Elements of Programming Languages
Tutorial 2: Substitution and alpha-equivalence
Solution notes

(@ e (Az:int.z)1

Az:int. x | Az:iint.z 101 141
(Az:int.2) 1 1

e (Az:int.z+1) 42

2042 101
Az:int. x4+ 1| Az:int. x+1 4242 42411 43
(Az:int. x4+ 1) 42 | 43

e (Az:int — int. z) (Az:int. z) 1 Type annotations elided.

Azl dz.z dz.xzldr.z dr.zl Az
Az z) (Az.z) | Az z 141
(Az.z) Az xz)) 11

o (%) (Afi:int — int. Az:int.f (f z)) (Az:int. z 4+ 1)) 42 Type annotations elided.

A e f (fa)d Afxef (fa) Mo+l Az z+1 :
M2z f (fz) Adece+ 1) Ae.(Qe. e+ 1) (Az.z+ Dz) 42042 (Az.xz+1)((Az. 2+ 1)42) | 44
(A Az.f(fz) (Az.x+1))42 ) 44

where

Ar.x+ 1) dxxe+1 4242 424143
Ax.x+ 1) Az .z +1 (Ax.x+1)42 | 43 43+1 44
Az.xz+ 1)(Az. 2 +1)42) | 44

(b) If e; : 7 then we can define let © = e; in ey as (Az:7. e2) e;. The evaluation rule for let can be
emulated as follows:

erdv1 esfvi/z] Yo Ax:teg | AxiT.oea ep Jvr egfur/x] o
letx =¢;iney | v = (Ax:T.e2) er Yo

(@) e Int => Int

{x: Int => x}

® Int => Boolean => Int

{x: Int => {y: Boolean => x}}

® (Int => Boolean => String) => (Int => Boolean) => (Int => String)
{x: (Int => Boolean => String) =>
{y: (Int => Boolean) =>
{z: Int => x(z) (y(z))}}}
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(b) e (Ax:int.xz)1
r:int k2 :int
F Az:int.z :int — int F 1:int
F (Az:int.z) 1: int

(Ax:int. 4+ 1) 42

r:int F 2 :int 2x:inthH 1:int
r:intbFz+1:int
F Az:int. x4+ 1:int — int F42: int
F (Az:int. 2 +1) 42 : int

(Az:int — int. z) (Az:int. x)

z:int > int bk 2 :int — int :
F (Az:int — int. z) : (int — int) — (int — int) F Az:int 2 :int — int
F (Az:int — int. z) (Az:int. z) : int — int

(Ax:7. z x) This expression cannot be typed. There is no way to choose 7 so that the following
derivation can be completed:

77 77
zThx:m > 1 xTThom

zThrx:m
FAm.x T

For if 7 = 71 then we would also have to have 7 = 1y — 7, i.e. 71 = 71 — T2 which is not
possible if equality is structural.

(@) The missing rules are:

€1 =qa €2

— /! — / — /
€ =q € €1 =a €1 €1 =q €]

if e then e] else es =, if €’ then €] else €

e1(xerz) =4 ea(yerz) z # e1, €2 €e1=q €] €1 =46

Ax.e1 =q \y.€2 e1 63 =4 €} €
Point this out: To be precise, we should also extend # as follows:

r#y zH#He xHe xHeo
TH AT xH#H IyT. e T # e ey

(b) Which of the following alpha-equivalence relationships hold?

if truethenyelsez =, ¥ FALSE
letz =y in (if x thenyelsez) =, letz =y in (if z thenyelsez) FALSE
Ar. (lety=2xiny+y) =4 M. (letz=2xinz+x) TRUE

(c) The pictures should be as follows:

letx=1linlety=2inx+y AX Ay x+y
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AXAX x+Xx letx=1inAy. x+y

(a)
Ay Az (@ +y) +2))ly > 2/a] = Ay Az (((y x 2) +y) +2)
(if © ==y then Az.x else Ax.z)[z/x] = if z ==y then \z.z else \x.z
(b)
Ay Az ((x+y)+2) =a Aa. Ab. ((z+a)+0b)
if v == y then Az.z else \x.x =, if z == ythen Ac.x else \d.d
(©)
(Aa. Ab. ((z+a) + b))y x z/x) = Aa.Xb. (y x 2) +a)+Db)
(if x == y then Ac.x else Ad.d)[z/x] = if z ==y then Ac.z else \d.d

ustrate that the substitutions performed without a-conversion lead to variable capture, and dif-
ferent binding structure from those performed after a-converting to fresh names.



