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Sequents
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c ✏ a c ✏ b
c ✏ a ^ b

a ✏ c b ✏ c
a _ b ✏ c

<latexit sha1_base64="toObIW+ek/DxBfHMcLiIW8FhaTU="></latexit>

c ✏ ¬a
a ✏ ¬c

c ✏ ¬b
b ✏ ¬c

a _ b ✏ ¬c
c ✏ ¬(a _ b)

and c ✏ ¬a c ✏ ¬b
c ✏ ¬a ^ ¬b

so,
c ✏ ¬(a _ b)

c ✏ ¬a ^ ¬b
<latexit sha1_base64="i9keUpuFFa7zUv9mgYFi53wmrh4="></latexit>

Substituting ¬a ^ ¬b and ¬(a _ b) for c gives,

¬a ^ ¬b ✏ ¬a ^ ¬b
¬a ^ ¬b ✏ ¬(a _ b)

¬(a _ b) ✏ ¬(a _ b)

¬(a _ b) ✏ ¬a _ ¬b
<latexit sha1_base64="PYcuweKfKtPzL59/IgKha78K4pM="></latexit>

¬(a _ b) = ¬a ^ ¬b (de Morgan)
<latexit sha1_base64="jNE2uy0RF3EtOmws0EApHT4BrbQ="></latexit>
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c ✏ a _ b

¬(a _ b) ✏ ¬c
¬a ^ ¬b ✏ ¬c de Morgan

¬a,¬b ✏ ¬c
c ✏ a, b

??
<latexit sha1_base64="EgBS5c6I03Mud1Rb8QxQqtOjxb8="></latexit>

How should we treat 

∨ on the right?
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a, b ✏ c

a ^ b ✏ c
c ✏ a c ✏ b
c ✏ a ^ b

a ✏ c b ✏ c
a _ b ✏ c

c ✏ a, b

c ✏ a _ b
<latexit sha1_base64="cKNbTn9ZbAUwTq69iZkayNVGqVo="></latexit>
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Gerhard Gentzen

1909—1945

A sequent is satisfied

a0, . . . , an�1 ✏ s0, . . . , sm�1

i↵ every thing that
is in every antecedent, ai,
is in some succedent, sj .
(ai and sj are predicates in some universe.)

<latexit sha1_base64="IZnEVRK1im/pwjSMqCZQCD6VU/c="></latexit>

c ✏ a, b

c ✏ a _ b

Every thing in c is in

either a or b, or both.
<latexit sha1_base64="bO5TMATspOvoZx7YITzDl3oYjsQ="></latexit>
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Gerhard Gentzen

1909—1945Sequents

A sequent is valid in a given universe 
iff


whenever every antecedent holds then

some succedent holds

gamma |= delta =
and[ or[ d x | d <- delta ]

| x <- things, and[ g x | g <- gamma ]]

Here, � and � are finite sets of predicates.

� ✏ � i↵
^

� ✓
_

�

The operations,
V
,
W
, on predicates correspond

to intersection,
T
, and union,

S
, of sets.

<latexit sha1_base64="gku/iuT5q8OT3NTq+3qEsIAG4ZM="></latexit>
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all a is b

a ✏ b
<latexit sha1_base64="8Ha5cRRF3JgkNYOyLc4/d4kp8Dw="></latexit>

g, a ✏ b
<latexit sha1_base64="FVl5xEPa2lZldrSWK7XA4OwZnyM="></latexit>

What does this mean?
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g, a ✏ b
<latexit sha1_base64="FVl5xEPa2lZldrSWK7XA4OwZnyM="></latexit>

g
<latexit sha1_base64="6QrvcP+wkYGi5mbaRPlZFeqy5ck="></latexit>

¬g
<latexit sha1_base64="DpDFVCpkPG6VoSco2hLcLiFKqKc="></latexit>

g, a ✏ b is valid in U

i↵

a ✏ b is valid in {x 2 U | g x}
<latexit sha1_base64="LgYQRQiqpoHdGcTnooogDBvfWrw="></latexit>

This grey region is empty
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�, a ✏ b is valid in U

i↵

a ✏ b is valid in
n
x 2 U |

^
�x

o

<latexit sha1_base64="5JOSpzOrKPzCAsSHBYpJIYkbw0s="></latexit>

�, a ✏ b
<latexit sha1_base64="n3gL7odZtf5xgu3jT/wdid0SuQw="></latexit>

^
�

<latexit sha1_base64="5TiSVQvBDtziaBgkwvw84W+jiIs="></latexit> U
<latexit sha1_base64="giKRm0sFpoOdBZvv7r3c18ldcEE="></latexit>

This grey region is empty
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^
�

<latexit sha1_base64="5TiSVQvBDtziaBgkwvw84W+jiIs="></latexit>

�, a ✏ b
<latexit sha1_base64="n3gL7odZtf5xgu3jT/wdid0SuQw="></latexit>

�, a ✏ b is valid in U

i↵

a ✏ b is valid in
n
x 2 U |

^
�x

o

= the universe of those things

for which every g 2 � is true
<latexit sha1_base64="EAdrJgXU3Izp7MPkWs2CUc7zbic="></latexit>
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d
<latexit sha1_base64="SE/hKk2tbb8Pui8QxjdLbORaRUE="></latexit>

¬d
<latexit sha1_base64="m9vid8r9G3hLskgX52ymDr4u9PU="></latexit>

This grey region is empty

a ✏ b, d is valid in U

i↵

a ✏ b is valid in {x 2 U | ¬d x}
<latexit sha1_base64="TZXGiS+QBoCJaWJXPjMeTixyuYU="></latexit>

a ✏ b, d

¬d, a ✏ b
<latexit sha1_base64="BJ7c0Z7TiM/FBn0/nfsfDDOaR/E="></latexit>
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a ✏ b,� is valid in U

i↵

a ✏ b is valid in
n
x 2 U | ¬

_
�x

o

<latexit sha1_base64="gplCKuUaENCue6Pd/CyrDV5+Et0="></latexit>

¬
_

�
<latexit sha1_base64="9URVKMpC/evSKyeJk4XNCtQnl/0="></latexit>

a ✏ b,�

¬
W
�, a ✏ b

<latexit sha1_base64="OuGyaCw64oY/gVyzwgiLpvJhOHc="></latexit>

This grey region is empty
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¬
_

�
<latexit sha1_base64="9URVKMpC/evSKyeJk4XNCtQnl/0="></latexit>

a ✏ b,�
<latexit sha1_base64="DLLDwbPpiq8Qoy5OCSeyImRUBM0="></latexit>

a ✏ b,� is valid in U

i↵

a ✏ b is valid in
n
x 2 U | ¬

_
� x

o

= the universe of those things

for which every d 2 � is false
<latexit sha1_base64="pK/T4LukdeHZCz/5uLY2ZvycSuc="></latexit>
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_
�

<latexit sha1_base64="YBirP92E1gYBQH+FZaWPnVSgQMk="></latexit>

^
�

<latexit sha1_base64="5TiSVQvBDtziaBgkwvw84W+jiIs="></latexit>

^
�

<latexit sha1_base64="5TiSVQvBDtziaBgkwvw84W+jiIs="></latexit>

¬
_

�
<latexit sha1_base64="9URVKMpC/evSKyeJk4XNCtQnl/0="></latexit>

where every g 2 � is true
<latexit sha1_base64="zaPVAPwe3M4uoxlR4ez0qJKYDt8="></latexit>

where every d 2 � is false
<latexit sha1_base64="w5AQGz6CBLOfLCK+reNbkyGmf58="></latexit>

where every g 2 � is true

and every d 2 � is false
<latexit sha1_base64="dIX5akwXAns2b0Cx8jPSqwYJi70="></latexit>
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^
�

<latexit sha1_base64="5TiSVQvBDtziaBgkwvw84W+jiIs="></latexit>

�, a ✏ b,�
<latexit sha1_base64="20+eHrkbIY+B3QvUznI9Csg9Q7c="></latexit>

_
�

<latexit sha1_base64="YBirP92E1gYBQH+FZaWPnVSgQMk="></latexit>

�, a ✏ b,� is valid in U

i↵

a ✏ b is valid in
n
x 2 U |

^
� x ^ ¬

_
� x

o

= the universe of those things

for which every g 2 � is true

and, every d 2 � is false
<latexit sha1_base64="4gykdW3o/L0nuQsdqqrPvRc6gWc="></latexit>
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a, b ✏ c

a ^ b ✏ c
c ✏ a c ✏ b
c ✏ a ^ b

a ✏ c b ✏ c
a _ b ✏ c

c ✏ a, b

c ✏ a _ b
<latexit sha1_base64="cKNbTn9ZbAUwTq69iZkayNVGqVo="></latexit>
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�, a, b ✏ c,�

�, a ^ b ✏ c,�

�, c ✏ a,� �, c ✏ b,�

�, c ✏ a ^ b,�

�, a ✏ c b ✏ c,�

�, a _ b ✏ c,�

�, c ✏ a, b,�

�, c ✏ a _ b,�

<latexit sha1_base64="QWm1MecMEL0/U4cEqFMgiaE349Q="></latexit>
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�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)

• a and b are predicates from some universe,

• �,� are finite sets of predicates from some universe,

• �, a refers to � [ {a}, and a,� refers to {a} [�.
<latexit sha1_base64="gSsYBZd8xLWok7kKgaa72VLPUZI="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>

p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>
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�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>

p ✏ q, p
I

✏ ¬p, q, p ¬R

✏ ¬p _ q, p
_R

p ✏ p
I

✏ ¬p, p ¬R

✏ (¬p _ q) ^ ¬p, p ^R

✏ ((¬p _ q) ^ ¬p) _ p
_R

<latexit sha1_base64="HHFtleIqjNNSgtnRDcJLXqqWMz4="></latexit>

these are valid

in every universe

so this is valid

in every universe
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>

42



¬a,¬c _ b ✏ ¬a, c

a, b ✏ c

b,✏ ¬a, c
b,¬c ✏ ¬a, c

a, b ✏ c

b, b ✏ ¬a, c
b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c
(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="dJfI2o63BI64ujiHE3uqm/wPooI="></latexit>

�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>
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�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)
<latexit sha1_base64="KKtKn43i5E6OICpJzwLv8ep0fcw="></latexit>

¬a,¬c _ b ✏ ¬a, c I

a, b ✏ c

b,✏ ¬a, c ¬R

b,¬c ✏ ¬a, c ¬L
a, b ✏ c

b, b ✏ ¬a, c ¬R

b,¬c _ b ✏ ¬a, c _L

¬a _ b,¬c _ b ✏ ¬a, c _L

(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c
^L,_R

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)
¬R

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
_R

<latexit sha1_base64="NI7urQGHJjS3bERbwivh1rZhfnQ="></latexit>
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these are valid

in some universe, U

iff this is valid in U

a, b ✏ c a, b ✏ c

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="7Qu9Vc+cUjSzfOMiCdleSfePnqQ="></latexit>

¬a,¬c _ b ✏ ¬a, c

b,✏ ¬a, c

b,¬c ✏ ¬a, c b, b ✏ ¬a, c

b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c

(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="X9Vqd/KOIkNwbIyT1j8FgE/UCZE="></latexit>

a, b ✏ c
<latexit sha1_base64="4sE5gsMoGbCuK1ZgG9NYYbX25sE="></latexit>

a, b ✏ c
<latexit sha1_base64="4sE5gsMoGbCuK1ZgG9NYYbX25sE="></latexit>
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¬a,¬c _ b ✏ ¬a, c

b,✏ ¬a, c

b,¬c ✏ ¬a, c b, b ✏ ¬a, c

b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c

(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="X9Vqd/KOIkNwbIyT1j8FgE/UCZE="></latexit>

a, b ✏ c
<latexit sha1_base64="4sE5gsMoGbCuK1ZgG9NYYbX25sE="></latexit>

a, b ✏ c
<latexit sha1_base64="4sE5gsMoGbCuK1ZgG9NYYbX25sE="></latexit>

a, b ✏ c a, b ✏ c

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="7Qu9Vc+cUjSzfOMiCdleSfePnqQ="></latexit>

a, b ✏ c

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="gb4V6W+byKklhxPVc1K/f3IiYKw="></latexit>

in this example,

these are the same

so we can just say
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¬a,¬c _ b ✏ ¬a, c

b,✏ ¬a, c

b,¬c ✏ ¬a, c b, b ✏ ¬a, c

b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c

(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="X9Vqd/KOIkNwbIyT1j8FgE/UCZE="></latexit>

a, b ✏ c
<latexit sha1_base64="4sE5gsMoGbCuK1ZgG9NYYbX25sE="></latexit>

a, b ✏ c
<latexit sha1_base64="4sE5gsMoGbCuK1ZgG9NYYbX25sE="></latexit>

A counterexample to a, b ✏ c

makes every antecedent true

and every succedent false.

An individual, x, such that a x and b x and ¬c x
is a counterexample

<latexit sha1_base64="f32XiHA+5DU1HHinpqPHmsmkctg="></latexit>

a, b ✏ c

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="gb4V6W+byKklhxPVc1K/f3IiYKw="></latexit>
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p ✏ q, p

✏ ¬p, q, p

✏ ¬p _ q, p

p ✏ p

✏ ¬p, p

✏ (¬p _ q) ^ ¬p, p

✏ ((¬p _ q) ^ ¬p) _ p
<latexit sha1_base64="nMrVlz72DogkEbFQqAXZ0gyKqoU="></latexit>

¬a,¬c _ b ✏ ¬a, c

b,✏ ¬a, c

b,¬c ✏ ¬a, c b, b ✏ ¬a, c

b,¬c _ b ✏ ¬a, c

¬a _ b,¬c _ b ✏ ¬a, c

(¬a _ b) ^ (¬c _ b) ✏ ¬a _ c

✏ ¬((¬a _ b) ^ (¬c _ b)), (¬a _ c)

✏ ¬((¬a _ b) ^ (¬c _ b)) _ (¬a _ c)
<latexit sha1_base64="X9Vqd/KOIkNwbIyT1j8FgE/UCZE="></latexit>

a, b ✏ c
<latexit sha1_base64="4sE5gsMoGbCuK1ZgG9NYYbX25sE="></latexit>

a, b ✏ c
<latexit sha1_base64="4sE5gsMoGbCuK1ZgG9NYYbX25sE="></latexit>

Our two inference trees 

tell two different stories …

Every branch is 
terminated by an 
immediate rule.


The sequent we 
started from is 
valid in every 

universe!

Some branches lead to leaves, 
sequences with only atoms, 


in which no atom occurs on both 
sides of the turnstile.


Our starting sequent is valid in 
some universe U iff each of these 

leaves is valid.

It is easy to construct a 

counterexample to any one of 
these leaves. 48



�, a ✏ �, a
(I)

�, a, b ✏ �

�, a ^ b ✏ �
(^L)

� ✏ a, b,�

� ✏ a _ b,�
(_R)

�, a ✏ � �, b ✏ �

�, a _ b ✏ �
(_L)

� ✏ a,� � ✏ b,�

� ✏ a ^ b,�
(^R)

� ✏ a,�

�,¬a ✏ �
(¬L)

�, a ✏ �

� ✏ ¬a,� (¬R)

• a and b are predicates from some universe,

• �,� are finite sets of predicates from some universe,

• �, a refers to � [ {a}, and a,� refers to {a} [�.
<latexit sha1_base64="gSsYBZd8xLWok7kKgaa72VLPUZI="></latexit>
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3 + 5 = 8 ax2 � bx+ c

ax2 � bx+ c = 0 i↵ x =
�b±

p
b2 � 4ac

2a
<latexit sha1_base64="ixlx8Tp+HsrTUucciBY5H3BNBe8="></latexit>
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In general, What is a predicates?

What operations are there on predicates?


We consider a finite universe U

— a collection of things.


Any subset a ⊆ U can be treated as a predicate:

a x is true iff x ∈ a

a ⊨ b iff a ⊆ b and barbara holds     

x ∈ ¬a iff x ∉ a    a ⊨ a iff ¬b ⊨ ¬a 


propositions are just functions :: U -> Bool

our first operation on propositions is negation


in Haskell :      (neg a) x = not ( a x )

every subset has a  
characteristic function 

we will represent propositions 
as functions, as in lecture 1 

a ¬ a

⊥ ⊤

⊤ ⊥
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• Identity of Indiscernables:
“No two distinct things exactly resemble one another.”
— Leibniz

That is, two objects are identical if and only if they satisfy
the same properties.

• “A di↵erence that makes no di↵erence is no di↵erence.” —
Spock

• “Equals may be substituted for equals.”
<latexit sha1_base64="OY9UyZZoBgS15R/elrnUr6T4exU="></latexit>Gottfried Wilhelm Leibniz 

1646–1716
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⋀ ⊥ ⊤
⊥ ⊥ ⊥
⊤ ⊥ ⊤

a d

b c

(&:&) a b x = a x && b x
<latexit sha1_base64="kyqEy5am9u667OlNLAPWyUnmLdc="></latexit>
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∨ ⊥ ⊤
⊥ ⊥ ⊤
⊤ ⊤ ⊤

a d

b c

(|:|) a b x = a x || b x
<latexit sha1_base64="1Atqj2KQP+CoJRIeXIkTLoVY7wQ="></latexit>
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We look at subsets X such that a 2 X a ⌘ b
b 2 X

Each such subset can be pictured by shading some regions
of the diagram – those with things of a kind in X.

<latexit sha1_base64="HbLvfIsqwykIteTsq9kOFMPXuWk="></latexit>

In general, we consider a finite universe U
— a collection of things with a finite num-
ber of predicates. We consider two things
to be indistinguishable, x ⌘ y, i↵ they sat-
isfy the same predicates.

If we have n predicates then we can dis-
tinguish 2n di↵erent kinds of thing. In this
example we have 4 predicates, so 24 = 16
di↵erent kinds of thing. Each kind is rep-
resented by a region in the diagram.

<latexit sha1_base64="dH6C5/0UlVjrX0StQY2cGXz9TqQ="></latexit>
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abcd

ad

a d

b c
bc

ac
acd

bd

ab
abc bcd

cd

abd
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⊤⊤⊤⊤

⊤⊥⊥⊤

⊤⊥⊥⊥ ⊥⊥⊥⊤

⊥⊤⊥⊥ ⊥⊥⊤⊥
⊥⊤⊤⊥

⊤⊥⊤⊥
⊤⊥⊤⊤

⊥⊤⊥⊤

⊤⊤⊥⊥
⊤⊤⊤⊥ ⊥⊤⊤⊤

⊥⊥⊤⊤

⊤⊤⊥⊤

⊥⊥⊥⊥
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