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cFa cEb aFc bECc

cEaNb aVbFEc
CIZ_ICL C|:—|b
aF-c bE-c _ o cE-a ckF-b SO’cl=ﬂ(a\/b)
aVbkF —c cFE —a A b cE —a A —b
cE =(aVDb)

Substituting —a A =b and —(a V b) for ¢ gives,

—a A —-bF —a A —b —(a V b) E—=(aVb)
—a A —-bF —(aVb) —(a V b) E —a V —b

—(a Vb)) =-aA b (de Morgan)



How should we treat
V on the right?

cEaVb
—(a Vb) F —c
N DE o de Morgan
—a, —b F —c
77

ckF a,b



a,bFE c
aNbF c
—c bFc
aVbFEc

—a cCcFb
cEFaANb
cFa,b
cEFaVb




C |: CI,, b Gerhard Gentzen
1909—1945
cEaVb

Every thing in ¢ is in

either a or b, or both.

A sequent is satisfied

agpgy,...,np—-1 |:S(),...,Sm_1

iff every thing that

1S In every antecedent, a;,

Is In some succedent, s;.

(a; and s; are predicates in some universe.)



Gerhard Gentzen

SequentS 1909—1945

A sequent is valid in a given universe
iff
whenever every antecedent holds then
some succedent holds

gamma |= delta =
and[ or[ d x | d <- delta ]
| x <- things, and[ g x | g <- gamma ]]

Here, I' and A are finite sets of predicates.
FEAF ATC\/A

The operations, A, \/, on predicates correspond
to intersection, (), and union, [ J, of sets.



allaisb

a

= b

j

—

~

What does this mean?

- g.a

:bJ




This grey region is empty

g,a b

g,a F bis valid in U
iff
aFbisvalidin {z e U |gx}




This grey region is empty

I',a F

I''a F bis valid in U
iff
a F b is valid in {CBEU|/\FZC}



I, a

I'CaFb

alFb

is valid in U
iff

is valid in {az cU | /\Fx}
= the universe of those things

for which every g € I' is true
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This grey region is empty

0= b d a_~—

a Fb,dis valid in U
iff
aFbisvalidin {x € U | ~dzx}




This grey region is empty

aF b, A

-V A,aFEb

aFb,A is valid in U
iff
a F b is valid in {:136 U | ﬂ\/Aa:}



atFb A

akFE b

b A s

is valid in U
iff
is valid in {x cU | —I\/A :1:}
= the universe of those things

for which every d € A is false
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where every g € I is true @@

-

where every g € I' is true

and every d € A is false

|\

where every d € A is false 6@}
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P,CL b,A \/

I'aFEb,A isvalid in U
iff
akF b is valid in {x€U|/\Fm/\ﬂ\/Ax}
= the universe of those things

for which every g € I' is true

and, every d € A is false
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a,bFE c
aNbF c
—c bFc
aVbFEc

—a cCcFb
cEFaANb
cFa,b
cEFaVb




I'a,bF c, A
I'aANbFEc, A

I''aFc bEc A

I''cFa, A I',cFbA

I''aVbECc A

I''cFaAb A

I''cFa,b, A
I''cFaVb A
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I'aEF A, a )

I'a,bF A r I'Fa,b A s
Tanven M TEavon (VB
LaFA DbEA  TEaA TELA
Favoea YY) =Troroa WB)

I'EFa, A ’ I''aF A A
F,—laIZA(_I ) I' E —a, A (R)

e a and b are predicates from some universe,
e [' A are finite sets of predicates from some universe,

e [ a refers to I' U {a}, and a, A refers to {a} U A.
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I'aFE A, a (1)
I'a,bE A I'Fa,b A

Faroea M) TEavoa VB
LaFA DhEA  TEaA TEbA
Tavora VD) =Trooa W)
I'Ea A I IaE A R
F,ﬁal:A(ﬁ ) Fl:ﬁa,A(ﬁ )

F((-pVq) A—-p)Vp
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I'aFE A, a (1)
I'a,bE A I'Fa,b A

Faroea M) TEavoa VB
T,aEA T,bEA . Tka, A TEDA i
Tavora VD) =Trooa W)
I'Ea A I IaE A R
Tara TF-aa (F

F((-pVq) A—-p)Vp
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I'aFE A, a (1)
I'a,bE A I'Fa,b A

Faroea M) TEavoa VB
LaFA TbEA o TEad TEBA
Tavora VD) =Trooa W)
I'Ea A IaE A R
TF-aa (1)

E(—pVq A—p,p

VR
= ((—pVaq)A—p)Vp
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I'aFE A, a (1)
I'a,bE A I'Fa,b A

Faroea M) TEavoa VB
LaFA TbEA o TEad TEBA
Tavora VD) =Trooa W)

IaE A R

TF-aa (1)

AR
E(—pVaq)A-p,p

VR
= ((—pVaq)A—p)Vp
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I'aFE A, a (1)
I'a,bE A I'Fa,b A

Faroea M) TEavoa VB
LaFA TbEA  TEaA TELA
VL) =TFreanva B

IaE A R

TF-aa (1)

F-pVag,p = —-p,p

AR
VR

E(—pVaq)A-p,p
= ((—pVaq)A—p)Vp
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RahAﬂ(D

I'a,bE A
anbE A

(AL)

ILaEA T,bFA
avbE A

I'Ea A I
Tara (D

-R
F-pVag,p = —-p,p

AR
VR

E(—pVaq)A-p,p
= ((—pVaq)A—p)Vp

I'Fa,b A
I'FaVvb A v

TEa,A TEDA

(VL)

I'EaAb A

IaE A
FhﬁmA(ﬁ

(VR)

(AR)

R)
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I'aFE A, a

I'a,bE A

anbE A

T,aEA T,bEA

avbE A

I'Ea A

Tara (D

pED

1

1

F-pVag,p = —-p,p

E(—pVaq)A-p,p
= ((—pVaq)A—p)Vp

VR

I'Fa,b A
F#av@A(v

(AL)

'Ea, A TEbHLA
I'EaAb A

IaE A R
FhﬁmA(ﬁ

AR
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I'aFE A, a

I'a,bE A

anbE A

T,aEA T,bEA

avbE A

I'Ea A

Tara (D

pED

I

1

F-pVag,p = —-p,p

E(—pVaq)A-p,p
= ((—pVaq)A—p)Vp

VR

I'Fa,b A
F#av@A(v

(AL)

'Ea, A TEbHLA
I'EaAb A

IaE A R
FhﬁmA(ﬁ

AR
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RahAﬂ(D

I'a,bE A
anbE A

ILaEA T,bFA
avbE A

I'Ea A I
Tara (D

— T
pED

F-pVag,p = —-p,p

E(—pVaq)A-p,p
= ((—pVaq)A—p)Vp

VR

(AL)

(VL)

VR R
AR

I'Fa,b A
I'FaVvb A v

TEa,A TEDA

I'EaAb A

IaE A
FhﬁmA(ﬁ

(VR)

(AR)

R)
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I'aFE A, a (1)

F,a,bIZA Flia,b,A
Faroea M) TEavoa VB
T.aEA T.bEA TkEa, A TEbA
Tavora VD) =Trooa W)
I'Ea, A I'aF A
T,—akF A (-1) T'F —a, A (-F)
- .
—p,q,p VR p=Dp P
_
F-pVaqp = —p,p N
= (—pVq) A-p,p
VR

F((-pVq) A—-p)Vp
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I'aFE A, a (1)

F,a,bIZA Flia,b,A
Faroea M) TEavoa VB
T.aEA T.bEA TkEa, A TEbA
Tavora VD) =Trooa W)
I'Ea, A I'aF A
T,—akF A (-1) T'F —a, A (-F)
m .
—p,q,p VR p=Dp P
_
F-pVaqp = —p,p N
= (—pVq) A-p,p
VR

F((-pVq) A—-p)Vp
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I'a,bE A
RaAbhA(

T,aEA T,bEA

I'aFE A, a

AL)

(1)
I'Fa,b A

I'FaVvb A v

TEa,A TEDA

avbE A

I'Ea A
T,~akFEA

(VL)

(=L)

-R T
= —p,q,p PR pED .
F-pVag,p = —p,p N
E(—pVaq)A-p,p
VR

F((-pVq) A—-p)Vp

I'EaAb A

IaE A
FhﬁmA(ﬁ

(VR)

(AR)

R)
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I'a,bE A

RahAﬂ(D

Faroea M)
FaEA T,bEA
Tavora VD
I'Ea, A
Iﬁﬁabzk(ﬁL)
pFaq,p 5 ;
= —p,q,p PR pED
F-pVag,p = —-p,p N
E(—pVq A—p,p
VR

F((-pVq) A—-p)Vp

I'Fa,b A
I'FaVvb A v

TEa,A TEDA

I'EaAb A

IaE A
FhﬁmA(ﬁ

(VR)

(AR)

R)
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I'a,bE A

RahAﬂ(D

Faroea M)
FaEA T,bEA
Tavora VD
I'Ea, A
Iﬁﬁabzk(ﬁL)
I
pFEq,p . ;
= —p,q,p PR pED
F-pVag,p = —-p,p N
E(—pVq A—p,p
VR

F((-pVq) A—-p)Vp

I'Fa,b A
I'FaVvb A v

TEa,A TEDA

I'EaAb A

IaE A
FhﬁmA(ﬁ

(VR)

(AR)

R)
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I'aFE A, a (1)
I'a,bE A I'=Ea,b, A

Tarben MM Fravba VR
these are valid LabA TbEA  TEaA TEDA
in every universe Lavora rranns M0

I'Ea A IaE A

T Fara D TF-aa B

pFEq,p . ;

_ -
= —p,q,p A pEDp .
= —,p\/ q,p v = D, P B so this is valid

AR in every universe
= (—pVq) A-p,p
VR

= ((-pVq) A—p)Vp
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TaEAa (1)

Ta,bEA I T'Eab A R
Taroea M) Travoa VA
LaEA DhEA  TEad TELA
Tavora VY “Traroa B
TEa A I T,aEA R
I-akEA (=L) I'E-a, A (=R)

E—=((maVb)A(—-cVDb)V(-aVc)
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TaEAa ((I?)
F,a,bPA a}:A7a #a,b,A
mawes (07 s ()
I AbH:bAD:A o Flzl;t:Aaval:%)A
FaﬂzaA/bFlﬁN:A(

T@\/bI:A rlL: ARA
I +ads A L) Iﬁ:zﬂa@
T ara (D

TE-a,A (ﬁR)

T o Abi, A

(—mc VD)), (—aVc)

= —u((ﬂa V b) A
-

=((—a V b) A

(—c Vb))V (—-aVc)
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(maVb)A(—cVb)F—-aVc
= =((maVb)A(—cVD)),(—aVc)

E—=((maVb)A(—-cVDb)V(-aVc)
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—aV b, —cVbF —a,c
(maVb)A(—cVb)F—-aVc
E=((maVb)A(—cVDb)),(—aVc)

E—=((maVb)A(—-cVDb)V(-aVc)
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—a,¢cVbF —a,c b,~cVbF —a,c

—aV b, —cVbF —a,c
(maVb)A(—cVb)F—-aVc
E=((maVb)A(—cVDb)),(—aVc)
E—((-maVb)A(—cVb))V(-aVc)
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—a,¢cVbF —a,c b, ¢V bF —a,c

—aV b, —cVbF —a,c
(maVb)A(—cVb)F—-aVc
E=((maVb)A(—cVDb)),(—aVc)
E—((-maVb)A(—cVb))V(-aVc)
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b,mcFE —a,c b,bF —a,c

—a,¢cVbF —a,c b, ¢V bF —a,c

—aV b, —cVbF —a,c
(maVb)A(—cVb)F—-aVc
E=((maVb)A(—cVDb)),(—aVc)
E—((-maVb)A(—cVb))V(-aVc)
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T,aEA T,bE I T'kEa, A TED, N
T,avbE A (VL) TEaAnb A (AR) ] la/7 C
a, A TaEA

b,mcFE —a,c b,bF —a,c

—a,¢cVbF —a,c b, ¢V bF —a,c

—aV b, —cVbF —a,c
(maVb)A(—cVb)F—-aVc
E=((maVb)A(—cVDb)),(—aVc)
E—((-maVb)A(—cVb))V(-aVc)
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T,akE A a (D)
F,a,bFA I FPCL,b,A R a, C
anvea avo,a

Ra;fvbl;b:A(VL) F'EEL;EAMZ":AM(AR) b’ |: _|CL7 C
a, A (~) M(ﬂ)
bjﬂc|:—|a,7€ b,blzﬂaqc
6, 7cVbF Sac b cVbE ac
9 4 7 ,

—aVb,—cVbF —a,c
(maVb)A(-cVb)E-aVe
= ((ma VD) A (=c VD)), (ma V)
= —((ma VD) A (=c VD)V (-a V)
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F.,al=A,a(I)
Ta,bE A . I'Fa,b A B a/, C
anbEA avo,a

AT VD S o b,F —a,c a,bF c
i a’hAA (~L) % (-R)
b,mckF —a,c b,bF —a,c
—a.—-cVbE =qa.c b,—cV bFEF —a,c
9 ) ? 4

—aVb,—cVbF —a,c
(maVb)A(—cVb)F-aVec
= =((—maVb)A(—cVb)), (—aVc)
E—((-maVb)A(—cVb))V(-aVc)
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RahA@(D

Ta,bEA I'Ea,b A

Tarorn M) Travona VA
TaEA T,bEA . F'Ea,A TEbA R
T,aVbFA (VL) TFaAbA (AR)
TEa A I T,aEA R b P:
1".,ﬁa):A(ﬂ ) Fliﬁa,A(ﬂ ) (1, C

b,E —a,c R a,bFc

b, 7c F —a,c ~L b,bF —a,c

ﬂa,—lc\/bIZﬂa,cI b,-cVbF —a,c

—aVb,—cVbF —a,c
(maVb)A(-cVb)E-aVc
= =((—maVb)A(—cVb)),(—aVc)
E=((maVb)A(—cVb)V(-aVc)

VL

AL, VR
-R
VR

-1

VL
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these arevalid —
in some universe, U a, bF

b,F —a,c a,’blzc

iff this is valid in U

b, mckE —a,c b,bF —a,c

—a, ¢V bE —a,c b, mcVbFE —a,c

—a Vb, —ncVDbE —a,c

(maVb)A(—-cVDb)FE —aVece

FE —-((—maVb)A(—-cVb)),(—aVec)

E=((—maVb)A(—-cVb))V (-aVc)

a,bFc a,bFc
E—=((maVb)A(-cVb))V (-aVc)
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a,bE c

b,E —a,c a/,blzc

b, mcF —a,c b,bF —a,c

—a,-cVbFE —a,c b, mcV bE —a,c

—a V b,mcVbE —a,c

(maVb)AN(-cVb)E -aVec

In this example, E =((ma Vb) A (me Vb)), (ma V)
these are the same\ F=((maVb)A(=cVDb)V(—aVc)
N
a,bFc a,bFc
F—=((maVb)A(-cVDb))V(-aVc)

sowecanjustsay q,bF ¢

F=((maVb)A(-cVb))V (-aVc)
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a,bEc
b,E —a,c a’b':C

b, —mckE —-a,c b,bE —a,c

—a,-cVbkE —a,c b,—cVbE —a,c

—aVb,mcVbkFE —a,c

(maVb)A(mecVDb)E -aVe

E = ((ma Vb)A(mecVb)),(—aVec)

a,bF c

F=((—aVb)A(-cVb))V (—-aVec)

E=((—maVb)A(-cVb)V (-aVec)

A counterexample to a,bF c

makes every antecedent true

and every succedent false.

An individual, x, such that ax and bx and —cx

i1s a counterexample
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Our two inference trees
tell two different stories ...

pFq,p

E —-p,q,p pED

FE—-pVgp F —-p,p

F(-pVaq)AN-p,p

F((-pVg@)ANp)VDp

Every branch is
terminated by an
iImmediate rule.

The sequent we
started from is
valid in every

universe!

b,F —a,c CL,bIZC

b, mckF —-a,c b,bFE —a,c

—a, cVbF —a,c b, ¢V bFE —a,c

—a Vb, mcVbF —a,c

(maVb)A(mecVb)E —-aVe

FE =-((—maVb)A(—cVDb)),(—aVec)

E=((-maVb)A(—-cVb))V (-aVec)

Some branches lead to leaves,
sequences with only atoms,
iIn which no atom occurs on both
sides of the turnstile.
Our starting sequent is valid in
some universe U iff each of these
leaves is valid.

It is easy to construct a
counterexample to any one of
these leaves.




I''aFE A, a ()

I'a,bF A r I'Fa,b A .
Tanben MM TEavoa (V)
LaFA TbEA  TEaA TELA
Favoea YYD =Troroa VB

I'Fa, A r INaEF A s
F,—Iale(ﬁ ) I' E —a, A (—R)

e a and b are predicates from some universe,
e [', A are finite sets of predicates from some universe,

e I'. a refers to I' U {a}, and a, A refers to {a} U A.
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3+5=28

az’ —br+c=0

ift

az’ — bx + ¢

 —b=x Vb2 — dac
2a
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In general, What is a predicates?
What operations are there on predicates?

We consider a finite universe U
— a collection of things.

Any subset a ¢ U can be treated as a predicate: every subset has a
axistrueiffx e a characteristic function

ake biffac b and barbara holds we will represent propositions
xc-aiffxe¢a akFaiff-br -a as functions, as in lecture 1

a - a
propositions are just functions :: U -> Bool

our first operation on propositions is negation J_ —l—

in Haskell :  (nega)x=not(ax)

T L
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1646—1716

ottfried Will Lz )

e Identity of Indiscernables:

“No two distinct things exactly resemble one another.”
— Leibniz

That is, two objects are identical if and only if they satisfy
the same properties.

e “A difference that makes no difference is no difference.” —
Spock

e “Equals may be substituted for equals.”
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Cl:]
1) a
b X = a
x ||
b X

\
N




In general, we consider a finite universe U
— a collection of things with a finite num-
ber of predicates. We consider two things
to be indistinguishable, x = vy, iff they sat-
isfy the same predicates.

If we have n predicates then we can dis-
tinguish 2™ different kinds of thing. In this
example we have 4 predicates, so 24 = 16
different kinds of thing. Each kind is rep-
resented by a region in the diagram.

acX a=b

We look at subsets X such that
be X

Each such subset can be pictured by shading some regions
of the diagram — those with things of a kind in X.
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