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Some important sets

B = {true, false} Boolean values
N = {0,1,2,3, . . . } Natural numbers
Z = {. . . ,−3,−2,−1,0,1,2,3, . . . } Integers
Z+ = {1,2,3, . . . } Positive integers
R Real numbers
R+ Positive real numbers
Q Rational numbers
C Complex numbers
∅ Empty set
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Sets defined using comprehension

S = {x | P(x) } where P(x) is a predicate

Example Subsets of sets upon which an order is defined

[a,b] = {x | a ≤ x ≤ b} closed interval
[a,b) = {x | a ≤ x < b}
(a,b] = {x | a < x ≤ b}
(a,b) = {x | a < x < b} open interval
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Notation

x ∈ S membership

A ∪ B union; A ∩ B intersection; A− B difference
A ⊆ B subset; A ⊇ B superset
A = B set equality
P(A) powerset (set of all subsets of A); also 2A

|A| cardinality
A× B cartesian product (tuple sets)
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A proper mathematical definition of set is complicated
(Russell’s paradox)

The set of cats is not a member of itself
The set of non-cats (all things that are not cats) is a member of
itself
Let S be the set of all sets which are not members of themselves
S = {x | x 6∈ x} (using naive comprehension)
Question: is S a member of itself (S ∈ S) ?
S ∈ S provided that S 6∈ S; S 6∈ S provided that S ∈ S
Modern formulations (such as Zermelo-Fraenkel set theory)
restrict comprehension. (However, it is impossible to prove in ZF
that ZF is consistent unless ZF is inconsistent.)

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 5 / 24



A proper mathematical definition of set is complicated
(Russell’s paradox)

The set of cats is not a member of itself

The set of non-cats (all things that are not cats) is a member of
itself
Let S be the set of all sets which are not members of themselves
S = {x | x 6∈ x} (using naive comprehension)
Question: is S a member of itself (S ∈ S) ?
S ∈ S provided that S 6∈ S; S 6∈ S provided that S ∈ S
Modern formulations (such as Zermelo-Fraenkel set theory)
restrict comprehension. (However, it is impossible to prove in ZF
that ZF is consistent unless ZF is inconsistent.)

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 5 / 24



A proper mathematical definition of set is complicated
(Russell’s paradox)

The set of cats is not a member of itself
The set of non-cats (all things that are not cats) is a member of
itself

Let S be the set of all sets which are not members of themselves
S = {x | x 6∈ x} (using naive comprehension)
Question: is S a member of itself (S ∈ S) ?
S ∈ S provided that S 6∈ S; S 6∈ S provided that S ∈ S
Modern formulations (such as Zermelo-Fraenkel set theory)
restrict comprehension. (However, it is impossible to prove in ZF
that ZF is consistent unless ZF is inconsistent.)

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 5 / 24



A proper mathematical definition of set is complicated
(Russell’s paradox)

The set of cats is not a member of itself
The set of non-cats (all things that are not cats) is a member of
itself
Let S be the set of all sets which are not members of themselves

S = {x | x 6∈ x} (using naive comprehension)
Question: is S a member of itself (S ∈ S) ?
S ∈ S provided that S 6∈ S; S 6∈ S provided that S ∈ S
Modern formulations (such as Zermelo-Fraenkel set theory)
restrict comprehension. (However, it is impossible to prove in ZF
that ZF is consistent unless ZF is inconsistent.)

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 5 / 24



A proper mathematical definition of set is complicated
(Russell’s paradox)

The set of cats is not a member of itself
The set of non-cats (all things that are not cats) is a member of
itself
Let S be the set of all sets which are not members of themselves
S = {x | x 6∈ x} (using naive comprehension)

Question: is S a member of itself (S ∈ S) ?
S ∈ S provided that S 6∈ S; S 6∈ S provided that S ∈ S
Modern formulations (such as Zermelo-Fraenkel set theory)
restrict comprehension. (However, it is impossible to prove in ZF
that ZF is consistent unless ZF is inconsistent.)

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 5 / 24



A proper mathematical definition of set is complicated
(Russell’s paradox)

The set of cats is not a member of itself
The set of non-cats (all things that are not cats) is a member of
itself
Let S be the set of all sets which are not members of themselves
S = {x | x 6∈ x} (using naive comprehension)
Question: is S a member of itself (S ∈ S) ?

S ∈ S provided that S 6∈ S; S 6∈ S provided that S ∈ S
Modern formulations (such as Zermelo-Fraenkel set theory)
restrict comprehension. (However, it is impossible to prove in ZF
that ZF is consistent unless ZF is inconsistent.)

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 5 / 24



A proper mathematical definition of set is complicated
(Russell’s paradox)

The set of cats is not a member of itself
The set of non-cats (all things that are not cats) is a member of
itself
Let S be the set of all sets which are not members of themselves
S = {x | x 6∈ x} (using naive comprehension)
Question: is S a member of itself (S ∈ S) ?
S ∈ S provided that S 6∈ S; S 6∈ S provided that S ∈ S

Modern formulations (such as Zermelo-Fraenkel set theory)
restrict comprehension. (However, it is impossible to prove in ZF
that ZF is consistent unless ZF is inconsistent.)

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 5 / 24



A proper mathematical definition of set is complicated
(Russell’s paradox)

The set of cats is not a member of itself
The set of non-cats (all things that are not cats) is a member of
itself
Let S be the set of all sets which are not members of themselves
S = {x | x 6∈ x} (using naive comprehension)
Question: is S a member of itself (S ∈ S) ?
S ∈ S provided that S 6∈ S; S 6∈ S provided that S ∈ S
Modern formulations (such as Zermelo-Fraenkel set theory)
restrict comprehension. (However, it is impossible to prove in ZF
that ZF is consistent unless ZF is inconsistent.)

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 5 / 24



Functions

Assume A and B are non-empty sets

A function f from A to B is an assignment of exactly one element
of B to each element of A
f (a) = b if f assigns b to a
f : A→ B if f is a function from A to B
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One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective?

YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES

Is the function
√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective?

YES
Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective?

NO
Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO

Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective?

NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective? NO

Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective?

NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



One-to-one or injective functions

Definition
f : A→ B is injective iff ∀a, c ∈ A (if f (a) = f (c) then a = c)

Is the identity function ιA : A→ A injective? YES
Is the function

√
· : Z+ → R+ injective? YES

Is the squaring function ·2 : Z→ Z injective? NO
Is the function | · | : R→ R injective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} injective? NO

Colin Stirling (Informatics) Discrete Mathematics (Chaps 2 & 9) Today 7 / 24



Onto or surjective functions

Definition
f : A→ B is surjective iff ∀b ∈ B ∃a ∈ A (f (a) = b)

Is the identity function ιA : A→ A surjective? YES
Is the function

√
· : Z+ → R+ surjective? NO

Is the function ·2 : Z→ Z surjective? NO
Is the function | · | : R→ R surjective? NO
Assume m > 1. Is mod m : Z → {0, . . . ,m − 1} surjective? YES
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One-to-one correspondence or bijection

Definition
f : A→ B is a bijection iff it is both injective and surjective

Is the identity function ιA : A→ A a bijection? YES
Is the function

√
· : R+ → R+ a bijection? YES

Is the function ·2 : R→ R a bijection? NO
Is the function | · | : R→ R a bijection? NO
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Function composition

Definition
Let f : B → C and g : A→ B. The composition function f ◦ g : A→ C is
(f ◦ g)(a) = f (g(a))
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Results about function composition

Theorem
The composition of two functions is a function

Theorem
The composition of two injective functions is an injective function

Theorem
The composition of two surjective functions is a surjective function

Corollary
The composition of two bijections is a bijection
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Inverse function

Definition
If f : A→ B is a bijection, then the inverse of f , written f−1 : B → A is
f−1(b) = a iff f (a) = b
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for all x ∈ A. In other words, the identity function ιA is the function that assigns each element
to itself. The function ιA is one-to-one and onto, so it is a bijection. (Note that ι is the Greek
letter iota.) ▲

For future reference, we summarize what needs be to shown to establish whether a function
is one-to-one and whether it is onto. It is instructive to review Examples 8–17 in light of this
summary.

Suppose that f : A → B.

To show that f is injective Show that if f (x) = f (y) for arbitrary x, y ∈ A with x ̸= y,
then x = y.
To show that f is not injective Find particular elements x, y ∈ A such that x ̸= y and
f (x) = f (y).
To show that f is surjective Consider an arbitrary element y ∈ B and find an element x ∈ A
such that f (x) = y.
To show that f is not surjective Find a particular y ∈ B such that f (x) ̸= y for all x ∈ A.

Inverse Functions and Compositions of Functions

Now consider a one-to-one correspondence f from the set A to the set B. Because f is an onto
function, every element of B is the image of some element in A. Furthermore, because f is also
a one-to-one function, every element of B is the image of a unique element of A. Consequently,
we can define a new function from B to A that reverses the correspondence given by f . This
leads to Definition 9.

DEFINITION 9 Let f be a one-to-one correspondence from the set A to the set B. The inverse function of
f is the function that assigns to an element b belonging to B the unique element a in A
such that f (a) = b. The inverse function of f is denoted by f −1. Hence, f −1(b) = a when
f (a) = b.

Remark: Be sure not to confuse the function f −1 with the function 1/f , which is the function
that assigns to each x in the domain the value 1/f (x). Notice that the latter makes sense only
when f (x) is a non-zero real number.

Figure 6 illustrates the concept of an inverse function.
If a function f is not a one-to-one correspondence, we cannot define an inverse function of

f . When f is not a one-to-one correspondence, either it is not one-to-one or it is not onto. If

f

A B

a = f –1(b) b = f (a)f (a)

f –1(b)

f –1

FIGURE 6 The Function f −1 Is the Inverse of Function f .

What is the inverse of ιA : A→ A?

What is the inverse of
√

:R+ → R+?

What is f−1 ◦ f? and f ◦ f−1?
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The floor and ceiling functions

Definition
The floor function b c : R→ Z is bxc equals the largest integer less
than or equal to x

Definition
The ceiling function d e : R→ Z is dxe equals the smallest integer
greater than or equal to x

⌊
1
2

⌋
=

⌈
−1

2

⌉
= b0c = d0e = 0

b−6.1c = −7 d6.1e = 7
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Useful tips about floors and ceilings

When showing properties of floors is to let x = n + ε if bxc = n
where 0 ≤ ε < 1
Similarly, for ceilings let x = n − ε if dxe = n where 0 ≤ ε < 1

Prove
∀x ∈ R (b2xc = bxc+ bx + 1/2c)

Proof in book
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Prove dxe+ dye = dx + ye

False; counterexample x = 1/2 and y = 1/2
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The factorial function

Definition
The factorial function f : N→ N, denoted as f (n) = n! assigns to n the
product of the first n positive integers

f (0) = 0! = 1

and
f (n) = n! = 1 · 2 · · · · · (n − 1) · n
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Relations

Definition
A binary relation R on sets A and B is a subset R ⊆ A× B

R is a set of tuples (a,b) with a ∈ A and b ∈ B
Often we write a R b for (a,b) ∈ R
R is a relation on A if B = A

Definition
Given sets A1, . . . ,An, a subset R ⊆ A1 × · · · × An is an n-ary relation
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Examples

Divides | : Z+ × Z+ is {(n,m) | ∃k ∈ Z+ (m = kn)}

Let m > 1 be an integer. R = {(a,b) | a mod m = b mod m}

Written as a ≡ b (mod m)
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Properties of binary relations

A binary relation R on A is called
reflexive iff ∀x ∈ A (x , x) ∈ R

≤, =, and | are reflexive, but < is not
symmetric iff ∀x , y ∈ A ((x , y) ∈ R → (y , x) ∈ R)

= is symmetric, but ≤, <, and | are not
antisymmetric iff ∀x , y ∈ A (((x , y) ∈ R ∧ (y , x) ∈ R) → x = y)

≤, =, <, and | are antisymmetric
transitive iff ∀x , y , z ∈ A (((x , y) ∈ R ∧ (y , z) ∈ R) → (x , z) ∈ R)

≤, =, <, and | are transitive
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Equivalence relations

Definition
A relation R on a set A is an equivalence relation iff it is reflexive,
symmetric and transitive

Let Σ∗ be the set of strings over alphabet Σ. The relation
{(s, t) ∈ Σ∗ × Σ∗ | |s| = |t |} is an equivalence relation
| on integers is not an equivalence relation.
For m > 1 be an integer the relation ≡ (mod m) is an
equivalence relation on integers
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Equivalence classes

Definition
Let R be an equivalence relation on a set A and a ∈ A. Let

[a]R = {s | (a, s) ∈ R}

be the equivalence class of a w.r.t. R

If b ∈ [a]R then b is called a representative of the equivalence class.
Every member of the class can be a representative
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Theorem

Result
Let R be an equivalence on A and a,b ∈ A. The following three
statements are equivalent

1 aRb
2 [a]R = [b]R
3 [a]R ∩ [b]R 6= ∅

Proof in book
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Partitions of a set

Definition
A partition of a set A is a collection of disjoint, nonempty subsets that
have A as their union. In other words, the collection of subsets Ai ⊆ A
with i ∈ I (where I is an index set) forms a partition of A iff

1 Ai 6= ∅ for all i ∈ I
2 Ai ∩ Aj = ∅ for all i 6= j ∈ I
3
⋃

i∈I Ai = A
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Result

Theorem
1 If R is an equivalence on A, then the equivalence classes of R

form a partition of A
2 Conversely, given a partition {Ai | i ∈ I} of A there exists an

equivalence relation R that has exactly the sets Ai , i ∈ I, as its
equivalence classes

Proof in book
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