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xV(yVz)=(xzVy Vz cA(YyNz)=(xAy)Az associative ﬁ(a—>b):a/\ﬁb a<—>b=(a—>b)/\(b—>a) a—b=—aVb
zV(yAz)=(@Vy A(@Vz) zA(yVz)=(xAy)V(zAz) distributive

zVy=yVz TANYy=yAzx commutative

rV0=x rAl=x identity —(aVb)=-aA-b —(aAb)=—-aV-d

zV1=1 zAN0=0 annihilation 0=1 —a—=a 1=0

sVr=ux rANr=x idempotent

zV-xr=1 —zAx =0 complements

aVl=1 aV({bAc)=(aVb)A(aVc) an0=0

zV(zAy) =z zA(zVy) =z absorbtion aVv0=a aV —a =1 aA—a =0 aAl=a
—(zVy)=—z Ay —(zAy)=-zV-y de Morgan

T =T T =Y =T Y



In algebra we make statements about numbers.
X(y+z)=xy+xz

is a statement / = \

- ” 4
////_\\\\ // N N
. » + x x

7~ ~ \ P

X + LEAN t X
X TN 170 20 01 10 20 10 01
+
/f\
X y z

x x 21 01 10 21 o1 21 10
VAN VAN ’
X y X z

\
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—— The datatype 'Wff' a

data Wff a V a
T
F
Wff a :|: Wff a

WEf a :&: Wff a

Wff a :->: Wff a

Wff a :<->: Wff a
deriving (Eq, 0rd)

|
|
| Not (Wff a)
|
|
|
|

infixr 3 :&:
infixr 2 :|:
infixr 1 :->:
infixr 0 :<->:



In Logic we make statements about predicates.

AA(BvC)=EAAB)V(AACQC)
is a statement
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substitute
substitute
substitute
substitute
substitute
substitute
substitute
substitute
substitute

evaluate

evaluate T
evaluate F

evaluate
evaluate
evaluate
evaluate
evaluate
evaluate

(Not p)
(p :&: Q)
(p :1:

(p :—>:
(p

Hh Hh Hh Hh Hh |

(a ->b) > Wff a -> Wff b

T
F

(Not p)
(p :

(p

(p :
:<=>: q)
=V (f a)

(p
(V

Wff Bool
True
False

(V b)

= Not (substitute f p)

= substitute f p :|: substitute f g
= substitute f p :&: substitute f q
= substitute f p :->: substitute f q

= substitute f p :<->: substitute f q
-> Bool

not (evaluate p)

evaluate p && evaluate q
evaluate p || evaluate g
evaluate p <= evaluate q
evaluate p == evaluate q



substitute ::

substitute
substitute
substitute
substitute
substitute
substitute
substitute
substitute

interpret
interpret
interpret
interpret
interpret
interpret
interpret
interpret
interpret

T
F

(N
(p
(p
(p

(p
(V

Hh Hh Hh Hh Hh |

=T
= F
ot p)

3 Ee))
:&: Q)

P>

1<=>: q) =

a)

=V (f

(a ->b) > Wff a -> Wff b

Not (substitute f p)

substitute
substitute
substitute
substitute

a)

fp:l:

substitute f q

f p :&: substitute f q

fp:->:

substitute f q

f p :<->: substitute f q

Wff (Pred a) -> Pred a
T = (\_ -> True)
F = (\_ -> False)

(Not p)
(p :&:
(p :1:
(p :—>:
(p : <>
(V b)
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&

neg (interpret p)
interpret p &:
interpret p |:
interpret p <:
interpret p =:

interpret q
interpret q
interpret q
interpret q



To produce conjunctive normal form
(CNF)

eliminate <> —>

push negations in
push Vv inside A




an example eliminate <> —
r<raihg J push negations in

push Vv inside A

)




impElim ::

Wff a -> Wff a

impElim (Not p)

impElim (p
impElim (p
impElim (p

impElim x

1 Q)
:&: q)
:=>: q)

= Not (impElim p)
= impElim p

= impElim p

= Not (impElim p)

= x --

V a),

T, F

o
&
o

impElim q
impElim q
impElim q



A WYED)

r<ra/\g=
=Crviang) (Clang vr)

impElim :: Wff a -> Wff a
impElim (Not p) = Not (impElim p)
impElim (p :|: q) = impElim p :|: impElim q

imiElim (i (& i) = imiElim i (& imiElim i

impElim (p :<->: @) = impElim (p :->: q) :&: impElim (q :->: p)
impElim x =x — (Va), T, F



ralhNg=(r—alhg)AN(aNhg—r)

(-r v (a n9)) NEE@AG V)
(-r v (a ng)) N(GaVEGVE)

toNNF ::

toNNF (Not (p

toNNF (p :&: q)

toNNF (p
toNNF p

q)

))

Wff a -> Wff a
toNNF (Not T)
toNNF (Not F)
toNNF (Not (Not

q)) = toNNF (Not p) :&: toNNF (Not q)
toNNF p :&: tolNNF q

= toNNF p
=p — (Va), (Not (Va)), T, F

F
T

= toNNF

12

toNNF q



ralNg=(r—anhg)AN(aNg—r)

toCNFList ::

toCNFList
where

cnf
cnf
cnf
cnf

(= Viang) A (=(aNhg)Vr)
A(—aV-—gVr)
A(—aV —-gVr)

Eq a => Wff a -> [[Wff all
cnf (toNNF p)

[[V nl]
[[Not (V n)]]

nub (cnf

(Not (V n))

cnf i A i i i

++ cnf



ralNg=(r—anhg)AN(aNg—r)
(—=rV(aAg))A(=(aNg)VrT)
A(—aV-—gVr)

= A(—aV-gVr)
toCNFList :: Eq a => Wff a -> [[Wff a]]
toCNFList p = cnf (toNNF p)

where

cnf F = [[]]
cnf T = [
cnf (V n) = [[v nl]
cnf (Not (V n)) = [[Not (V n)l]
cnf (p :&: @) = nub (cnf p ++ cnf q)
cnf (p :l: @0 = [nub $ x ++y | x <- cnf p, y <- cnf gl
1listsToCNF :: [[Wff al]l -> Wff a
1istsToCNF xss | null xss =T
| any null xss = F -- some zss null
| otherwise =

(foldll (:&:) . map (foldll (:]:))) xss
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r<aNg=(r—aAhg)ANaNg—r)

= (—rV(aAg)AN(=(aNg)Vr)

=(—rV(aAg))A(—aV-gVr)

= (-rVa)A(-rVg)A(=aV-gVr)



00
01
RS 11

10

AG

00 01 11 10

0

0

0
y
y

0
y
y

—  a O O

00
01
11
10

AG
00011110

1

1

1

0

0

1

-
.0

0
0)

0

r < (aADb)
(rV=aV=b)A(—rVa)A(—rVb)
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r < (aVb)
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r < (aADb)
(rV=aV=b)A(—rVa)A(—rVb)
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aANbVecANdVeNfVgANhRVIANEVYMAN
(aNbD)V(eANd)V(eNfYV(gNANR)V(FANK)V(mAnN)

How many clauses in the CNF?
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I >

aANbOVecANdVeNfVgNhVIANEVMAN
(@aAND)V(cANd)V(eNf)V(gAh)V(FAE)V (mAn)

How many clauses in the CNF?
26 =64

How many clauses to describe the circuit?

20



If we start from an expression then
we can draw an equivalent circuit with:
a wire for each subexpression,
r = (aAb)Vc alogic gate for each operator,
and an input for each variable.

a X
r
b
c

21



If we start from an expression then
we can draw an equivalent circuit with:

a wire for each subexpression,
r = (a A b) Ve g logic gate for each operator,

a_1—\ X and an input for each variable.
b —:)C_‘X>* r p
r <> (a A\D) r < (aVb)

(rv-aV-b)A(-rVa)A(—rVb) (=rVaVb)A(rVv-a)A(rVv-b)
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If we start from an expression then
we can draw an equivalent circuit with:

a wire for each subexpression,
r = (aAb)Vc alogic gate for each operator,
. y r and an input for each variable.
b ::)C_‘X>* r

from km from km

r <> (aADb) r < (aVb)
(rV-aV-b)A(—-rVa)A(—-rVb) (=rVaVb)A(rVv-a)A(rVv-b)

x <> (a A\ b)
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If we start from an expression then
we can draw an equivalent circuit with:

a wire for each subexpression,
r = (aAb)Vc alogic gate for each operator,

a y ; and an input for each variable.
b ::)C_‘X>* r
from km from km
r <> (aAb) r < (aVb)
(rV-aV-b)A(—-rVa)A(—-rVb) (=rVaVb)A(rVv-a)A(rVv-b)
r < (a Ab)

substitute
r.=x a:=a b:=0b
to give:

z < (a A\ b)
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If we start from an expression then
we can draw an equivalent circuit with:

a wire for each subexpression,
r= (a A b) Ve a logic gate for each operator,
2 ) > and an input for each variable.

b_

from km from km
r <> (aADb) r <> (aVb)
(rV-aV-b)A(—-rVa)A(—-rVb) (=rVaVb)A(rVv-a)A(rVv-b)
substitute substitute
r.=x a:=a b:=0> r.=r a:=x b:=c
to give: to give:
o (aAb) r < (zVc)

(xV—-aV-=b)A(—zVa)A(—xVDb)
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If we start from an expression then

we can draw an equivalent circuit with:

r — (a A b) \/ ¢ @ wire for each subexpression,
A % a logic gate for each operator,

b_DC_—D_r and an input for each variable.

from km from km
r <> (a A\b) r <> (aVb)
(rvV-aV-b)A(=rVa)A(—rVb) (=rVaVb)A(rVv-a)A(rVv-b)
substitute substitute
r.=x a:=a b:=0D> r.=r a:=zx b:=c
to give: to give:
x <> (a A\D) r < (zVc)

(xV=aV-b)A(mzVa)A(—xVb) (—rVaxVe)A(rV-oz)A(rV-c)
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If we start from an expression then

we can draw an equivalent circuit with:

r — (a A b) \/ ¢ a wire for each subexpression,
4~ x a logic gate for each operator,
b_DC_—D_r and an input for each variable.

r <> (a A\D) r <> (aVb)
(rvV-aV-=b)A(-rVa)A(-rVb) (—=rVaVb)A(rV-a)A(rV-b)
x <> (aA\Db) r < (zVe)

(xV-aV-b)A(—zVa)A(-zVDd) (z¥aVe)A(@EMT) A (L2=T)

Combine the two CNF, with R = True
(xV—-aV-b)A(—xVa)A(-xVb)AxVc)
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aANbOVecANdVeNfVgNhVIANEVMAN
(@aAND)V(cANd)V(eNf)V(gAh)V(FAE)V (mAn)

How many clauses in the CNF?
26 =64
How many clauses to describe the circuit?

11 x 3 = 33 (before simplification)
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