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x _ (y _ z) = (x _ y) _ z x ^ (y ^ z) = (x ^ y) ^ z associative

x _ (y ^ z) = (x _ y) ^ (x _ z) x ^ (y _ z) = (x ^ y) _ (x ^ z) distributive

x _ y = y _ x x ^ y = y ^ x commutative

x _ 0 = x x ^ 1 = x identity

x _ 1 = 1 x ^ 0 = 0 annihilation

x _ x = x x ^ x = x idempotent

x _ ¬x = 1 ¬x ^ x = 0 complements

x _ (x ^ y) = x x ^ (x _ y) = x absorbtion

¬(x _ y) = ¬x ^ ¬y ¬(x ^ y) = ¬x _ ¬y de Morgan

¬¬x = x x! y = ¬x ¬y

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a ^ b) = ¬a _ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a
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In algebra we make statements about numbers.

x ( y + z ) = x y + x z


is a statement
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  3 × (5 + 7)  = 3 × 5 + 3 × 7 
  3 × 12 = 15 + 21 

36 = 36

infixl 6 +
infixl 6 -
infixl 7 *
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-- The datatype 'Wff' a
data Wff a = V a

| T

| F

| Not (Wff a)

| Wff a :|: Wff a

| Wff a :&: Wff a

| Wff a :->: Wff a

| Wff a :<->: Wff a

deriving (Eq, Ord)

infixr 3 :&:

infixr 2 :|:

infixr 1 :->:

infixr 0 :<->:
<latexit sha1_base64="YW30oOzn/aq0KI8JeISNK208Aq8="></latexit>
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infixr 3 &&
infixr 2 ||

<latexit sha1_base64="Vre7hWgjrPvj4y3KezFDqu2JDPg="></latexit>

In Logic we make statements about predicates.

A ∧ ( B ∨ C ) ⊨ (A ∧ B) ∨ (A ∧ C)


is a statement
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&:& &:&
|:|
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substitute :: (a -> b) -> Wff a -> Wff b
substitute _ T = T
substitute _ F = F
substitute f (Not p) = Not (substitute f p)
substitute f (p :|: q) = substitute f p :|: substitute f q
substitute f (p :&: q) = substitute f p :&: substitute f q
substitute f (p :->: q) = substitute f p :->: substitute f q
substitute f (p :<->: q) = substitute f p :<->: substitute f q
substitute f (V a) = V (f a)

<latexit sha1_base64="IgiQkvRv4qD29CCJrNOXHjkSySU="></latexit>

evaluate :: Wff Bool -> Bool
evaluate T = True
evaluate F = False
evaluate (Not p) = not (evaluate p)
evaluate (p :&: q) = evaluate p && evaluate q
evaluate (p :|: q) = evaluate p || evaluate q
evaluate (p :->: q) = evaluate p <= evaluate q
evaluate (p :<->: q) = evaluate p == evaluate q
evaluate (V b) = b

<latexit sha1_base64="At+O9cYE8mhkoprdbSGfFrOhwQg="></latexit>
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substitute :: (a -> b) -> Wff a -> Wff b
substitute _ T = T
substitute _ F = F
substitute f (Not p) = Not (substitute f p)
substitute f (p :|: q) = substitute f p :|: substitute f q
substitute f (p :&: q) = substitute f p :&: substitute f q
substitute f (p :->: q) = substitute f p :->: substitute f q
substitute f (p :<->: q) = substitute f p :<->: substitute f q
substitute f (V a) = V (f a)

<latexit sha1_base64="IgiQkvRv4qD29CCJrNOXHjkSySU="></latexit>

interpret :: Wff (Pred a) -> Pred a
interpret T = (\_ -> True)
interpret F = (\_ -> False)
interpret (Not p) = neg (interpret p)
interpret (p :&: q) = interpret p &:& interpret q
interpret (p :|: q) = interpret p |:| interpret q
interpret (p :->: q) = interpret p <:= interpret q
interpret (p :<->: q) = interpret p =:= interpret q
interpret (V b) = b

<latexit sha1_base64="szUESL7rsr5utllmBABq78NlURA="></latexit> 7



To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

8



r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)
<latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit>

To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNFr $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)

<latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit>

an example
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To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)
<latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit>

impElim :: Wff a -> Wff a
impElim (Not p) = Not (impElim p)
impElim (p :|: q) = impElim p :|: impElim q
impElim (p :&: q) = impElim p :&: impElim q
impElim (p :->: q) = Not (impElim p) :|: impElim q
impElim (p :<->: q) = impElim (p :->: q) :&: impElim (q :->: p)
impElim x = x -- (V a), T, F

<latexit sha1_base64="wcgtf8Z70cdjUwyV0sEPuxPD93k="></latexit>
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To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)

⌘ (¬r _ (a ^ g)) ^ (¬(a ^ g) _ r)
<latexit sha1_base64="EqY57rpI1dskk9q1Fu+oF6mLB38="></latexit><latexit sha1_base64="EqY57rpI1dskk9q1Fu+oF6mLB38="></latexit><latexit sha1_base64="EqY57rpI1dskk9q1Fu+oF6mLB38="></latexit><latexit sha1_base64="EqY57rpI1dskk9q1Fu+oF6mLB38="></latexit>

impElim :: Wff a -> Wff a
impElim (Not p) = Not (impElim p)
impElim (p :|: q) = impElim p :|: impElim q
impElim (p :&: q) = impElim p :&: impElim q
impElim (p :->: q) = Not (impElim p) :|: impElim q
impElim (p :<->: q) = impElim (p :->: q) :&: impElim (q :->: p)
impElim x = x -- (V a), T, F

<latexit sha1_base64="wcgtf8Z70cdjUwyV0sEPuxPD93k="></latexit>
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To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)

⌘ (¬r _ (a ^ g)) ^ (¬(a ^ g) _ r)

⌘ (¬r _ (a ^ g)) ^ (¬a _ ¬g _ r)
<latexit sha1_base64="JRA0Fzb6CgPyuHyyxC3zdwwweFU="></latexit><latexit sha1_base64="JRA0Fzb6CgPyuHyyxC3zdwwweFU="></latexit><latexit sha1_base64="JRA0Fzb6CgPyuHyyxC3zdwwweFU="></latexit><latexit sha1_base64="JRA0Fzb6CgPyuHyyxC3zdwwweFU="></latexit>

toNNF :: Wff a -> Wff a
toNNF (Not T) = F
toNNF (Not F) = T
toNNF (Not (Not p)) = toNNF p
toNNF (Not (p :&: q)) = toNNF (Not p) :|: toNNF (Not q)
toNNF (Not (p :|: q)) = toNNF (Not p) :&: toNNF (Not q)
toNNF (p :&: q) = toNNF p :&: toNNF q
toNNF (p :|: q) = toNNF p :|: toNNF q
toNNF p = p -- (V a), (Not (V a)), T, F

<latexit sha1_base64="RcMKuf0lNAD9QI81infhtLh0eV8="></latexit>
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To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)

⌘ (¬r _ (a ^ g)) ^ (¬(a ^ g) _ r)

⌘ (¬r _ (a ^ g)) ^ (¬a _ ¬g _ r)

⌘ (¬r _ a) ^ (¬r _ g) ^ (¬a _ ¬g _ r)
<latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit>

toCNFList :: Eq a => Wff a -> [[Wff a]]
toCNFList p = cnf (toNNF p)

where
cnf F = [[]]
cnf T = []
cnf (V n) = [[V n]]
cnf (Not (V n)) = [[Not (V n)]]
cnf (p :&: q) = nub (cnf p ++ cnf q)
cnf (p :|: q) = [nub $ x ++ y | x <- cnf p, y <- cnf q]

<latexit sha1_base64="LbOXmiY7rt9gYPdiFq6+JDPDS6s="></latexit>
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To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)

⌘ (¬r _ (a ^ g)) ^ (¬(a ^ g) _ r)

⌘ (¬r _ (a ^ g)) ^ (¬a _ ¬g _ r)

⌘ (¬r _ a) ^ (¬r _ g) ^ (¬a _ ¬g _ r)
<latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit>

toCNFList :: Eq a => Wff a -> [[Wff a]]
toCNFList p = cnf (toNNF p)

where
cnf F = [[]]
cnf T = []
cnf (V n) = [[V n]]
cnf (Not (V n)) = [[Not (V n)]]
cnf (p :&: q) = nub (cnf p ++ cnf q)
cnf (p :|: q) = [nub $ x ++ y | x <- cnf p, y <- cnf q]

<latexit sha1_base64="LbOXmiY7rt9gYPdiFq6+JDPDS6s="></latexit>

listsToCNF :: [[Wff a]] -> Wff a
listsToCNF xss | null xss = T

| any null xss = F -- some xss null
| otherwise =

(foldl1 (:&:) . map (foldl1 (:|:))) xss
<latexit sha1_base64="9WkeSM7i5uat7k7N08YuepXa3t4="></latexit>
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To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀

9

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF

r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)
<latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit><latexit sha1_base64="Z4+CxRlRQ8eMXqzAZI8ERpSUmoQ="></latexit>

r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)

⌘ (¬r _ (a ^ g)) ^ (¬(a ^ g) _ r)
<latexit sha1_base64="EqY57rpI1dskk9q1Fu+oF6mLB38="></latexit><latexit sha1_base64="EqY57rpI1dskk9q1Fu+oF6mLB38="></latexit><latexit sha1_base64="EqY57rpI1dskk9q1Fu+oF6mLB38="></latexit><latexit sha1_base64="EqY57rpI1dskk9q1Fu+oF6mLB38="></latexit> r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)

⌘ (¬r _ (a ^ g)) ^ (¬(a ^ g) _ r)

⌘ (¬r _ (a ^ g)) ^ (¬a _ ¬g _ r)
<latexit sha1_base64="JRA0Fzb6CgPyuHyyxC3zdwwweFU="></latexit><latexit sha1_base64="JRA0Fzb6CgPyuHyyxC3zdwwweFU="></latexit><latexit sha1_base64="JRA0Fzb6CgPyuHyyxC3zdwwweFU="></latexit><latexit sha1_base64="JRA0Fzb6CgPyuHyyxC3zdwwweFU="></latexit>

r $ a ^ g ⌘ (r ! a ^ g) ^ (a ^ g ! r)

⌘ (¬r _ (a ^ g)) ^ (¬(a ^ g) _ r)

⌘ (¬r _ (a ^ g)) ^ (¬a _ ¬g _ r)

⌘ (¬r _ a) ^ (¬r _ g) ^ (¬a _ ¬g _ r)
<latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit><latexit sha1_base64="ACP1kcq9mVSqLUQkrLHtlMgRHkg="></latexit>
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r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>
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r $ (a _ b)

(¬r _ a _ b) ^ (r _ ¬a) ^ (r _ ¬b)
<latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit>
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r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>
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a ^ b _ c ^ d _ e ^ f _ g ^ h _ j ^ k _m ^ n

(a ^ b) _ (c ^ d) _ (e ^ f) _ (g ^ h) _ (j ^ k) _ (m ^ n)
<latexit sha1_base64="R2NlwU2DJGV9nz3/FzbPat+C3dM="></latexit>

How many clauses in the CNF?

19



a ^ b _ c ^ d _ e ^ f _ g ^ h _ j ^ k _m ^ n

(a ^ b) _ (c ^ d) _ (e ^ f) _ (g ^ h) _ (j ^ k) _ (m ^ n)
<latexit sha1_base64="R2NlwU2DJGV9nz3/FzbPat+C3dM="></latexit>

How many clauses in the CNF?


26 = 64


How many clauses to describe the circuit? 

20



If we start from an expression then 

we can draw an equivalent circuit with:


 a wire for each subexpression,

  a logic gate for each operator,

and an input for each variable.

c

b

a x
r

r = (a ^ b) _ c
<latexit sha1_base64="BERxjzzV4GcoDVTMmEAg6y9m7fk="></latexit>
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If we start from an expression then 

we can draw an equivalent circuit with:


 a wire for each subexpression,

  a logic gate for each operator,

and an input for each variable.

c
b
a x

r

r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>

r $ (a _ b)

(¬r _ a _ b) ^ (r _ ¬a) ^ (r _ ¬b)
<latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit>

r = (a ^ b) _ c
<latexit sha1_base64="BERxjzzV4GcoDVTMmEAg6y9m7fk="></latexit>
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If we start from an expression then 

we can draw an equivalent circuit with:


 a wire for each subexpression,

  a logic gate for each operator,

and an input for each variable.r

x $ (a ^ b)
<latexit sha1_base64="kQx55CvGwAaA6cTcOpcnFaI/aCU="></latexit><latexit sha1_base64="kQx55CvGwAaA6cTcOpcnFaI/aCU="></latexit><latexit sha1_base64="kQx55CvGwAaA6cTcOpcnFaI/aCU="></latexit><latexit sha1_base64="kQx55CvGwAaA6cTcOpcnFaI/aCU="></latexit>

c
b
a x

r

r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>

r $ (a _ b)

(¬r _ a _ b) ^ (r _ ¬a) ^ (r _ ¬b)
<latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit>

from km from km

r = (a ^ b) _ c
<latexit sha1_base64="BERxjzzV4GcoDVTMmEAg6y9m7fk="></latexit>
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If we start from an expression then 

we can draw an equivalent circuit with:


 a wire for each subexpression,

  a logic gate for each operator,

and an input for each variable.r

x $ (a ^ b)
<latexit sha1_base64="kQx55CvGwAaA6cTcOpcnFaI/aCU="></latexit><latexit sha1_base64="kQx55CvGwAaA6cTcOpcnFaI/aCU="></latexit><latexit sha1_base64="kQx55CvGwAaA6cTcOpcnFaI/aCU="></latexit><latexit sha1_base64="kQx55CvGwAaA6cTcOpcnFaI/aCU="></latexit>

c
b
a x

r

r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>

r $ (a _ b)

(¬r _ a _ b) ^ (r _ ¬a) ^ (r _ ¬b)
<latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit>

from km from km

r := x a := a b := b
<latexit sha1_base64="DJgvdETehSgRHEKYlnY5QbY8mOQ="></latexit>

substitute


to give:

r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>

r = (a ^ b) _ c
<latexit sha1_base64="BERxjzzV4GcoDVTMmEAg6y9m7fk="></latexit>

24



If we start from an expression then 

we can draw an equivalent circuit with:


 a wire for each subexpression,

  a logic gate for each operator,

and an input for each variable.

x $ (a ^ b)

(x _ ¬a _ ¬b) ^ (¬x _ a) ^ (¬x _ b)
<latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="1HBwd9q5t+z4J/N9u9oVdn2xPKo="></latexit><latexit sha1_base64="eqeX92nwKFfivzfBK01PT79JSTE="></latexit><latexit sha1_base64="eqeX92nwKFfivzfBK01PT79JSTE="></latexit><latexit sha1_base64="j2v5YEhIglNIi/NmoRjjKTelVSE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit>

r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>

r $ (a _ b)

(¬r _ a _ b) ^ (r _ ¬a) ^ (r _ ¬b)
<latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit>

r $ (x _ c)

(¬r _ x _ c) ^ (r _ ¬x) ^ (r _ ¬c)
<latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit>

from km from km

r := x a := a b := b
<latexit sha1_base64="DJgvdETehSgRHEKYlnY5QbY8mOQ="></latexit>

r := r a := x b := c
<latexit sha1_base64="rMXsvjkRrx8FC/vHpy9UU+3EqKI="></latexit>

substitute


to give:

substitute


to give:

c
b
a x

r

r = (a ^ b) _ c
<latexit sha1_base64="BERxjzzV4GcoDVTMmEAg6y9m7fk="></latexit>
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If we start from an expression then 

we can draw an equivalent circuit with:


 a wire for each subexpression,

  a logic gate for each operator,

and an input for each variable.c

b
a x

r

x $ (a ^ b)

(x _ ¬a _ ¬b) ^ (¬x _ a) ^ (¬x _ b)
<latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="1HBwd9q5t+z4J/N9u9oVdn2xPKo="></latexit><latexit sha1_base64="eqeX92nwKFfivzfBK01PT79JSTE="></latexit><latexit sha1_base64="eqeX92nwKFfivzfBK01PT79JSTE="></latexit><latexit sha1_base64="j2v5YEhIglNIi/NmoRjjKTelVSE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit>

r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>

r $ (a _ b)

(¬r _ a _ b) ^ (r _ ¬a) ^ (r _ ¬b)
<latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit>

r $ (x _ c)

(¬r _ x _ c) ^ (r _ ¬x) ^ (r _ ¬c)
<latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit>

from km from km

r := x a := a b := b
<latexit sha1_base64="DJgvdETehSgRHEKYlnY5QbY8mOQ="></latexit>

r := r a := x b := c
<latexit sha1_base64="rMXsvjkRrx8FC/vHpy9UU+3EqKI="></latexit>

substitute


to give:

substitute


to give:

r = (a ^ b) _ c
<latexit sha1_base64="BERxjzzV4GcoDVTMmEAg6y9m7fk="></latexit>
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If we start from an expression then 

we can draw an equivalent circuit with:


 a wire for each subexpression,

  a logic gate for each operator,

and an input for each variable.c

b
a x

r

Combine the two CNF, with R = True

x $ (a ^ b)

(x _ ¬a _ ¬b) ^ (¬x _ a) ^ (¬x _ b)
<latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="1HBwd9q5t+z4J/N9u9oVdn2xPKo="></latexit><latexit sha1_base64="eqeX92nwKFfivzfBK01PT79JSTE="></latexit><latexit sha1_base64="eqeX92nwKFfivzfBK01PT79JSTE="></latexit><latexit sha1_base64="j2v5YEhIglNIi/NmoRjjKTelVSE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit><latexit sha1_base64="s4z2DUhBcUR4d7rUVT+4w/iiRgE="></latexit>

r $ (a ^ b)

(r _ ¬a _ ¬b) ^ (¬r _ a) ^ (¬r _ b)
<latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit><latexit sha1_base64="Wsz5CSh0Fsa+JETyOWL7SkZj/ms="></latexit>

r $ (a _ b)

(¬r _ a _ b) ^ (r _ ¬a) ^ (r _ ¬b)
<latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit><latexit sha1_base64="xFUa1ZURGu3HmkqPF1SUIoNYEYg="></latexit>

r $ (x _ c)

(¬r _ x _ c) ^ (r _ ¬x) ^ (r _ ¬c)
<latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit><latexit sha1_base64="PrWUAZRrIfmNjFfHgiDfej/9f6w="></latexit>

(x _ ¬a _ ¬b) ^ (¬x _ a) ^ (¬x _ b) ^ (x _ c)
<latexit sha1_base64="2sqlfn/oaAfXWg4oFwndzCA+kdU="></latexit><latexit sha1_base64="2sqlfn/oaAfXWg4oFwndzCA+kdU="></latexit><latexit sha1_base64="2sqlfn/oaAfXWg4oFwndzCA+kdU="></latexit><latexit sha1_base64="2sqlfn/oaAfXWg4oFwndzCA+kdU="></latexit>

r = (a ^ b) _ c
<latexit sha1_base64="BERxjzzV4GcoDVTMmEAg6y9m7fk="></latexit>
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a ^ b _ c ^ d _ e ^ f _ g ^ h _ j ^ k _m ^ n

(a ^ b) _ (c ^ d) _ (e ^ f) _ (g ^ h) _ (j ^ k) _ (m ^ n)
<latexit sha1_base64="R2NlwU2DJGV9nz3/FzbPat+C3dM="></latexit>

How many clauses in the CNF?


26 = 64


How many clauses to describe the circuit?


11 x 3 = 33 (before simplification) 
28


