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cFa cEb aFc bECc

cEaNb aVbFEc
CIZ_ICL C|:—|b
aF-c bE-c _ o cE-a ckF-b SO’cl=ﬂ(a\/b)
aVbkF —c cFE —a A b cE —a A —b
cE =(aVDb)

Substituting —a A =b and —(a V b) for ¢ gives,

—a A —-bF —a A —b —(a V b) E—=(aVb)
—a A —-bF —(aVb) —(a V b) E —a V —b

—(a Vb)) =-aA b (de Morgan)



How should we treat
V on the right?

cEaVb
—(a Vb) F —c
N DE o de Morgan
—a, —b F —c
77

ckF a,b



a,bFE c
aNbF c
—c bFc
aVbFEc

—a cCcFb
cEFaANb
cFa,b
cEFaVb




C |: CI,, b Gerhard Gentzen
1909—1945
cEaVb

Every thing in ¢ is in

either a or b, or both.

A sequent is satisfied

agpgy,...,np—-1 |:S(),...,Sm_1

iff every thing that

1S In every antecedent, a;,

Is In some succedent, s;.

(a; and s; are predicates in some universe.)



Gerhard Gentzen

SequentS 1909—1945

A sequent is valid in a given universe
iff
whenever every antecedent holds then
some succedent holds

gamma |= delta =
and[ or[ d x | d <- delta ]
| X <- things, and[ g x | g <- gamma ]]

Here,! and" are bnite sets of predicates.
! [ 1]
el I "

. H S .
The operations,y,, ,on predl%Lates correspond

to intersection, , and union, , of sets.



allaisb

al [

What does this mean?

i g,a! [




This grey region is empty

I
g,a! [ g

g,a! bisvalidin U
!
al! bisvaldin {x! U|gx}



This grey region is empty

. al [

l a! bisvalidin U
||
! " H
al! bisvalidin x! U] X



. al L

l,a! b Isvalidin U
!
! " #
alb isvalidin x! U| IXx
= the universe of those things
for which everyg! ! Is true
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This grey region is empty

a! b, d a_
Ad.a! b Ad

al! b,disvalid in U
||
al! bisvalidin {x! U\Adx}




This grey region is empty

/\

al bl

A ! alb A |

al! b,! 1svalidin U
||
! 1)
a! bisvalidin x! U[A I x



al! b,l! —an
’ ” |
al b,l Is valid in U
||
| - #
al b isvalidin x! U|JA I x

the universe of those things
for which everyd! ! s false
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where everyg! ! is true L@ﬁ

where everyg! ! Is true
and everyd! " s false

where everyd! ! is false
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l al! b,”

l,al b,”

' b

Is valid in U

!
! " # %
svalidin x! U| ! x"A " X

= the universe of those things
for which everyg! ! is true
and, everyd! " s false
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a,bFE c
aNbF c
—c bFc
aVbFEc

—a cCcFb
cEFaANb
cFa,b
cEFaVb




l,a,b! c,”

l cl a" | ,c! b,

l al b! c”

l al ¢ b! c™”

l a" b! c,”

l ¢! a! b,

l,cl ab,
l,cl a" b,”




(I

l,al " a
l,a,b! " 1 a,b,
l,al b! " (L) I a" b,” ("R)
lbal " 1 b!'™ It a"™ !t 1 Dbr”

l,a" b! " L) ' al b,” (R)

1 a" I al "
I Aa!l " (AL)

¥ a and b are predicates from some universe,
¥ | " are Pnite sets of predicates from some univer:

¥! arefersto! #{a}, anda," refersto{a} #" .
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l,al " ,a
I,a,b! 'l ab,
I,a! b! L) Fra"b," (" R)
I,a! bt 't a" I 1
,a" bt " L) ' al b” (! R)
I a" " I al " ~
I Aa! (AL) I 1 Aa., (AR)

| ((Ap! 9" Ap)! p
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(Ap! 9" Ap)! p

l,al " ,a
' ab”
L) Fra"b," ("R)
Fra"
L) 't al b, (tR)
~ Hat ™ ~
(AL) T Aa (AR)

R
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,al " ,a
I,a,b! 'l ab,
I,a! b! ¢L) Il a" b, (" R)
I,al I ,b! } a1
,a" bt " L) 'l al b" (tR)
Il a" . al R
1 Aa," (AR)

I (Ap! )" Ap,p

| ((Ap! 9" Ap)! p

I R
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l,al " ,a b .
b
— L) N
|.,a! b! . In .
., — L) I al b,
., 11 Aa,"

A " Ap,p
I (Ap! Q)

| ((Ap! 9" Ap)! p

I R
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Ibal' " ,a
I a,b! ' ab"
I al b! (tL) ' a" b," (" R)
I,al I ,b! " Il a" I |
“L) ' al b" (tR)
I,al .
11 Aa," (AR)

' Ap!l gq,p° ! Ap,p’

| (Ap! o) " Ap,p
| ((Ap! 9" Ap)! p

I R
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' Ap! gq,p ! App”

| (Ap! o) " Ap,p
| ((Ap! 9" Ap)! p

I R

R
R
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'l a
I Aa! "

p!'p
| Ap! g,p° I Ap,p

| (Ap! o) " Ap,p
| ((Ap! 9" Ap)! p

l,al " ,a
I 1 a,b,"
L) 1 a" b," ("R)
- T
L) 1 al b, (tR)
. I,al .
(AL) 11 Aa," (AR)

"R
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'l a
I Aa! "

p! p
I Ap! q,p | Ap, p

| (Ap! o) " Ap,p
| ((Ap! 9" Ap)! p

l,al " ,a
I 1 a,b,"
L) 1 a" b," ("R)
- T
L) 1 al b, (tR)
. I,al .
(AL) 11 Aa," (AR)

"R
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'l a
I Aa! "

R plp
l Ap! g,p° I Ap,p

| (Ap! o) " Ap,p
| ((Ap! 9" Ap)! p

l,al " ,a
I 1 a,b,"
L) 1 a" b," ("R)
- T
L) 1 al b, (tR)
. I,al .
(AL) 11 Aa," (AR)

"R
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I Aa! "

| Ap.q,p” p! p

| R -
I Ap! q,p L Ap,p

| (Ap! o) " Ap,p
| ((Ap! 9" Ap)! p

"R
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I Aa! "

| Ap,q,p p! p

| R -
I Ap! q,p L Ap,p

| (Ap! o) " Ap,p
| ((Ap! 9" Ap)! p

"R
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l,al " ,a
I,a,b! 'l ab,
ral bt b Ta b ()
l,al ™ I bl " 1 a" | |
l,a" bl " b 1 al b" (R
Il R I,al ~
" Aar v AL 1 Aa, (AR)

| ((Ap! 9" Ap)! p
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I, al
I a,b! (L)
I,al b!
— e (L)
I a' a" b!
'l a (AL)
| Aa!

P! q.p

AR b
| Ap,q,p

'R T Ap p
I Ap! q,p

" Ap,p
I (Ap! 0)

| ((Ap! 9" Ap)! p

I R
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I, al
I a,b!
I,al b! (L)
I g G
I,a" b! ("L)
'l a "
| Aa! (AL)

|
p! q.p

AR
' Ap,g,p ' p

| R -
I Ap! q,p L Ap,p

| (Ap! 9" Ap,p

| ((Ap! 9" Ap)! p

I R
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these are valid
in every universe

I,al ) _ b,
/ \ !!,,!&aa!’"" (AL) !!!’aﬁia’"u (AR)
|
p! a,p
AR

l Ap! g,p° L Ap,p so this is valid

"R in every universe
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I,a! a
,a,b! 'l ahb"
I,a! b! (L) 'a" bt "R
a! I, b! a1
Labr s (Y Tirarp (R
Il a, ~ l,al "
I Aar e AD 1 Aa R

I A((Aa! b)" (Ac! b)! (Aa! c)
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. ! !!a',"a!-! bt b," (*R)
ha' &?3. " ( L gi % ('R)
L Aag, AY) e AR

I,Aal " (AL) II Aa’," (AR)

I A((Aa! b)" (Ac! b)), (Aa! c)

I A((Aa! b)" (Ac! b)! (Aa! c)
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b,
'L 2D R
) S CR)
" "ol
(U (' R)
Lal "
(AL) i (AR)

(Aa! b" (Ac! b! Aal! c
I A((Aa! b)" (Ac! b)), (Aa! c)

I A((Aa! b)" (Ac! b)! (Aa! c)
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b,
'L 2D R
) S CR)
" "ol
(U (' R)
Lal "
(AL) i (AR)

Aa! b,Ac! b! Aa,c
(Aa! b" (Ac! b ! Aal c
I A((Aa! b" (Ac! b),(Aa! c)

I A((Aa! b)" (Ac! b)! (Aa! c)



l,a,b!" a,b" .
I,al bl " (L) 11 a"p" ("R)

L,al" 1 bl " Ila" | 1b"
La b~ (Y Traip (R

I1a" lal"
T Aa1 (AL T Aa (AR)

Aa,Ac! b! Aa,c b,Ac! b! Aa,c
Aa! b,Ac! b! Aa,c
(Aa! b" (Ac! b ! Aal c
I A((Aa! b" (Ac! b),(Aa! c)
I A((Aa! b)" (Ac! b)! (Aa! c)
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l,a,b!" a,b" .
I,al bl " (L) 11 a"p" ("R)

L,al" 1 bl " Ila" | 1b"
La b~ (Y Traip (R

I1a" lal"
T Aa1 (AL T Aa (AR)

Aa,Ac! b! Aa,c b,Ac! b! Aa,c
Aa! b,Ac! b! Aa,c
(Aa! b" (Ac! b ! Aal c
I A((Aa! b" (Ac! b),(Aa! c)
I A((Aa! b)" (Ac! b)! (Aa! c)
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l,a,b!" a,b" .
I,al bl " (L) 11 a"p" ("R)

L,al" 1 bl " Ila" | 1b"
La b~ (Y Traip (R

I1a" lal"
T Aa1 (AL T Aa AR)

b,Ac! Aa,c b,b! Aa,c
Aa,Ac! b! Aa,c b,Ac! b! Aa,c
Aa! b,Ac! b! Aa,c
(Aa! b" (Ac! b ! Aal c
I A((Aa! b" (Ac! b),(Aa! c)
I A((Aa! b)" (Ac! b)! (Aa! c)
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~ ey t® b,! Aa,c
TR b,Ac! Aa,c b,b! Aa,c
Aa,Ac! b! Aa,c b,Ac! b! Aa,c
Aa! b,Ac! b! Aa,c
(Aal B" (Ac! B! Aal ¢
| A((Aa! b)" (Ac! b),(Aa! ¢
| A(Aa! B" (Ac! b)! (Aa! ¢
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l,ab! " 1 ab, b !
Larpr v ¢ Ta by (R a’ C
tbalt ™ | bt I'ta" I 1Ibh" i\
l,a" b! " ( L) I'1Ialb" (I R) b, ! Aa’ C
Il a" - at " "
Aar e AD) T Aar B

b,Ac! Aa,c b,b! Aa,c
Aa,Ac! b! Aa,c b,Ac! b! Aa,c
Aa! b,Ac! b! Aa,c
(Aa! b" (Ac! b ! Aal c
I A((Aa! b" (Ac! b),(Aa! c)
I A((Aa! b)" (Ac! b)! (Aa! c)
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e e a,b! ¢
sirtwtiite. bl Aa,c ablc
AT e b,Ac! Aa,c b,b! Aa,c
Aa,Ac! b! Aa,c b,Ac! b! Aa,c

Aa! b,Ac! b! Aa,c
(Aa! b" (Ac! b ! Aal c
I A((Aa! b" (Ac! b),(Aa! c)
I A((Aa! b)" (Ac! b)! (Aa! c)

43



22 SR CR)
S (U e (R
e A e B a,b!l ¢ _
b,! Aa,cAI? a,b! ¢ _
b,Ac! Aa,c AL b,b! Aa,c AR
Aa,Ac! b! Aa,cI b,Ac! b! Aa,c L
Aa! b,Ac! b! Aa,c 'L

"L, IR

(Aa! b" (Ac! b! Aa! ¢ 4
AR

I A((Aa! b)" (Ac! b)), (Aa! ¢
I A((Aa! b" (Ac! b)! (Aa! c)
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these arevalid —
in some universe, U a, b!

b,! Aa,c a,b! C

iff this is valid in U b Acl! Aac bb ! Aac

Aa, Ac! b! Aa,c b, Ac! b! Aa,c

Aal! b, ,Ac! b! Aa,c

(Aa! b)" (Ac! b)! Aa! ¢

I A((Aa! b)" (Ac! b)), (Aa! c)

I A((Aa! b)" (Ac! b)! (Aa! ¢

a,b! c ab!c
I A((Aa! b " (Ac! b)! (Aa! ¢
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a,b! c

b,! Aa,c a,bl C

b, Ac! Aa, b,b ! A
Aa, A b! Aa, b, Ac! b! Aac

Aa! b,Ac! b! Aac

(Aa! b)" (Ac! b)! Aal ¢

In this example, | A(Aa! b)" (Ac! b) (Aa! o)
these are the same I A((Aa! b)" (Ac! b)! (Aa! ¢)
N

a,b! c ab!c
I A((Aa! b" (Ac! b)! (Aa! ¢

sowecanjustsay a,b! C

I A((Aa! b)" (Ac! b)! (Aa! ¢
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b, Ac! Aa,c bb! Aac a b I C
,C Ac! 1 Aa ! -

I A((Aa! b" (Ac! b)! (Aa! ¢

I A((Aa! b)" (Ac! b)), (Aa! c)

! A((Aa! b)" (Ac! b)! (Aa! ¢

A counterexampleto a,b! c
makesevery antecedent tru
and every succedent falst
An individual, x, such that ax and bx and Ac x
IS a counterexample

47



Our two inference trees
tell two different stories ...

p! qp
! Ap,q,p p! p
l Ap! gqp ! App

I (Ap! q)" Ap,p

L (Ap! o)" Ap)! p

Every branch is
terminated by an
iImmediate rule.

The sequent we
started from is
valid in every
universe!

a,bl! c
b,! Aa,c a,b| C

b, Ac! Aa,c bb ! Aac

Aa, Ac! b! Aac b, Ac! b! Aac

Aa! b, Ac! b! Aac

(Aa! b)" (Ac! b)! Aa! ¢

I A((Aa! b)" (Ac! b),(Aa! c)

I A((Aa! b" (Ac! b)! (Aa! ¢

Some branches lead to leaves,
sequences with only atoms,
iIn which no atom occurs on both
sides of the turnstile.
Our starting sequent is valid in
some universe U iff each of these
leaves is valid.

It is easy to construct a
counterexample to any one of
these leaves.
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(I

l,al " ,a
l,a,b! " 'l a,b,
l,al! b! " (L) I a" b,t” ("R)
lball " 1 b!'™ I a"™ !t 1 Db"

l,a" b! " L) ' al b,t” ('R)

1 a" I al "
I Aa!l " (AL)

¥ a and b are predicates from some universe,
¥ | " are bnite sets of predicates from some univer:

¥ ! arefersto! #{a}, anda," refersto{a} #" .
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3+5=8

ax?’! bx+c=0

ax?! bx+ c

| b+ ©?! 4ac
2a
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In general, What is a predicates?
What operations are there on predicates?

We consider a finite universe U
— a collection of things.

Any subset a ¢ U can be treated as a predicate: every subset has a

axistrueiffx € a characteristic function

akE b iffac b and barbara holds we will represent propositions

Xxc-aiffxea akcaiff-be=-a as functions, as in lecture 1
" . . a Aa

propositions are just functions :: U -> Bool

our first operation on propositions is negation J_ —l—

in Haskell :  (nega)x=not(ax)
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Gottfried Wilhelm Leibniz

16461716

¥ ldentity of Indiscernables:
ONo two distinct things exactly resemble one another.O

N Leibniz
That is, two objects are identical if and only if they satisfy
the same properties.

¥ OA di erence that makes no dierence is no dierence.ON
Spock

¥ OEquals may be substituted for equals.O
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11Dabx=ax]|l b x




In general, we consider a bnite universe
N a collection of things with a bnite num-
ber of predicates. We consider two thing
to be indistinguishable,x ! vy, i! they sat-
isfy the same predicates.

If we have n predicates then we can dis
tinguish 2" di! erent kinds of thing. In this
example we have 4 predicates, so*2= 16
di! erent kinds of thing. Each kind is rep-
resented by a region in the diagram.

al X a" b

We look at subsetsX such that NI

Each such subset can be pictured by shading some regic
of the diagram b those with things of a kind inX..

55



56



57



