Elements of Programming Languages
Lecture Notes: Lpoy

1 Abstract Syntax

Exproe = meNJe +es|er Xey LArith
beB|e ==ey|if ethene; else ey L
x| letx =e; iney Liet
e1 e | Azt € Liam
rec f(x:711):72.€ LRec

(e1,e2) | fst e | snd e | let pair (z,y) =1 ineg | ()
left(e) | right(e) | case e of {left(x) = ey ; right(y) = €2} Lpata

AA. e ‘ 6[7’] I—Poly

Type> T == int LAvith
| bool Lif

| T — T2 I—Lam

| 71 X 72| unit | 7 + 72 | empty Lpata

|  A|VA.T Lpoly

' "= x1:7,...,Zn T

Valuesv == neN L Arith
| beB Lif

| AT. e I—Lam

| rec f(x).e LRec

| (v1,v2) | ()| Lleft(v) | right(v) Lpata

| AA.e I—Poly



1.1 Free variables

In the following, @ stands for any binary operator.

FV(Ax:T.e
FV(rec f(z:1) : 7. €
FV((ey, e

1.2 Free type variables

FTV (int
FTV (bool
FTV (1 X T2
FTV (unit
FTV(m + T2
FTV (empty
FTV(A

FTV (VA.7
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= 0
= FV(e1)UFV(eq
=0
= FV(e)UFV(er)
= {z}
= FV(e)U(FV(e
= FV(e1)UFV(eq
= FV(e)—{«}
= FV(e)—{f =}
= FV(e1)UFV(eq
= FV(e)
= FV(e)
= FV(e;)U(FV(e
= FVi(e)
= FV(e)
= FV(e)U(FV(e;
= FV(e)
= FV(e)

U

U

FTV () UFTV(72)

0

FTV (1) UFTV (1)

0

{A}

FTV(r) —{A}

)

U FV(GQ)



1.3 Substitution
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(left(eg))[e/x]
(right(eo))[e/]
case eg of {left(y) = e1; right(z) = ea})[e/x]

(AA.eg)le/x]
(eolr])[e/2]

erle/z] @ ezle/x]
b
if (egle/x]) then (ei[e/z]) else (eale/x])

y (z#y)

= lety=ei[e/z] in esle/x]

(where y # ¢)
Ay:T.eple/x]
(where y # €)
(exle/x]) (eale/x])

= rec f(y:7):7 = eple/1]

(where f,y # €)

(exle/a], e2le/a])

fst (egle/x])

snd (egle/x])

let (y,2) = e1le/z] in esle/x]
(where y, z # €)
left(egle/x])

= right(egle/x])

case (egle/z]) of {left(y) = ei1le/x]; right(z) = eazle/x]}

(where y, z # €)
AA.(eole/x])
(eole/x])[7]



2 Evaluation

for Lavith

etd v exd v erdvi el vy

viv e1+ ez v +nvo e1 X ez |} v1 Xy v

et v exllw etlvy eadlva v # w2
e1 == ey || true e1 == ey |} false

el true e; | v e |l false e | vs

if e theneq elsees || 11

if e then ey else e || v

er v

62[’01/1‘} o

letx =e1ines | vg

for Liam

erd Axe ey v efva/z] v
Ax.el Az.e erex v
for LRec
er |} rec f(z).e ex Jva elrec f(x).e/f va/x] v
rec f(x). el rec f(x). e ereg v
fOI‘ LData
er v ezl v el (v1,v2) el (v1,v2) er 4 (vi,v2) ealvi/z,v2/y] v
(e1,e2) I (v1,v2) fste | vy snd e | v let pair (z,y) =e; ines v
el v el v

left(e) | left(v)
e | left(vy) eyfvy/z] o

right(e) || right(v)

e | right(vy) eafva/y] v

case e of {left(z) = e ; right(y) = e2} J v

case e of {left(z) = e ; right(y) = e2} J v




for LPO|y

el AA. ey eo[r/A] v

ANA.eJ AA. e

e[r] J v




3 Types

for L

I'kFey:int I'Fey:int I'key:int I'kFey:int

I'n:int I'Fe; +e3:int I'Fel xey:i

nt

for Ly

I'ter:m Theg: 7 I'te:bool T'key:7 T'heg:m

I'Fb:bool I'e; ==es : bool I'Hif ethenej elseey: T

for Lie

Iz)=r1 I'kter:mm Tyx:imiber:m
I'Fa:7 I'Fletz=¢;ines : 7
[CEe:r]forLiam
Tembe:m I'Fe:mm—m T'hey:m
I'FAxiri.e:m — 7 I'keies:m

for L

If:nn—=>mx:mbe:n

I'Frec f(xim):me.e:71 — T

for Lowe

I'ter:mm They:m I'tFe:m X1 IF'kFe:m X7 F'Feg:mmxm Tye:m,y:mmbey:T
Ik (e1,e2): 11 X T2 I'kfste:m I'ksnde:m 't let pair (z,y) =ej ines : 7
I'ke:m I'ke:m 'Fe:m+m The:mbFer:m Ty :mbey: 7

Ik left(e):m + 7 Ik right(e): 1 + 72 'k case e of {left(z) = ey ; right(y) = ex}: 7

[T Fe:r]for Lpay

F'ke:7 A#T I'Fe:VA. T
I'FAA e:VA. T Tk elro] : T[r0/A4]




