the predictive mean of hg given vy.5_1, we forward prop-
agate the mean of hs_1|v1.s—1 using the update equation (4). This gives the mean term
Asprs—1. Since hs_1|v1.s—1 has variance 03_1, the variance of hg|vi.s—1 is given by Azag_l
plus an additional term, B2, due to the noise in the forward propagation. This gives the
variance term A202 | + B2, In the lecture, it was pointed out that pis,—n, (hs) is called
the “prediction” step in the alpha-recursion. Indeed, we here compute the predictive
distribution of hg given v1.s—1, which is the Gaussian in Equation (S.28).

(d) Use Equation (7) to show that

a(hs) o N (R s, o2) (16)
where
P,C;
Hs = As,UJs—l + m (Us - CsAs/Ls—l) (17)
P,D?
o? sl (18)

s~ P.C2+D?

Solution. Having computed jig,—p, (hs), the final step in the alpha-recursion is

a(hs) = p(vs|hs) g, —n, (hs) (S.29)
With Equation (3) we obtain
a(hs) o< N(vg|Cshg, DX)N (hs| Agpis—1, Ps). (S.30)
We further note that
2 . D}
N (vs|Cshs, D3) ox N <h3|CS_ Vs, C;) (S.31)

so that we can apply Equation (7) (with m; = Aus_1, 02 = P;)

2
a@QuNOM@%&%>N%MWHJ@ (S.32)
o N (hs, ps, o2) (S.33)



with

P _
ps = Asprs—1 + 78193 (Cs 17)3 - Asﬂs—l)

s T 0782
P,C? .
= As/ls—l + CSQT‘:DE (Cs Vs — Aslis—l)
P,Cy
= Agpts—1 + m (vs — CsAsprs—1)
D2
o2 — PSC‘?Q
S
P, + ¢
B Png
- P,C2+ D2

(e) Show that a(hs) can be re-written as

alhs) cc N (hs\us, 03)
where

Ms = AS,U/S,1 + Ks (Us - CsAs,usfl>
02 = (1 - K,Cs)P;

P,Cy
Ki=——"-"—+

C2P; + D?

These are the Kalman filter equations and K is called the Kalman filter gain.

Solution. We start from

PSCS
Hs = Asﬂs—l + m (Us - CsAs,Us—l) y
and see that PO
S S
__-s8Ys K
C2P; + D? 3

so that

Hs = Asﬂs—l + Ks (US - CSASIU’S—l) .

2

2, we have

For the variance o

L PO
s~ P,CZ+ D2
_ D3
- P,C2+ D2

P.C?
= 1_5705 P,
P,C% + D?

- (1 - KSCS)P87

Py

which is the desired result.
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The filtering result generalises to vector valued latents and visibles where the transition
and emission distributions in (2) and (3) become

p(hs|h,_1) = N(hy|Ah,_1, "), (S.47)
p(VS’hS) = N(VS’CSh&Ev)’ (848)
where N () denotes multivariate Gaussian pdfs, e.g.
1 1
s|Cihg, BY) = —— ——(vs — Cshy)T(ZY) " Y(v, — C,hy) ). (S.49
Nl B) = o o (v~ Q) T(E) (v~ Coh) ) (549

We then have
p(he|vie) = N (h|pe, By) (S.50)

where the posterior mean and variance are recursively computed as

Hs = Asﬂ's—l + Ks(vs - CsAsﬂs—l) (851)

¥, = (I-K;C,)P, (S.52)

P, =AY, |A] + %" (S.53)
-1

K, = P,CT (CSPSC;r + 2”) (S.54)

and initialised with g1 and ¥; equal to the mean and variance of p(hy|vi). The matrix
K is then called the Kalman gain matrix.

The Kalman filter is widely applicable, see e.g. https://en.wikipedia.org/wiki/Kalman_
filter, and has played a role in now historic events such as the moon landing, see e.g.
http://ieeexplore.ieee.org/document/5466132/

An example of the application of the Kalman filter to tracking is shown in Figure 1.

Figure 1: Kalman filtering for tracking of a moving object. The blue points indicate the
true positions of the object in a two-dimensional space at successive time steps, the green
points denote noisy measurements of the positions, and the red crosses indicate the means of
the inferred posterior distributions of the positions obtained by running the Kalman filtering
equations. The covariances of the inferred positions are indicated by the red ellipses, which
correspond to contours having one standard deviation. (Bishop, Figure 13.22)

(f) Explain Equation (20) in non-technical terms. What happens if the variance D? of the observation

noise goes to zero?


https://en.wikipedia.org/wiki/Kalman_filter
https://en.wikipedia.org/wiki/Kalman_filter
http://ieeexplore.ieee.org/document/5466132/

Solution. We have already seen that Asus_1 is the predictive mean of hg given vy.4_1.
The term CsAgus—1 is thus the predictive mean of vs given the observations so far, vi.5_1.
The difference vy — CsAgus—1 is thus the prediction error of observable. Since a(hg) is
proportional to p(hs|vi.s) and ps its mean, we thus see that the posterior mean of hg|vy.s
equals the posterior mean of hg|vi.s—1, Asps—1, updated by the prediction error of the
observable weighted by the Kalman gain.

For D? — 0, K5 — C; ! and

ps = Asprs—1 + K (vs — CsAgpis—1) (S.55)
= Agpis—1 + C; " (vs — CsAgpis—1) (S.56)
= Agprs—1 + C5 v — Agpis—1 (S.57)
= C; lw,, (S.58)

so that the posterior mean of p(hs|vi.s is obtained by inverting the observation equation.
Moreover, o2 — 0, so that with zero observation noise, the value of h4 is known precisely.

Exercise 2. Hidden Markov model — beta-recursion

We consider the following factor graph from the lecture on hidden Markov models.

1 ®2 ®3 04 @5 o6
-@-m-m-m-m-@

fim fo fz A fa fs fo R

The factor graph corresponds to the conditional pmf

p(ha,..., he,vs,v6 | v1.4)
and the factors are defined as
fe(he) = p(velhy) (t < 4) fe(ve, he) = p(ve|he) (> 4) (23)
¢1(h1) = p(h1) Gt (e hi—1) = p(helhe—1) (¢ > 1) (24)

We define B(hs) = i, ., —n, (hs), which is the message from a factor node “back” to a variable node.
(a) Show that B(ha) = tps—h,(ha) = 1.

Solution. The arrows in the factor graph below show the messages that need to be
computed for the computation of S(hy).
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(b)

We start with the leaf variable vg:

Hoe— fo (vg) =1
Mfﬁ*)hﬁ (h6) = Z f6(v67 hG)MUGHfG (1)6)

V6
= plvslhe) - 1
Vg

=1 since (conditional) pmfs and pdfs are normalised

(S.61)

(S.62)

The variable node hg, having a single incoming message only, copies the message so that

Phe—de(he) = B(he) = 1.

For the next message, which corresponds to the elimination of hg, we have:

Ho—shs (hs) = Z b6(he; hs) thg—sg6 (he)

he
= p(he|hs) -1
he

=1 since (conditional) pmfs and pdfs are normalised.

The same kind of calculations show that uf, 5, = 1. It follows that

Khs— s (x5) = Hpg—hs (h5):uf5—>h5
=1.

We thus obtain the desired result for 5(h4) = pgs—sn, (ha):

Pps—hs(ha) = ¢5(hs, ha)ttng a5 (25)

hs
= plhs|ha) - 1
s

=1 since (conditional) pmfs and pdfs are normalised.

Use sum-product message passing to show that the beta-recursion holds
Blha) =1
B(hs) = Z P(hst1lhs)p(vssilhs1)B(hs+1) (s <4)
hs+1

Solution. We defined 3(h;) as the message (i, ,—n, (hs). We thus also have

B(herl) = Hopsio—hsi1 (h8+1)7

(S.63)

(S.64)

(S.65)

(S.66)

(S.69)

(S.70)

(S.71)

(S.72)

which is the effective factor for hs1; if all variables in all sub-trees attached to ¢s49, with
exception of the sub-trees attached to hsi1, are eliminated. This gives us the following

fragment of a factor graph

Pst1 B(hsy1)
B(hs)

|
fs+1



Message passing tell us that

5(h5> = Hesi1—hs (hS) = Z Pst1(hst1, hS)Nth%%H (hs+1) (8-73)
h5+1
and that
Khsi1—¢st1 (hs+1) = Hfer1—hsyr (h8+1)ﬂ6(hs+1)—>hs+1 (hs+1) <S74)
= fs+1(hs+1)ﬁ(hs+l)a (875)
(S.76)

where for the last equation, we have used that fsy1 and B(hst1) are leaf factor nodes. We
thus obtain

B(hs) = tgyirha(he) = D Sar1(hsyr, hs) fogr (har1) B(hsta). (S.77)
hs+1
Plugging in the definition of the factors gives
B(hs) = Z P(hst1|hs)p(Vsta|hss1) B(Rst1), (S.78)

hs+1

which is the desired recursion. In our factor graph, the recursion is initialised with S(h4) =
1.



