A-B
~B
~A

CAD

o o

Lecture 16

Premise
Premise
Modus tollens (1

~A—(CAD) Premise

Modus ponens (3.4)

Decormposing a conjunction (5)

The 9 Elementary Valid Arg’t Forms

1. Modus Ponens (P)
P>a

[

a

2. Modus Tollens (V7).
P>a

o

e

3. Hypothetical Syllogism
(k)

P>a

a8

PR

4. Disjunctive Syllogism (05)
va

T

a

5. Constructive Dilemma (CD)

FP>ae(r>s)

[T

avs

6. Absorption (Abs)

p3a

»>paq)

7. simplification (sime)
&q

B

5. Conjunction (Cori)

N

a_
Paq

5. Addition (4dd)
[

Pva

o e

©»

PAQ Premise

P Decomposing a conjunction (1)
Q Decomposing a conjunction (1)
P —~(QAR) Premise

~(QAR) Modus ponens (3.4)
~QV~R DeMorgan (5)

~R Disjunctive syllogism (3,6)
S—R Premise

~5 Modus tollens (7.8) O

Inference

Michael Fourman

10 Logically Equivalent Expressions

10. De Morgans Theorums (DeM)
~(780) = (~?v~0)

~(pva

15, Transposison (Trans)
(P>a)=(~a3-p)

n
(Pva) = (QvP)
(p20) = (&P}

12, Aszocistion (Aszoc)
(PVIQUR)] = [(PYQ)VR

(P&(QER) = ((PRQ)ER]

13, Distribution (Dst)

[PalQVR)I = [(PRQ)VIP
&R

PVIQER)] = [(Pva) (P
val

12 Dousle Negation (ON)
“pzp

(p>0) = (~pva) i

18 Bxportation (Exp]
[(PaQ)>RI= [P (QIR)]

19, Tutology (Taut)
Pup)
=(psr)




Is this a valid argument?

* Assumptions:
If the races are fixed or the gambling houses
are crooked, then the tourist trade will decline.
If the tourist trade declines then the police
force will be happy.

The police force is never happy.

» Conclusion:
The races are not fixed




Assumptions: If the races are fixed or the gambling houses are crooked, then
the tourist trade will decline.

If the tourist trade declines then the police force will be happy.

The police force is never happy.

Conclusion: The races are not fixed.

TT— PH  -PH
(RFVGC )= TT -TT
-(RF Vv GC)
-RF A ~GC
-RF

we represent the argument by a deduction
composed of sound deduction rules




assum,of/ons\‘

X=Y Y
-X

conclusion /

A deduction rule is sound if
whenever its assumptions are true
then its conclusion is true

modus tollendo tollens

If we can deduce some conclusion from a set of
assumptions, using only sound rules, and the
assumptions are true then the conclusion is true;
the argument is valid




A—’%Aﬂg modus tollendo tollens w modus tollendo ponens

modus ponendo tollens

A ~(AAB)
—5 modus ponendo ponens

A Ao B
- B
Can we find a finite set of sound
rules sufficient to give a proof for
any valid argument?

A set of deduction rules that is
sufficient to give a proof for any
valid argument
is said to be complete




Some sound deduction rules

A= B_-B ‘}ﬁB4 -B modus tollendo tollens w modus tollendo ponens
A —(AANB

( ) modus p do tollens 4 /ZH B modus ponendo ponens
W modus tollendo tollens w modus tollendo ponens
w modus ponendo tollens w modus ponendo ponens

these rules are all equivalent to special cases of
resolution, so we should expect that the answer will be
yes, but we also want to formalise more natural forms
of argument




Some sound deduction rules

AL 2B s tollendo tollens  “AZVE

maodus tollendo ponens

A Anp) Io tollens
———F—— modus ponendo tollens

A AsB
5 modus ponendo ponens

2AVB B s toltendo totlens  “AAYE wodus tollendo ponens
A LB odus ponendo toltens A2 suodus ponendo ponens

each rule corresponds to a valid entailment

A— B,-BF-A -A,AVBFB
A,~(AAB)F B A A~ BFB

~AV B,-BF -A ~A,AVBF B
A,~AV-BF -B A,-AVBF B




Entailment

A— B,-BF-A
A,~(AAB)F-B

-AV B,-Bt -A
A, -AV-BF-B

valid

~A,AVBF B
AA— BFB

-A,AVBFB
A -AVBF B




we can use rules with entailments to
formalise and study the ways we can
build deductions

PFA AAFB DA :
T T.AFBE Cut : : A:/f

An inference rule is sound if
whenever its assumptions are valid
then its conclusion is valid




Another rule of inference

AAFB ALA A A

(=" : = :
B A—B




More rules

AXEX 0

AFX ALY AXFZ AYFZ AXEY
T xry N —axvvrz M oxory &

a double line means that the rule
is sound in either direction, up
as well as down




A simple proof

A= (B—-C)FA—=(B—=0() (I>_
A= (B—=C)A-B—=C (?)
AAQA%KABPC(%Q
ASBSOLBrASC )

(=)

A-(B—-C)FB—(A—=C)

Since each inference rule is sound
if the assumptions are valid
then the conclusion is valid

Here, we have no assumptions so the conclusion is valid.




More rules

Zxrx D
ARX ALY AXHZ AYFZ AXFY
T xay O Axvvyrz Y AZrxoy &

Can we prove X A\Y FX VY ?

If each inference rule is sound, then,
if we can prove some conclusion (without assumptions)
then the conclusion is valid




More rules

Zxrx D
ARX ALY AXHZ AYFZ AXFY
arxay WM axorz V) Irxovy O

Can we prove X A\Y FX VY ?

we say a set of inference rules is complete, iff
if a conclusion is valid then we can prove it
(without assumptions)




Another Proof

—_— (I _— (I
ANBFAANB E/\)_) AvBFAVB Ev)_)

AANBF A AFAVB .
ANBFAVB u

a set of entailment rules is complete if
every valid entailment has a proof

Jcan we find a complete set of sound rules?

If we just ask for a complete set
of rules, without requiring that
they are sound, what is the
answer?



Gentzen’s Rules (1)

e ___ raraa
I A BFA I'HABA
T ArBra M) rravea VP

rAFA IBEA 0 TEFAA TEBA
T avera VD TFAAB,A

(AR)

asequent - A,
where " and A are finite sets of expressions

is valid iff
whenever every expression in I is true
some expression in A is true

1 Gerhard Karl Erich Gentzen (November 24, 1909 — August 4, 1945)




Gentzen’s Rules (I)

raraa
I A BFA I'HABA
T ArBra M) rravpa VP

TAFA T,BFA I'AA TFBA

T avBra VB Trarpa M
a counterexample to the sequent " - A,
is a valuation that makes

every expression in I true
and

every expression in A false

(a sequent is valid iff it has no counterexample)




%

ABFAB(QM
ANBF A, B VR
ANBFAVB




15‘

/«"’4; A rule
[AF B, A
I'-A— B,A

A valuation is a counterexample to the top line
iff it is a counterexample to the bottom line

(= R)
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Another rule

'HAA T'BFA
I'A—BFA

A valuation is a counterexample to the bottom line
iff it is a counterexample to
at least one of the entailments on the top line

(= L)
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a valuation is a . it is a counterexample
counterexample to ff to at least one

the conclusion assumption
I[AFA A ()

ILABFA I'+A B A
rargra M) rravea V)
ILAFA D.BEA I'AA TFBA AR)
T,AVBFA (VL) TFAABA (

THFAA T,BFA IAF B,A
rissra D Ttraspa &R
T'HAA ILAFA
T,-AF A (=L) TF-4,A (~R)




22

Taraa®

I'HFAA T,BFEA

IAF B,A
TASBrA

Trasga ™

— L)

77
A-(B—-C)FB—=(A-C)

FOLLOW
THE RULES
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Taraa®

I'HFAA T,BFEA

IAF B,A
TASBrA

I‘FAHB,A(

— L) — R)

7?7
A—-(B—C),BFA=C
(= R)
A—-(B—-C)FB— (A—=C) i
&b
KEEP

CALM
&

FOLLOW
THE RULES
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Taraa®

I'HFAA T,BFEA

IAF B,A
TASBrA

I‘FAHB,A(

— L) — R)

7?
A— (B—C),B,AFC

A5 BoC),BFASC H(f)R)
A—-(B—-C)FB— (A—=C) .
&
KEEP
CALM
FOLLOW

THE RULES
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Taraa®

I'HFAA T,BFEA

IAF B,A
TASBrA

I‘FAHB,A(

— L) — R)

(I 77
B,AFA,C B C B AFC
A— (B—C),B,AFC
A—-(B—C),BFA=C
A—-(B—-C)FB—= (A—=C0)

(= L)
(= R)

R
(= R) &
KEEP
CALM

FOLLOW
THE RULES
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Taraa®

I'HFAA T,BFEA

IAF B,A
TASBrA

I‘FAHB,A(

— L) — R)

B,AF B,C () C,B,AFC (1)

Barac D B—>C,B,A}—C(%L)%L)
A— (B—C),B,A+C
AiSBo0Brasc &
ASBo0OBodso O keee
CALM
FOLLOW

THE RULES




77
A= (B—-C)FB—= (C—A)

77
A—-(B—-C),BFC— A

A—- (B—=C)FB—=(C—=A) (= R)
& ??
cI:(,EEEA A= (B—C),B.CFA n
\ A—>(B—>C),BFC—>A(H_>)R
FOLLOW A—>(B—>C)FB—>(O—>A)( )

THE RULES

o7




7?7
B,CFA B-C,B,CFA

AS B0 Bora b
(= R)
A-(B—=C),BFC— A
(= R)

A—-(B—=C)FB— (C—A)

&l B,CI—B,A(I) B,C+A
KEEP  B,CFA B C,BCFA (= L)
CALM AsBooBora b

FOLLOW AiSBoo.Brosa

THERULES 4 (B O)rB o (CoA) 1

28




'FAA TI''BEFA
I''A— BFA

a counterexample to the sequent I - A, A
is a counterexample to [, A»B - A
(since if A is false then A—B is true)

(= L)

a counterexample to the sequent [, B - A
is a counterexampleto [, A=»B + A
(since if B is true then A—B is true)

29




[AF B, A
I'-A— B, A

(= R)

a counterexampleto ', A+~ B, A
is a counterexampleto " - A—B, A
(if A'is true and B false then A—B is false)

30




T'-AA T,BFA

T AF B,A
TASBrA ¢

TrASBA

— L)

for these rules,
a counterexample to any assumption
is a counterexample to the conclusion

31

— R)




counterexample

B,CHA B=T,0=T,A=1

B.CF B, A () B,CF A

B,C+ A B—C,B,CFA
A— (B—C),B,CFA
A—-(B—C),BFC—A

A—-(B—-C)FB— (C— A

(—

(—
(= R)

L)

R)

(—

L)

A—-(B—-C)=T BFC—-A=1

A= (B—=C)/B—= (C— A)

32




IAFAA ()

I ABFA THA,BA
T argra M rravea (VA
LAFA DBEA 0 THAA TEBA

ravera VD T anBA M)
I'AA T,BFA I AF B,A
rTis5ra O Ttraspa 0B
THAA TAFA
r-ara D 4,4 CF)

)

for all these (sound) rules,
a counterexample to any assumption
is a counterexample to the conclusion




ﬁ G raraa
I'A,B+A I'HA B A

S
KEEP Tarsra M Travea VB

LM SR Rere o Ie ae
CA

T'HFAA T,BFA T, AFB,A

&
FOLLOW rissra D Trassa R
THE RULES Foars D rroas OR)

Each of Gentzen'’s rules is sound:
if a sequent can be proved using these rules it is valid

¢, if a sequent is valid can it be proved ?

34




§§ G raraa
I A, BFA I'HA B A

e
KEEP Tarsra M Travea VB
CALM it as tens oy
& I'FAA T,BFA I' A+ B, A
FOLLOW rassra Y Traspa R
T'FAA TAFA

THE RULES T-ara OP W

Each of Gentzen’s rules has the property that:

a counterexample to any of its assumptions
is also
a counterexample to its conclusion

if the search for a proof fails,
we can use this property to provide a counterexample to the conclusion

35




Gentzen’s rules are )
sound and complete —r
P KEEP

we apply the rules, until we can do no more;
at each step there are fewer connectives CAL M

in the assumptions than in the conclusion &
FOLLOW

eventually we run out of connectives, THE RU LES

at which point, only atoms remain
either[n A =2
in which case we can construct a counterexample

or some atom occurs in both [ and A
so, we can apply rule | to discharge the assumption

if all assumptions are discharged we have a proof;
otherwise,
any counterexample can be pushed down the tree to
show that the conclusian is not valid




ﬁ G raraa
I'A,B+A I'HA B A

S
KEEP Tarsra M Travea VB

LM SR Rere o Ie ae
CA

T'HFAA T,BFA T, AFB,A

&
FOLLOW rissra D Trassa R
THE RULES Foars D g O

This shows that Gentzen’s set of rules is complete,
that is to say:

if a sequent is valid then it has a proof

(without assumptions)




