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Reminders
• Tutorial groups for students requiring extra help

Contact Tamise Totterdell at ITO to join

• Study group for students desiring more challenging work

• Use the newsgroups!

• Mock exam next week, sign up via ITO



Part I

Abstract Data Types:
Sets implemented as lists



Sets as lists—definition (1)
module SetList(Set,element,nil,insert,delete,
set,allSet,subset,equal,showSet) where

data Set a = MkSet [a]

element :: Eq a => a -> Set a -> Bool
element x (MkSet xs) = elem x xs

nil :: Set a
nil = MkSet []

insert :: a -> Set a -> Set a
insert x (MkSet xs) = MkSet (x:xs)

delete :: Eq a => a -> Set a -> Set a
delete x (MkSet xs) = MkSet [ y | y <- xs, x /= y ]



Sets as lists—definition (2)
set :: [a] -> Set a
set xs = MkSet xs

allSet :: (a -> Bool) -> Set a -> Bool
allSet p (MkSet xs) = all p xs

subset :: Eq a => Set a -> Set a -> Bool
s ‘subset‘ t = allSet (\x -> element x t) s

equal :: Eq a => Set a -> Set a -> Bool
s ‘equal‘ t = s ‘subset‘ t && t ‘subset‘ s

showSet (MkSet xs) = "MkSet " ++ show xs



Sets as lists—use (1)
module MainList where

import Test.QuickCheck
import SetList

s0 :: Set Int
s0 = set [2,7,1,8,2,8]
prop_show :: Bool
prop_show =
showSet s0 ==
"MkSet [2,7,1,8,2,8]"



Sets as lists—use (2)
prop_insert :: Int -> Int -> [Int] -> Bool
prop_insert x y xs =
element x (insert y s) == (x == y || element x s)
where
s = set xs

prop_delete :: Int -> Int -> [Int] -> Bool
prop_delete x y xs =
element x (delete y s) == (element x s && x /= y)
where
s = set xs

prop_insert_delete :: Int -> [Int] -> Property
prop_insert_delete x xs =
not (element x s) ==> s ‘equal‘ delete x (insert x s)
where
s = set xs



Sets as lists—sample run (1)
[comrie]wadler: ghci MainList.hs
GHCi, version 6.10.4: http://www.haskell.org/ghc/ :? for help
Loading package ghc-prim ... linking ... done.
Loading package integer ... linking ... done.
Loading package base ... linking ... done.
[1 of 2] Compiling SetList ( SetList.hs, interpreted )
[2 of 2] Compiling MainList ( MainList.hs, interpreted )
Ok, modules loaded: MainList, SetList.

*MainList> element 2 s0
True

*MainList> element 3 s0
False

*MainList> s0
No instance for (Show (Set Int))

*MainList> head s0
<interactive>:1:5:

Couldn’t match expected type ‘[a]’ against inferred type ‘Set Int’



Sets as lists—sample run (2)
*MainList> showSet s0
"MkSet [2,7,1,8,2,8]"

*MainList> quickCheck prop_insert
OK, passed 100 tests.

*MainList> quickCheck prop_delete
OK, passed 100 tests.

*MainList> quickCheck prop_insert_delete
OK, passed 100 tests.



Part II

Sets, implemented as trees



Sets as trees—definition (1)
module SetTree(Set,element,nil,insert,delete,
set,allSet,subset,equal,showSet) where

data Set a = Nil | Node (Set a) a (Set a)

element :: Ord a => a -> Set a -> Bool
element x Nil = False
element x (Node l y r)
| x == y = True
| x < y = element x l
| x > y = element x r



Sets as trees—definition (2)
nil :: Set a
nil = Nil

insert :: Ord a => a -> Set a -> Set a
insert x Nil = Node Nil x Nil
insert x (Node l y r)
| x == y = Node l y r
| x < y = Node (insert x l) y r
| x > y = Node l y (insert x r)



Sets as trees—definition (3)
set :: Ord a => [a] -> Set a
set = foldr insert nil

allSet :: (a -> Bool) -> Set a -> Bool
allSet p s = all p (list s)
where
list :: Set a -> [a]
list Nil = []
list (Node l x r) = list l ++ [x] ++ list r

subset :: Ord a => Set a -> Set a -> Bool
s ‘subset‘ t = allSet (\x -> element x t) s

equal :: Ord a => Set a -> Set a -> Bool
s ‘equal‘ t = s ‘subset‘ t && t ‘subset‘ s



Sets as trees—definition (4)
showSet :: Show a => Set a -> String
showSet Nil = "Nil"
showSet (Node l x r) = "(Node " ++ showSet l

++ " " ++ show x
++ " " ++ showSet r ++ ")"



Sets as trees—definition (5)
delete :: Ord a => a -> Set a -> Set a
delete x Nil = Nil
delete x (Node l y r)
| x == y = join l r
| x < y = Node (delete x l) y r
| x > y = Node l y (delete x r)

join :: Ord a => Set a -> Set a -> Set a
join l Nil = l
join l r = Node l x (delete x r)
where
x = smallest r

smallest :: Ord a => Set a -> a
smallest (Node Nil y r) = y
smallest (Node l y r) = smallest l



Sets as trees—use (1)
module MainTree where

import Test.QuickCheck
import SetTree

s0 :: Set Int
s0 = set [2,7,1,8,2,8]

prop_show :: Bool
prop_show =
showSet s0 ==
"(Node (Node (Node Nil 1 Nil) 2 (Node Nil 7 Nil)) 8 Nil)"

-- set [2,7,1,8,2,8] ==
-- insert 2 (insert 7 (insert 1
-- insert 8 (insert 2 (insert 8 nil))))



Sets as trees—use (2)
prop_insert :: Int -> Int -> [Int] -> Bool
prop_insert x y xs =
element x (insert y s) == (x == y || element x s)
where
s = set xs

prop_delete :: Int -> Int -> [Int] -> Bool
prop_delete x y xs =
element x (delete y s) == (element x s && x /= y)
where
s = set xs

prop_insert_delete :: Int -> [Int] -> Property
prop_insert_delete x xs =
not (element x s) ==> equalSet s (delete x (insert x s))
where
s = set xs



Sets as trees—sample run (1)
[comrie]wadler: ghci MainList.hs
GHCi, version 6.10.4: http://www.haskell.org/ghc/ :? for help
Loading package ghc-prim ... linking ... done.
Loading package integer ... linking ... done.
Loading package base ... linking ... done.
[1 of 2] Compiling SetList ( SetList.hs, interpreted )
[2 of 2] Compiling MainList ( MainList.hs, interpreted )
Ok, modules loaded: MainList, SetList.

*MainList> element 2 s0
True

*MainList> element 3 s0
False

*MainList> s0
No instance for (Show (Set Int))

*MainList> head s0
<interactive>:1:5:

Couldn’t match expected type ‘[a]’ against inferred type ‘Set Int’



Sets as trees—sample run (2)
*MainList> showSet s0
"(Node (Node (Node Nil 1 Nil) 2 (Node Nil 7 Nil)) 8 Nil)"

(Node
(Node
(Node Nil 1 Nil)
2
(Node Nil 7 Nil))

8
Nil)"



Sets as trees—sample run (3)
*MainList> quickCheck prop_insert
OK, passed 100 tests.

*MainList> quickCheck prop_delete
OK, passed 100 tests.

*MainList> quickCheck prop_insert_delete
OK, passed 100 tests.



Part III

Type classes



Element
elem :: Eq a => a -> [a] -> Bool

-- comprehension
elem x ys = or [ x == y | y <- ys ]

-- recursion
elem x [] = False
elem x (y:ys) = x == y || elem x ys

-- higher-order
elem x ys = foldr (||) False (map (x ==) ys)



Using element
*Main> elem 1 [2,3,4]
False

*Main> elem ’o’ "word"
True

*Main> elem (1,’o’) [(0,’w’),(1,’o’),(2,’r’),(3,’d’)]
True

*Main> elem "word" ["list","of","word"]
True

*Main> elem (\x -> x) [(\x -> -x), (\x -> -(-x))]
No instance for (Eq (a -> a))



Equality type class
class Eq a where
(==) :: a -> a -> Bool

instance Eq Int where
(==) = eqInt

instance Eq Char where
x == y = ord x == ord y

instance (Eq a, Eq b) => Eq (a,b) where
(u,v) == (x,y) = (u == x) && (v == y)

instance Eq a => Eq [a] where
[] == [] = True
[] == y:ys = False
x:xs == [] = False
x:xs == y:ys = (x == y) && (xs == ys)



Element, translation
data EqDict a = EqD (a -> a -> Bool)

eq :: EqDict a -> a -> a -> Bool
eq (EqDict f) = f

elem :: EqD a -> a -> [a] -> Bool

-- comprehension
elem d x ys = or [ eq d x y | y <- ys ]

-- recursion
elem d x [] = False
elem d x (y:ys) = eq d x y || elem x ys

-- higher-order
elem d x ys = foldr (||) False (map (eq d x) ys)



Type classes, translation
dInt :: EqDict Int
dInt = EqD eqInt

dChar :: EqDict Char
dChar = EqD f
where
f x y = eq dInt (ord x) (ord y)

dPair :: (EqDict a, EqDict b) -> EqDict (a,b)
dPair (da,db) = EqD f
where
f (u,v) (x,y) = eq da u x && eq db v y

dList :: EqDict a -> EqDict [a]
dList d = EqD f
where
f [] [] = True
f [] (y:ys) = False
f (x:xs) [] = False
f (x:xs) (y:ys) = eq d x y && eq (dList d) xs ys



Using element, translation
*Main> elem dInt 1 [2,3,4]
False

*Main> elem dChar ’o’ "word"
True

*Main> elem (dPair dInt dChar) (1,’o’) [(0,’w’),(1,’o’)]
True

*Main> elem (dList dChar) "word" ["list","of","word"]
True

Haskell uses types to write code for you!



Part IV

Boolean



Type classes
class Eq a where
(==) :: a -> a -> Bool
(/=) :: a -> a -> Bool

x /= y = not (x == y)

class (Eq a) => Ord a where
(<) :: a -> a -> Bool
(<=) :: a -> a -> Bool
(>) :: a -> a -> Bool
(>=) :: a -> a -> Bool

x <= y = x < y || x == y
x > y = y < x
x >= y = y <= x

class Show a where
show :: a -> String



Instances for boolean
instance Eq Bool where
False == False = True
True == True = True
_ == _ = False

instance Ord Bool where
False < True = True
_ < _ = False

instance Show Bool where
show False = "False"
show True = "True"



Boolean with deriving clause
data Bool = False | True

deriving (Eq, Ord, Show)

Haskell uses types to write code for you!



Part V

Sets, revisited



Sets as trees, revisited
data Set a = Nil | Node (Set a) a (Set a)

instance Ord a => Eq (Set a) where
s == t = s ‘subset‘ t && t ‘subset‘ s

instance Show a => Show (Set a) where
show Nil = "Nil"
show (Node l x r) = "(Node " ++ show l

++ " " ++ show x
++ " " ++ show r ++ ")"



Sets as trees, revisited, revisited
data Set a = Nil | Node (Set a) a (Set a)
deriving (Show)

instance Ord a => Eq (Set a) where
s == t = s ‘subset‘ t && t ‘subset‘ s



Part VI

Tuples and lists



Tuples
data (a,b) = (a,b) deriving (Eq,Ord,Show)

instance (Eq a, Eq b) => Eq (a,b) where
(x,y) == (x’,y’) = x == x’ && y == y’

instance (Ord a, Ord b) => Ord (a,b) where
(x,y) < (x’,y’) = x < x’ || (x == x’ && y < y’)

instance (Show a, Show b) => Show (a,b) where
show (x,y) = "(" ++ show x ++ "," ++ show y ++ ")"



Lists
data [a] = [] | a:[a] deriving (Eq,Ord,Show)

instance Eq a => Eq [a] where
[] == [] = True
[] == y:ys = False
x:xs == [] = False
x:xs == y:ys = x == y && xs == ys

instance Ord a => Ord [a] where
[] < [] = False
[] < y:ys = True
x:xs < [] = False
x:xs < y:ys = x < y || (x == y && xs < ys)

instance Show a => Show [a] where
show [] = "[]"
show (x:xs) = "[" ++ showSep x xs ++ "]"
where
showSep x [] = show x
showSep x (y:ys) = show x ++ "," ++ showSep y ys



Part VII

Equality over functions



Equality over functions
class Small a where
forAll :: (a -> Bool) -> Bool

instance Small Char where
forAll p = and [ p x | x <- [’\000’..’\255’] ]

instance Small Bool where
forAll p = and [ p x | x <- [False, True] ]

instance (Small a, Small b) => Small (a,b) where
forAll p = forAll (\x -> (forAll (\y -> p (x,y))))

instance (Small a, Eq b) => Eq (a -> b) where
f == g = forAll (\x -> f x == g x)

*Main elem (\x -> x) [(\x -> not x), (\x -> not (not x))]
True



Part VIII

Seasons



Seasons
data Season = Winter | Spring | Summer | Fall

next :: Season -> Season
next Winter = Spring
next Spring = Summer
next Summer = Fall
next Fall = Winter

warm :: Season -> Bool
warm Winter = False
warm Spring = True
warm Summer = True
warm Fall = True



Seasons with deriving clause
data Season = Winter | Spring | Summer | Fall

deriving (Eq, Ord, Show, Enum)



instance Eq Seasons where
Winter == Winter = True
Spring == Spring = True
Summer == Summer = True
Fall == Fall = True
_ == _ = False

instance Ord Seasons where
Winter < Spring = True
Winter < Summer = True
Winter < Fall = True
Spring < Summer = True
Spring < Fall = True
Summer < Fall = True
_ < _ = False

instance Show Seasons where
show Winter = "Winter"
show Spring = "Spring"
show Summer = "Summer"
show Fall = "Fall"



The Enum class
class Enum a where
succ, pred :: a -> a
toEnum :: Int -> a
fromEnum :: a -> Int
enumFrom :: a -> [a] -- [x..]
enumFromTo :: a -> a -> [a] -- [x..y]
enumFromThen :: a -> a -> [a] -- [x,y..]
enumFromThenTo :: a -> a -> a -> [a] -- [x,y..z]

succ x = toEnum (fromEnum x + 1)
pred x = toEnum (fromEnum x - 1)
enumFrom x
= map toEnum [fromEnum x ..]

enumFromTo x y
= map toEnum [fromEnum x .. fromEnum y]

enumFromThen x y
= map toEnum [fromEnum x, fromEnum y ..]

enumFromThenTo x y z
= map toEnum [fromEnum x, fromEnum y .. fromEnum z]



Syntactic sugar
-- [x..] = enumFrom x
-- [x..y] = enumFromTo x y
-- [x,y..] = enumFromThen x y
-- [x,y..z] = enumFromThenTo x y z

instance Enum Int where
toEnum x = x
fromEnum x = x
succ x = x+1
pred x = x-1
enumFrom x = iterate (+1) x
enumFromTo x y = takeWhile (<= y) (iterate (+1) x)
enumFromThen x y = iterate (+(y-x)) x
enumFromThenTo x y z

= takeWhile (<= z) (iterate (+(y-x)) x)

iterate :: (a -> a) -> a -> [a]
iterate f x = x : iterate f (f x)



Derived instance
instance Enum Seasons where
fromEnum Winter = 0
fromEnum Spring = 1
fromEnum Summer = 2
fromEnum Fall = 3

toEnum 0 = Winter
toEnum 1 = Spring
toEnum 2 = Summer
toEnum 3 = Fall



Seasons, revisited
next :: Season -> Season
next x = toEnum ((fromEnum x + 1) ‘mod‘ 4)

warm :: Season -> Bool
warm x = x ‘elem‘ [Spring..Fall]

-- [Spring..Fall] = [Spring, Summer, Fall]



Part IX

Shape



Shape
type Radius = Float
type Width = Float
type Height = Float

data Shape = Circle Radius
| Rect Width Height
deriving (Eq, Ord, Show)

area :: Shape -> Float
area (Circle r) = pi * rˆ2
area (Rect w h) = w * h



Derived instances
instance Eq Shape where
Circle r == Circle r’ = r == r’
Rect w h == Rect w’ h’ = w == w’ && h == h’
_ == _ = False

instance Ord Shape where
Circle r < Circle r’ = r < r’
Circle r < Rect w’ h’ = True
Rect w h < Rect w’ h’ = w < w’ || (w == w’ && h < h’)
_ < _ = False

instance Show Shape where
show (Circle r) = "Circle " ++ showN r
show (Radius w h) = "Radius " ++ showN w ++ " " ++ showN h

showN :: (Num a) => a -> String
showN x | x >= 0 = show x

| otherwise = "(" ++ show x ++ ")"



Part X

Expressions



Expression Trees
data Exp = Lit Int

| Exp :+: Exp
| Exp :*: Exp
deriving (Eq, Ord, Show)

eval :: Exp -> Int
eval (Lit n) = n
eval (e :+: f) = eval e + eval f
eval (e :*: f) = eval e * eval f

*Main> eval (Lit 2 :+: (Lit 3 :*: Lit 3))
11

*Main> eval ((Lit 2 :+: Lit 3) :*: Lit 3)
15



Derived instances
instance Eq Exp where
Lit n == Lit n’ = n == n’
e :+: f == e’ :+: f’ = e == e’ && f == f’
e :*: f == e’ :*: f’ = e == e’ && f == f’
_ == _ = False

instance Ord Exp where
Lit n < Lit n’ = n < n’
Lit n < e’ :+: f’ = True
Lit n < e’ :*: f’ = True
e :+: f < e’ :+: f’ = e < e’ || (e == e’ && f < f’)
e :+: f < e’ :*: f’ = True
e :*: f < e’ :*: f’ = e < e’ || (e == e’ && f < f’)

instance Show Exp where
show (Lit n) = "Lit " ++ showN n
show (e :+: f) = "(" ++ show e ++ ":+:" ++ show f ++ ")"
show (e :*: f) = "(" ++ show e ++ ":*:" ++ show f ++ ")"



Part XI

Numbers



Numerical classes
class (Eq a, Show a) => Num a where
(+),(-),(*) :: a -> a -> a
negate :: a -> a
fromInteger :: Integer -> a

class (Num a) => Fractional a where
(/) :: a -> a -> a
recip :: a -> a
fromRational :: Rational -> a

recip x = 1/x

class (Num a, Ord a) => Real a where
toRational :: a -> Rational

class (Real a, Enum a) => Integral a where
div, mod :: a -> a -> a
toInteger :: a -> Integer



A built-in numerical type
instance Num Float where
(+) = builtInAddFloat
(-) = builtInSubtractFloat
(*) = builtInMultiplyFloat
negate = builtInNegateFloat
fromInteger = builtInFromIntegerFloat

instance Fractional Float where
(/) = builtInDivideFloat
fromRational = builtInFromRationalFloat



A user-defined numerical type
data Point = Pnt Float Float

scalar :: Float -> Point
scalar x = Pnt x x

instance Num Point where
Pnt x y + Pnt x’ y’ = Pnt (x+x’) (y+y’)
Pnt x y - Pnt x’ y’ = Pnt (x-x’) (y-y’)
Pnt x y * Pnt x’ y’ = Pnt (x*x’) (y*y’)
negate (Pnt x y) = Pnt (-x) (-y)
fromInteger z = scalar (fromInteger z)

instance Fractional Point where
Pnt x y / Pnt x’ y’ = Pnt (x/x’) (y/y’)
fromRational z = scalar (fromRational z)



Points
instance Eq Point where
Pnt x y == Pnt x’ y’ = x == x’ && y == y’

instance Ord Point where
Pnt x y < Pnt x’ y’ = x < x’ && y < y’

glb,lub :: Point -> Point -> Point
Pnt x y ‘glb‘ Pnt x’ y’ = Pnt (x ‘min‘ x’) (y ‘min‘ y’)
Pnt x y ‘lub‘ Pnt x’ y’ = Pnt (x ‘max‘ x’) (y ‘max‘ y’)


