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INSTRUCTIONS TO CANDIDATES

. Note that ALL QUESTIONS ARE COMPULSORY.

. DIFFERENT QUESTIONS MAY HAVE DIFFERENT NUMBERS
OF TOTAL MARKS. Take note of this in allocating time to questions.

. CALCULATORS MAY NOT BE USED IN THIS EXAMINATION.

THIS EXAMINATION WILL BE MARKED ANONYMOUSLY



1. This question concerns the 64 possible truth valuations of six propositional let-
ters, ABCDEF. For each of the following expressions say how many of the 64
valuations satisfy the expression:

Use the space provided for any rough working, and to briefly explain your rea-
soning.

(a) (A?B: () Answer: 32
Reason: [3 marks|
A B C A’B:C
T T T T
T T L T
T L T uE
T 1L L L
L T T T
1L T L 1
1 LT T
1 1L L L
Four valuations of A, B, C' are satisfying, D, E, F' has eight, 4 x 8 = 32
(b) (A—B)—C Answer: 40
Reason: |3 marks|
A B C A-B (A—=B)—=C
T T 7T T T
T T L T 1
T L T 1 T
T 1L L L T
T T T T
1 T L T 1
1 L T T T
1 L L T 1
Five valuations of A, B, C' are satisfying 5 x 8 = 40
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(¢c) A (B—-C)N(DVEVF) Answer: 53

Reason:

This should be read as A — (B — C)A(DV EV F))

This is true if A is false or (B — C) A (D V E'V F) is true.

There are 3 x 7 = 21 valuations of B, C, D, E/, F' that make the latter true.
We can add these with A true, to the 2° = 32 valuations of A, B,C, D, E, F
the make A false, to give the answer, 53

(d) (A= B)AN(B=C)NC—->AANE—-F)NF —C) Answer: 8

Reason:
4 satisfying valuations of A, B,C,E,F;2 of D

(e) (A= D)AN(C = D)AN(-D — E)AN(E— D)AN(F —C) |Answer:

24

J_ :—lD I:E I:D » T

Can only be cut between —D and D, as one cannot have complementary literals on
the same side of the cut; therefore, D is T. Therefore D—T and L——D cannot be cut;

1 - A—+—D - T

v

Reason: J‘ " F " C D " T

A C,D,E,F has 2 x 2 x 3 =12, B has 2.
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2. For each of the following entailments complete two Karnaugh maps, one to repre-
sent the assumption and one the conclusion, by marking the valuations that
make the expression false.

Place a mark in one of the check boxes provided, to indicate whether the entai-
ment is valid. Give a reason for your answer in the box provided.

Use your Karnaugh maps to give a simple CNF for each assumption.

(@) 7(mAAN-C)AN (B = —C) |E~(B— A) Valid O Invalid 4 |1 mark|
CD CD
assumption | 00 | 01 | 11 | 10 conclusion | 00 | 01 | 11 | 10
00 00
01 T o1 bl I B e [4 marks|
AB [} [} [ ] [} AB
11 o | o 11 o | o | o | o
10 10 e | o | o | o

Reason: Eight valuations that are not excluded by the premises are excluded | |5 marks]
by the conclusion. It is therefore possible for the assumption to be true while
the conclusion is false; for example, any valuation in which A and =B is a
counterexample.

assumption CNF: (A vV C) A (=B VvV =(C)

(b) (A@B) - (C—-D)F(A—-C)— (A— (-B— D)) Valid 4 Invalid O [1 mark|

CD CD
assumption | 00 | 01 | 11 | 10 conclusion | 00 | 01 | 11 | 10
00 00 [4 marks|
AB 01 ° AB 01
11 11
10 ° 10 )

Reason: The one state excluded by the conclusion is also excluded by the|[5 marks]
assumption. Therefore, there exists no valuation that makes the assumption
true but the conclusion false

assumption CNF: (AV =BV =CV D) A (=AV BV =CV D)
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3.

(a) Convert each of the following expressions to CNF

e R (PNQ)
e (S®P?T : R)
e (TVP?Q:R)

e (A< B)=C

(-RVP)A (R V Q)

-PVR)

(=SVPVT)A(=PVSVT)A(SVPVR)A(=SV
see addendum for working. . .

(-TVQ)AN(=PVQ)N(TVPVR)

(mAVBVC)AN(AV-BVC)

(b) Use resolution to determine whether the entailment
(B—-A)—-A—-C)F B—=C
is valid, and produce a counterexample if it is not.

{{=A, B,C}.{-A,C}, {B}, {=C}}

A
{=ABCT -
=A€Y
{B}
C%

B

{=A4}
{_'A> B}

Answer invalid

Counterexample? —A, B, ~C'

(c) Use resolution to determine whether
(PVQ)— (RVS), Q—>-RF Q—S
is valid and produce a counter-example if it is not.

{{_'Pv R, S}? {_‘Q, R, S}, {_'Qv ﬁR}v {Q} {_'S}}

P Q R S
HoPRISY - Yrsy | PS5} {}
oQAST =R} 187
Q=0

°{Qr
S %/}/
Answer valid Counterexample? -

T NOTE: Once we derive the empty clause we stop: no need to resolve with {—=P, S}.
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Gentzen Rules

Question 4 refers to these rules.

raraad
T ABFA I'-A B A
T ANBrA M) rravea Vi)

I'AFA T,BFA I'-AA TFBA

ravera VB —Ttraspa MR
TFAA T,BFA I AF B, A
rissra O traspa B
TFAA T AFA
r-Ara D I -a,A CF)

A and B are propositional expressions, I'; A are sets of expressions, and I'; A

refers to I' U {A}.
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4. Use the Gentzen rules, provided on the previous page, to attempt to prove the
following entailment, your goal:

(P—-Q)— R, SVP F -R—(Q—Y5) (goal)

(a) Which of the rules have a conclusion matching this goal?
For each such rule complete a line in the table below showing the name of

the rule and the bindings for I'; A, A, B [10 marks]
Rule r A A B

— L SV P “-R—=(Q—=95)| P—=Q R

VL (P—>Q)— R -R— (Q —9) S P

— R (P—-Q)— R, SVP 0 -R Q— S

(b) Use the Gentzen rules to construct a formal proof with the goal as conclusion.
Label each step in your proof with the name of the rule being applied. [10 marks]

5o ragd)
P.Q FQ,R,S

PQrPoqQRrS 1

(P>Q)—R,S,Q FR,S() (P>Q) —RPQFR,S
(P—-Q)— R, SVPQ FR,S

(P—>Q)—> R,SVP I—R,Q%S(

(P—>Q)—R,SVP-RFQ—S

(P—-Q)— R, SVP F -R—(Q—Y95)

5 —pc )
R,P,Q FRS D)
(VL)

— R)
(—L)
(— R)
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5. Give a regular expression (re) for the language accepted by each FSM

Mark the check boxes to show the strings it accepts, and whether it, together

with any implicit black hole state, is deterministic.

Draw an equivalent DFA if it is not.

abba [
abab X
abbb X
abba [
DFAO

re:

©

abba [
abab [
abbb []
baab [

T o v
b re

ababld
abba [J
babb [
baba [
DF AKX

re;

(D—

aaxb(aa*b|b)* or alalb)b

:| (blab) (ablaab) *

(blablaab) (ablaab|aaab) *

.| (alab) (ba|bab) *

(B.C}

u ©

{A.C}

-| (a|b)*aab

{A, D}
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Addendum

Convert the following expression to CNF: (S@® P ? T : R). For examples like
this one from 3(a), it may be helpful to use a Karnaugh map.

The first step is to mark all the states in which the expression is false. This
expression is is false if either (S @ P) A =T or =(S @ P) A —R.

It is easy to mark the states corresponding to each of these. For example, the
(S @ P) A =T is true in the SP row labeled 01 and the row labelled 10, and =T
is true in the coulmns lablled with 00 or 01.

TR TR
00011110 00011110
00 | 00 (x x)
€ 1
PO} PG 5
100G x] | ) 10 L
(S @ P) A =T ~(S@® P)A-R
Combining these gives us the states in which ~(S@® P 7T : R).
TR
00011110

m%? ; (x
01(x | x
Py |

10/(x | x)

~(S&P?T:R)

On this diagram we have marked four blocks, each of which corresponds to a
clause in the CNF — we just need enough blocks of excluded states to cover all
the excluded states.

For example, the block including states 0000 and 0010 ( the two top corners
of the Karnaugh map. is excluded by the clause SV PV R.

The remaining blocks, working down the diagram, are excluded by SV—-PVT,
-SV-PVR, -SVPVT.

These four clauses give our clausal form. We could also add three other blocks
included in the excluded states, but these are redundant, since they follow from
the four we have — they can be derived from the Karnaugh map or derived from
the four we have using resolution.
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