Informatics 1

Functional Programming Lecture 19
Monday 1 December 2008

Complexity

Philip Wadler
University of Edinburgh



Part 1

Append



How long does it take to append?

(++) :: [a] —> [a] —> [a]
[] ++ ys = ys
(X:xs) ++ ys = x:(xs +t ys)

"abcd" ++ "ef"

" ("bed" +4+ "efM)

("’ ("ed" ++ "ef"))

("' (e (A" ++ "ef")))

e ("b" (P (AT (" 1+ Tef"))))
= ("' (T (A "ef ") ))

= "abcdef"
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Computing xs++ys takes time proportional to the length of xs.



Linear vs. quadratic append

Associate to the right

"a"++("b"++("C"+_I_("d"++("e"++[])))) — "adee"
n times

Associate to the left

((((([]++"a")++"b")++"C")++"d")++"e") — "adee"

—1
0+1+...+(n_1):”(n2 )

"

n times



Part 11

Complexity



t =nvst=n?




t =2nvst = 0.5n2




O(n) vs O(n?)




O(n) vs O(n?)
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O(logn),O(n),O(nlogn), O(n?)
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Part 111

Fold right and fold left



Fold right and fold left

foldr (+) 0 [1,2,3,4] =

foldl (+) O [1,2,3,4] =

foldr :: (x —> a -> a) —-—> a —>
foldr £ a [] = a

foldr £ a (x:xs) = f

foldl :: (a —> x —> a) —> a —>
foldl £ a [] = a

foldl £ a (x:x8) = (foldl £

x (foldr £ a xs)

—> a

[x]

(f a x) x3)



Fold right, sum

foldr (+) 0 [1.

1 + foldr (+)

1 + (2 + foldr

.4]
0O [2..4]
(+) O [3..

1 + (2 + (3 + foldr (+)

1 + (2 + (3 +
1 + (2 + (3 +
1 + (2 + (3 +

10

Linear time, linear space

(4 + foldr

(4 + foldr

(4 + 0)))

(+)

(+)



Fold right, sum

foldl

foldr

foldr

foldr

foldr

foldr

(+)

(+)

0O [1..4]

(0+1) [2..4]

((0+1)+2) [3..4]

((0+1)+2)+3) [4.

(((0+1)+2)+3)+4)

(((0+1)+2)+3)+4)

(((0+1)+2)+3)+4)

10

4]

[5..

[]

But this does not reflect the space behaviour!



Fold left, sum

foldl

foldl

foldl

foldl

foldl

foldl

foldl

foldl

foldl

10

Linear time, constant space

(+)

0



Fold right, append
foldr (++) [] ["a","b","c","d"]
"a" ++ foldr (++) []1 ["b","c","d"]
"a" 4+ ("b" ++ foldr (++) [] ["c","d"])
"a" ++ ("b" ++ ("c" ++ foldr (++) [] ["d"]))
"a" ++ ("b" ++ ("c" ++ ("d" ++ foldr (++) [1 [1)))
"a" ++ ("b" ++ ("c" ++ ("d" ++ [1)))

" ade"

Linear time, linear space



Fold left, append
foldl (++) [] ["a","b","c","d"]
foldl (++) ([] ++ "a") ["b","c","d"]
foldl (++) "a" ["b","c","d"]
foldl (++) ("a" ++ "b") ["c","d"]
Foldl (++) "ab" ["c","d"]
foldl (++) ("ab" ++ "c") ["d"]
foldl (++) "abc" ["d"]
foldl (++) ("abc" ++ "d") []
foldl (+) "abcd" []

" ade"

Linear time, constant space



Part IV

Sort



Insert

insert :: Int -> [Int] -> [Int]

insert x [] = [x]

insert x (y:ys) | x > vy = y : insert X VS
| otherwise = x : y : VS

insert 3 [1,2,4]

insert 3 (1:2:4:[1)

1 : insert 3 (2:4:1])

1 : 2 : insert 3 (4:[])

1 : 2 : 3 4 : 1]

[1,2,3,4]



Insertion sort

[1,2,3,4]

isort [Int] —> [Int]
isort [] =[]
isort (x:x8) = 1nsert x (isort xs)
isort [3,1,4,2]
insert 3 (isort [1,4,2])
insert 3 (insert 1 (isort [4,2]))
insert 3 (insert 1 (insert 4 (isort [2])))
insert 3 (insert 1 (insert 4 (insert 2 [])))
insert 3 (insert 1 (insert 4 [2]))
insert 3 (insert 1 [2,4])
insert 3 [1,2,4]



Insertion sort

insert :: Ord a => a —-> [a] —> [a]

insert x [] = [x]

insert x (y:ys) | x >y = Yy : insert x ys
| otherwise = X Y 1 VS

constant time O(1), best case
linear time O(n), average case

isort :: Ord a => [a] —-—> [a]
isort [] =[]
isort (x:x8) = 1nsert x (isort xs)

linear time O(n), best case

quadratic time O(n?), average case



Insertion sort, higher order

insert :: Ord a => a —> [a] —> [a]
insert x ys =
takeWhile (x>) ys ++ [x] ++ dropWhile (x>) vys

isort :: Ord a => [a] —> [a]
[

isort xs = foldr insert [] xs



Quicksort

gsort :: Ord a => [a] —> [a]
gsort [] =[]
gsort (x:ys) =
gsort [ v | v <= vys, yv < x ] ++
[x] ++
gsort [y | v <= ys, y >= x ]

O(nlogn), average case
O(n?), worst case



Where the logs come from



Merge sort

merge :: Ord a => [a] —> [a] —-> [a]

merge [] Vys = VS

merge (x:xs) [] = X:XS

merge (x:xs) (y:vys)
| x < vy = X : merge xs (y:ys)
| otherwise = Yy : merge (x:xXs) Vys

split :: [a] -> ([al, [a]l)

split [] = ([1, [1)

split [x] = ([x], [1)

split (x:y:zs) = (X:Xs, y:VS)
where
(xs,ys) = split =zs

msort :: Ord a => [a] —-> [a]

msort [] =[]

msort [x] = [x]

msort zs = merge (msort xs) (msort ys)
where

(xs,ys) = split zs



Merge sort

O(nlogn), always



