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1 High Dimensional Data

A hook for machine learning

Features

Linear Dimension Reduction

Often in machine learning, the data is very high dimensional. In the case
of the hand-written digits, the data is 784 dimensional. Images are a good
example of high dimensional data, and a good place where some of the ba-
sic motivations and assumptions about machine learning come to light. For
simplicity, consider the case of the handwritten digits in which each pixel
is binary — either 1 or 0. In this case, the total possible number of images
that could ever exist is 2734 ~ 10236 — this is an extremely large number
(very much larger than the number of atoms in the universe). However, it is
clear that only perhaps at most a hundred or so examples of a digit 7 would
be sufficient (to a human) to understand how to recognise a 7. Indeed, the
world of digits must therefore lie in a highly constrained subspace of the 784
dimensions. It is certainly not true that each dimension is independent of
the other in the case of digits. In other words, certain directions in the space
will be more important than others for describing digits. This is exactly the
hope, in general, for machine learning — that only a relatively small number
of directions are relevant for describing the true process underlying the data
generating mechanism. That is, any model of the data will have a relatively
low number of effective degrees of freedom. These lower dimensional inde-
pendent representations are often called ‘feature’ representations, since it is
these quintessential features which succinctly describe the data.

In general, it seems clear that the way dimensions depend on each other
is, for a general machine learning problem (and certainly the digits data)
very complex — certain dimensions being ‘on’ means that others are likely to
be ‘off’. This suggests that non-linear effects will, in general, be important
for the efficient description of data. However, finding non-linear representa-
tions of data is numerically difficult. Here, we concentrate on linear dimen-
sion reduction in which a high dimensional datapoint x is represented by
y = Fx where the non-square matrix F has dimensions dim(y) x dim(x),
dim(y) < dim(x). The matrix F represents a linear projection from the
higher dimensional x space to the lower dimensional y space. The form of
this matrix determines what kind of linear projection is performed and, clas-
sically, there are several popular choices. The two most popular correspond
to Principal Components Analysis (PCA) and Linear Discriminants. The
first is an unsupervised and the latter a supervised projection. We concen-
trate in this chapter on the more generic PCA, leaving linear discriminants
to a later chapter. Note that, again, these methods do not describe any
model from which we could generate data and, are also non-probabilistic.
However, probabilistic data generating versions do exist which are model
based but are beyond the scope of this course.

2 Principal Components Analysis

If data lies in a high dimensional space, we might hope that it lies close to
a hyperplane, as in fig(1). We then can approximate each data point by
using the vectors that span the hyperplane alone. I will sometimes refer
to this small set of vectors as the “basis” set. Strictly speaking this is
not a basis for the whole space, rather is is a ‘basis’ which approximately
spans the space where the data is concentrated. Effectively, we are trying
to choose a more appropriate low dimensional co-ordinate system that will
approximately represent the data. Mathematically, we write

M
X%C—}—Zwibi (2.1)
i=1

The vectors b’,i € 1,... M are chosen to be orthonormal. That is (b*)Tb? =
0 for i # j, and (b")Tb’ = 1. If the dimension of the data space, dim(x) =
N, our hope is that we can describe the data using only a small number M of
vectors. If we can do so, we can reduce greatly the information needed to ac-
curately describe the data. For example, if the data lies in a 784 dimensional
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Figure 1: In linear dimension reduction we hope that data that lies in a
high dimensional space lies close to a hyperplane that can be spanned by a
smaller number of vectors.

space, we might hope that we can describe the data accurately using the
above linear prescription with a much smaller dimensional representation.

One can show (see end of chapter) that the optimal lower dimensional rep-
resentation (optimal in the sense of minimal squared reconstruction error)
is given by projecting the data onto the eigenvectors of covariance matrix
with the largest M eigenvalues. Algorithmically, this is :

1. Find the mean and covariance matrix of the data:

P p
1
m= Z xH, S = 1 Z(x“ —m)x* —m)T  (22)
p=1 pn=1
2. Find the eigenvectors e',...,eM of the covariance matrix S which
have the largest eigenvalues. Form the matrix E = [e!, ..., e] which
has the largest eigenvectors as its columns.

3. The lower dimensional represention of each data point x* is given by
yH = ETxH,

4. The approximate reconstruction of the original datapoint x* is

x" ~ m + Ey* (2.3)

5. The total squared error over all the training data made by the ap-
proximation is (P — 1) Z;V:MJA Aj where A\j, j =M +1...N are the

eigenvalues discarded in the projection.

One can view the PCA reconstructions (though there is usually little use for
these except to check that they give an adequate representation of the orig-
inal data) as orthogonal projections of the data onto the subspace spanned
by the M largest eigenvectors of the covariance matrix, see fig(2).
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Figure 2: Projection of two dimensional data using one dimensional PCA.
Plotted are the original datapoints (crosses) and their reconstructions using
1 dimensional PCA (circles). The two lines represent the eigenvectors and
their lengths their corresponding eigenvalues.

% PCA demo

p = 40; % number of training points

dimx = 10; % dimension of the data

xdata = randn(dimx,p) + 2*ones(dimx,p);

A = rand(dimx); xdata = Axxdata; % generate some training data, xdata

% perform PCA :

m = mean(xdata,2); x = xdata - repmat(m,1,p); ' subtract the mean
S = cov(x’); % covariance of the data

[Evec,Evalm] = eig(8); Eval =

diag(Evalm); % find the e-vals and e-vecs

[evals,index]=sort(Eval); index=flipud(index); ’% find the largest e-vals
num_retain = 3; % number of eigenvectors to retain
Evec_retained = Evec(:,index(1:num_retain)); % get the largest e-vecs

x_lowerdim = Evec_retained’*x; % lower dimensional representation
x_reconstruction = Evec_retained*x_lowerdim + repmat(m,1,p); % reconstruction of x

subplot(1,2,1); imagesc(xdata); subplot(1,2,2);

imagesc(x_reconstruction);

Interpreting the Eigenvectors

The “intrinsic” dimension of
data

Do the eigenvectors themselves explicitly have any meaning? No! They only
act together to define the linear subspace onto which we project the data —
in themselves they have no meaning. We can see this since, in principle, any
basis which spans the same subspace as the eigenvectors of the covariance
matrix is equally valid as a representation of the data. For example, any
rotation of the basis vectors within the subspace spanned by the first M
eigenvectors would also have the same reconstruction error. The only case
when the subspace is uniquely defined is when we only use one basis vector
— that is, the principal component of the correlation matrix alone.

How many dimensions should the linear subspace have? As derived (at the
end of the chapter), the reconstruction error is dominated by the largest
eigenvalues of the covariance matrix. If we plot the eigenvalue spectrum
(the set of eigenvalues ordered by decreasing value), we might hope to see a
few large values and many small values. Indeed, if the data did lie very close
to say a M dimensional linear manifold (hyperplane), we would expect to
see M large eigenvalues, and the rest to be very small. This would give an
indication of the number of degrees of freedom in the data, or the intrinsic
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Warning!

Non-linear Dimension
Reduction

original original original original

Figure 3: (left) Four of the 892 images. (right) The mean of the 892 images

10’

..................

Figure 4: The 100 largest eigevalues

dimensionality. The directions corresponding to the small eigenvalues are
then interpreted as “noise”.

It might well be that a small reconstruction error can be made by using
a small number of dimensions. However, it could be that precisely the
information required to perform a classification task lies in the “noise” di-
mensions thrown away by the above procedure (though this will hopefully
be rather rare). The purpose of linear discriminants is to try to deal with
this problem.

Whilst it is straightforward to perform the above linear dimension reduc-
tion, bear in mind that we are presupposing that the data lies close to a
hyperplane. Is this really realistic? More generally, we would expect data
to lie on low dimensional curved manifolds. Also, data is often clustered
examples of handwritten ‘4’s look similar to each other and form a cluster,
separate from the ‘8’s cluster. Nevertheless, since linear dimension reduc-
tion is so straightforward, this is one of the most powerful and ubiquitous
techniques used in dimensionality reduction.

2.1 Example : Reducing the dimension of digits

We have 892 examples of handwritten 5’s. Each is a 21*23 pixel image — that
is, each data point is a 483 dimensional vector. We plot 4 of these images in
fig(3). The mean of the data is also plotted and is, in a sense, an archetypal
5. The covariance matrix has eigenvalue spectrum as plotted in fig(4), where
we plot only the 100 largest eigenvalues. The reconstructions using different
numbers of eigenvectors (10, 50 and 100) are plotted in fig(5). Note how
using only a small number of eigenvectors, the reconstruction more closely
resembles the mean image.

2.2 PCA and Nearest Neighbours

In the chapter on nearest neighbour methods, we needed to calculate (many
times) distances between vectors. This can be computationally demanding,
and it is often a good idea (when using the euclidean distance) to project
the data onto a lower dimension first. For example, in the case where

original 10 e—-vec reconstr. 50 e-vec reconstr. 100 e—-vec reconstr.

SISISIS

Figure 5: The reconstruction using different linear subspace dimensions
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we wanted to make a classifier to distinguish between the digit 1 and the
digit 7 we first use PCA by ignoring the classlabel (to make a dataset of
1200 training points). Each of the training points x* is then projected
onto its 50 dimensional PCA representation y*. Subsequently, any distance

calculations (x® — x%)? are replaced by (y® — y?)2.

To see that this is reasonable, consider
(x* —x")T(x* — x*) = (Ey* — m — Ey® + m)T(Ey® — m — Ey® + m)
=" -y")"E"E(y" -y")
= -y -y") (2.4)

where the last equality is due to the orthogonality of eigenvectors : ETE = 1.

Using 50 principal components, the error rate using the nearest neighbour
rule to classify ones and sevens gave an error of 13 in 600 examples — better
than without using PCA! How can this be? A possible explanation for this
type of phenomenon is that the new PCA representation of the data is more
relevant (effectively, common, irrelevant directions in the data are ignored),
so that distances between these more relevant representations of the data
can produce better results. This is not always to be expected, however.

2.3 Mega Dimensional Data

You might be wondering how it is possible to perform PCA on extremely
high dimensional data. For example, if we have images of 1000 x 1000 = 10°
pixels, the covariance matrix will be 106 x 10 dimensional — well beyond
the storage capacities of many computers. However, there are methods that
can overcome this, some based on a probabilistic interpretation of PCA —
see for example the paper by Sam Roweis on EM algorithms for PCA — but
are beyond the scope of this course.

3 Just for Interest ... Deriving the Optimal Linear Reconstruction

3.1 Optimal reconstruction weights

We wish to represent a data point x as a linear combination of a (small)
number of vectors. If the vectors ¢,b’,i € 1,... M are already given, how
should we choose the coefficients w;?

If we want the square difference (in each component) between the approxi-
mation and x to be minimal, this gives an error measure

E(w) = (X —c— szbl) (3.1)

Definingd=x—c¢ (3.2)
2
E(w) = (d _ szb’> =d%d -2 ZwidTbi + Zwiwj(bi)Tbj
i i 0]
(3.3)

Since the vectors b’ are orthonormal, and d is a constant vector, we can
form an equivalent error

E(w) = Z {—2widTbi + (wi)Q} (3.4)

differentiating with respect to w; gives immediately that the optimal weight
coefficients are given by the projection of the vector d onto the vectors b*.

w; =d"b = (x —c)'b! = (b))T (x —¢) (3.5)
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3.2 What is the optimal “basis” set?

Using equation (3.5) above, we have that the optimal reconstruction of a
vector x* is

c+Zb7 )T (x* - ¢) (3.6)

For convenience, define M = 3, b’(b))T. If we have a set of vectors,
xM, € 1,... P, then the reconstruction error over the whole data set is
(defining B={b*,i€1,...M})

E(c,B) = Z xt—c— (xt — ijb] (3.7)

"

Defining A =1 — M, this is

v

E(c,B) = Z (x* — = Pc"ATAc — 2cTATAZx“ + const. (3.8)

p=1 I3

Differentiating with respect to ¢; to find the optimum vector c gives

P
Z (3.9)

That is, the optimum fixed “origin” for the data is the mean of the data. If
we therefore zero mean the data (by subtracting the mean from each data
point), then ¢ = 0. Consider we’ve done this, since this makes the following
analysis simpler. We still need to find the optimal vectors 5.

"U |

A standard textbook approach to finding the optimal basis uses Lagrange
multipliers. Here we adopt a different approach, using more elementary
methods It is clear that the eigenvectors of the correlation matrix S =
e Z _, x*(x")T are spanned by the data x*. Conversely, the data are
spdnned by the eigenvectors of the correlation matrix. That is, each data
point can be represented as a linear combination of the eigenvectors of S,

N
xH = Z yrek (3.10)
k=1

where e* k € 1,... N are unit length eigenvectors of S. (That is, Sef =
Neel (eF)Te! = 0 if k # | and 1 otherwise). Since the eigenvectors are
orthonormal, taking the scalar product of the above equation with e’ gives
'y;-‘ = (e/)Tx*, so that any datapoint can be written as

xt = Z(ek)Tx“e’c (3.11)
k

(indeed, this is true for any basis representation of a vector). Using the
basis vectors b’, the residual between x* and its reconstruction using these
basis vectors is
= xi =) (b)) xb/ (3.12)
J

Using the above expansion of x* in terms of the eigenvectors of S gives

I L B S L e L R CAE)

k
=> (x")Te* (ef =) bI(b))"e) (3.14)
k J

£
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Residual Error

The total reconstruction error for all the data points is then

o) et =3 (eF)xH () (x) el (3.15)
Iz [IN.N}
=(P-1)) (e")TSel (£*)TF (3.16)

gk

=) NE)TF (3.17)

Thus, if we can make the vectors £/ zero for the largest eigenvalues Aj (re-
member that the eigenvalues of a positive definite matrix are positive), we
will make the smallest reconstruction error. If we make b’ = e/ for the
largest eigenvalues A;, then f = 0, and the contribution to the reconstruc-
tion error from eigenvalue A; will be zero.

If we choose to use only M of the eigenvectors, this is equivalent to a basis
expansion in which the first M vectors b’,j = 1,...,M are set to the M
‘largest’ eigenvectors and the rest b’,j = M +1,..., N are set to zero. In this

case ! =e’,j =M +1,...,N and the residual error is (P — 1) Z;V:M_H Aj.



