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Hidden Markov Models

States S, e.g., {1,2,3} (J=S5])
Prior probabilities 7, e.g., [1,0,0]

Transition probability p(q¢' = jlg = i) = ajj

01 09 0
A=1]10 04 06
0 0 1

Emission probability p(x|q = j) = bj(x)

Observations X = x1.7 = X1, X2, ..., XT
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Statistical Queries

p(X, Q)

argmaxg p(Q|X)
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Joint Probability

T

p(X, Q) = p(a1)p(xalar) [ | p(aelge-1)p(xelqr)
t=2
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Viterbi Algorithm

argmax p(Q|X) = argmax p(X, Q)
Q Q

Va. (t) = max p(qe[qe—1)p(xe|Ge) V- (t — 1)

Vo (1) = p(a1)

Vi() = max a;bi(x)Vi(e — 1)

goony

Vi(1)

Tj

Hao Tang Training Hidden Markov Models



Forward Algorithm

ag(t) = > p(xat, que) = p(xa:t, Gt

qr:t—1

g (t) = Z p(qelge—1)p(xelqe)ag,_, (t — 1)

an(l) = P(Ch)

ai(t)= Y ajbi(xe)ai(t —1)

i=1,....J
aj(l) =m
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Forward Algorithm

ag(t) = > plxat, que) = p(xae, Ge)

qr:t—1

g (t) = p(qelqe-1)p(xelqe)aq,_, (t — 1)

an(l) = P(Ch)

ai(t) = Y agbi(xe)ai(t —1)

i=1,....J
aj(l) =m
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Backward Algorithm

Bqt(t) = Z P(Xt+1:T7 CIt+1:T|CIt) = P(Xt+1:T|CIt)

qe+1:T

Bae( ZP(CHqt 1)P(xt|qt)Bq. (1)
Bor(T) =1

i(t—1) Zau (xt)Bi(1)
5:’(7_):1
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Backward Algorithm

Bqt(t) = Z P(Xt+1:T7 CIt+1:T|CIt) = P(Xt+1:T‘Qt)

qe+1:T

Bae( ZP(CHqt 1)P(xt|qt)Bq. (1)
Bor(T) =1

i(t—1) Zau (xt)Bi(1)
5:’(7_):1
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Training HMMs

o Parameters of an HMM: X\ = {7, A, parameters in b;(x)}
e Data: R i.i.d. utterances X1, X2, ... XF

o Likelihood of A: TT%; pa(X")

@ Goal: find A\ to maximize the likelihood HL pa(X")

R
argmax | | pa(X")
St

o We will talk about three approaches!
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Stochastic Gradient Descent

Repeat:
choose one of the R utterances X’

AT XS — Vopa(X ) amas
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Computing the Gradient

@ Backpropagation
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Computing the Gradient

@ Backpropagation
@ Closed-form solution

p(X) =) p(X,Q)

Q
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Computing the Gradient

@ Backpropagation

@ Closed-form solution

p(X)=> p(X,Q) = ZP(QI (x1lq1)p(x2:7]q1)

Q

Hao Tang Training Hidden Markov Models



Computing the Gradient

@ Backpropagation

@ Closed-form solution

p(X)=> p(X,Q) = ZP(QI (x1lq1)p(x2:7]q1)

Q
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Computing the Gradient

@ Backpropagation

@ Closed-form solution

P(X)*ZP(XQ ZP(QI (x1lq1)p(x2:7]q1)
—Zp(ql Xl\ql o (1)
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Computing the Gradient

@ Backpropagation

@ Closed-form solution

P(X)*ZP(XQ ZP(QI (x1lq1)p(x2:7]q1)
—Zp(ql Xl\ql o (1)

Op(X) _
Ip(q1)

p(x1]q1)Bq, (1)
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Computing the Gradient

@ Backpropagation

@ Closed-form solution

P(X)*ZP(XQ ZP(QI (x1lq1)p(x2:7]q1)
—Zp(ql Xl\ql o (1)

Op(X) _
Ip(q1)

plala)at) 2200 = b))
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@ What would be the best parameters had we know the hidden
sequence?
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@ What would be the best parameters had we know the hidden
sequence?

R
Z log p(X", Q")

—Zlog p(a1)p(x|a7) Hp gtlai_1)p(x{la;)

t=2

Hao Tang Training Hidden Markov Models



@ What would be the best parameters had we know the hidden
sequence?

R
> logp(X", Q")

r=1

p(ai)p({|q7) Hp gtlai_1)p(x{|qt)
t=2

R
=2 log
5 T,
Z [Iog mqr + log bgr (x1) + Z (Iog agiq;_, +log bq;(x[)>]

r=1 t=2
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@ What would be the best parameters had we know the hidden
sequence?

R
> logp(X", Q")

r=1

p(ai)p({|q7) Hp gtlai_1)p(x{|qt)
t=2

R
=2 log
o T,
Z [Iog Tgr + log bgr (x{) + Z (Iog agrqr_, +log bq;(x[)>]

r=1 t=2
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Optimization with Constraints

R
max  logp(X", Q")
r=1

J
s.t. Zﬂ'j =1
j=1

0<m <1 forj=1,...,J
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J

R
> logp(X", Q") +n | D m—1

r=1 j:l
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J

R
> logp(X", Q") +n | D m—1

r=1 j:l

@ Suppose Zle m > 1.

Hao Tang Training Hidden Markov Models



J

R
> logp(X", Q") +n | D m—1

r=1 j:l
@ Suppose Zle mi > 1.

o If n = —o0, then Zle m; has to be 1 for the objective not to
be —oo.
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J

R
> logp(X", Q") +n | D m—1

r=1 j:l

@ Suppose Zle m > 1.

o If n = —o0, then Zle m; has to be 1 for the objective not to
be —oo.

@ In general, n < 0, and we get penalized if the constraint is not
satisfied.
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R

a r r

o E log p(X", Q") +1n § m—1
"lr=1
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R L
3(; D logp(X", Q) +n > m—1 :Z%Jﬂ?:o
! r=1 . i
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R L
3(; D logp(X", Q) +n > m—1 :Z%Jﬂ?:o
! r=1 . i

1 R
= mi= _’Zlq{:i
N r=1
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R L
3(; D logp(X", Q) +n > m—1 :Z%Jﬂ?:o
! r=1 . i
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R L
3(; D logp(X", Q) +n > m—1 :Z%Jﬂ?:o
! r=1 . i

1 R
= mi= _’Zlq{:i
N r=1

J J R

1 R J
ZWJ:Z_EZ]lq{:jzl = n:—zzlq;:j

J=1 i= r=1 r=1 j=1
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R L
3(; D logp(X", Q) +n > m—1 :Z%Jﬂ?:o
! r=1 . i

R R
1 Do Lgr=i
—— W,:——Zlqr:’: B r=1 1
n ! 3 r P
r=1 r=12Zuj=1 “q1=J

J J R

1 R J
ZWJ:Z_EZ]lq{:jzl = n:—zzlq;:j

J=1 i= r=1 r=1 j=1
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Viterbi Training

@ What would be the best parameters had we know the hidden
sequence?

R
AT = argmax H pa(X", Q")
A r=1
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Viterbi Training

@ What would be the best parameters had we know the hidden
sequence?

R
AT = argmax H pa(X", Q")
A r=1

@ What would be the best hidden sequence had we know the
parameters?

Q= argmax pr(X", Q)
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Viterbi Training

o ALA2 XS
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Viterbi Training

o AL NS
@ Does Viterbi training converge?

@ Does Viterbi training improve Hle p(X")?
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Viterbi Training

o AL NS
@ Does Viterbi training converge?
@ Does Viterbi training improve Hle p(X")?

@ Instead of using one hidden sequence, could we use all of
them?
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@ Training with one hidden sequence

R
ASHL = argmaxz log pA (X", Q")
A r=1

where Q" = argmax prs (X", Q)
Q
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@ Training with one hidden sequence

R
ASHL = argmaxz log pA (X", Q")
A r=1

where Q" = argmax prs (X", Q)
Q

@ Training with all hidden sequences

R

xett = afgf‘axz Eqmpys(aixnllog pA(X", Q)]
r=1
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Expectation Maximization

o E-step: Compute Eq.p,(q|xr)[log pr(X", Q)] for
r=1,...,R.

o M-step:

R

AT = argmax > Egepys(aixnllog pa(X", Q)]
r=1
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Computing the EM Objective

Egp(qx)llog (X, Q)] = > p(QIX)[log p(X, Q)]
Q
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Computing the EM Objective

Egp(qx)llog (X, Q)] = > p(QIX)[log p(X, Q)]
Q

1

= ar) ZP x1: T, q1:7) log p(x1.7, q1:7)
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a;t(t) = Z p(xi:t, q1:t) log p(x1:t, qu:t)

qr:t—1
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a;t(t) = Z p(xi:t, q1:t) log p(x1:t, qu:t)

qr:t—1

= Z Z p(Xl:tfla ql:tfl)p(qt|Qtfl)p(Xt|qt)

qt—1 q1:t—2

log p(x1:t—1, G1:t—1) + log p(qt|qe—1)p(X¢|qt)
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a;t(t) = Z p(xi:t, q1:t) log p(x1:t, qu:t)

qr:t—1

= Z Z p(xt:t—1,q1:c—1)P(qe|ge—1) p(xt|qt)

qt—1 q1:t—2

log p(x1:¢—1, G1:t—1) + log p(q¢|qe—1)p(x¢|qt)
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a;t(t) = Z p(xi:t, q1:t) log p(x1:t, qu:t)

qr:t—1

= Z Z p(Xl:tfla ql:tfl)p(qt|Qtfl)p(Xt|qt)

qt—1 q1:t—2

['Og p(x1:t-1, qr:e-1) + log P(qt\qt_l)p(xt!qt)]

_Z (qtlqe-1)p(xtlqe)

qt—1

[aihl(t —1)+ag_,(t—1)log p(qtqt—l)p(xt!qt)]
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a;t(t) = Z p(xi:t, q1:t) log p(x1:t, qu:t)

qr:t—1

= Z Z p(xt:t-1,q1.c—1)P(qe|ge—1) p(Xt|qt)

qe—1 q1:t—2
[log p(x1:t—1, q1:t—1) + log p(qt\qt_l)p(xt!qt)]

= p(qelge-1)p(xelqe)

qt—1

[a;tl(t —1)+ag ,(t—1)log p(qtqt—l)p(xt!qt)]
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a;t(t) = Z p(xi:t, q1:t) log p(x1:t, qu:t)

qr:t—1

= Z Z p(Xl:tfla ql:tfl)p(qt|Qtfl)p(Xt|qt)

qt—1 q1:t—2

[log p(x1:t—1, q1:¢—1) + log p(qt\qt_l)p(xt!qt)]

—Z Qt’qtl Xt|qt)

qt—1

[a;tl(t — 1)+ ag,_,(t—1)log p(qtqt—l)p(xt!qt)]

Egp(ax)llog p(X, Q)1 = p(QIX)log p(X, Q) = > oy (T)
Q qT

Hao Tang Training Hidden Markov Models



9 R
303 p(QUIX) g pa(X", Q)

r=1 Qr
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R
ai, D) p(Q11X") log px(X", Q")
=1 @r
R
=33 QX 7logpﬂ(X” Q")
r=1 Qr
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R
ai, D) p(Q11X") log px(X", Q")
=1 @r
R
=33 QX 7|ogpn(X’ Q")
r=1 Qr
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R
6(; > " p(Q11X") log px(X", Q")

"r=1 @r

R

=33 QX 7logpﬂ(X” Q")
r=1 Qr

R

_ rIxr q{:i
Z r p(q1|X") puy

r=1 gqi
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P R

5= D> P(QX ) log pr(X", Q")
"r=1 @r
R

= > > p(QIX)5 (X", Q")
r=1 Qr

I
M=

Tgr—i
rIxr =
2 p(q1|X") puy

1 qf
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R
S S P(@X")log pe(X" Q")
’r: Qr

R

ZZ p(Q"X" 7logp7r(X” Q")
10

R

Z plagX)—— e

R
Z_: plar = i|X")— p
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R .
ast1_ 2 Pla] = i1XT)

i T =R J :

' > 2 Paf = jIX")
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R .
ast1_ 2 Pla] = i1XT)

i T =R J :

' > 2 Paf = jIX")

r_axry = PXat = plar = 1) _ Bi ()77
p(gr =ilX") = p(X") = (X"
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ﬂis+1 _ RZleJp(qf = "|X'r)
> re1 2_j—1 Plag = JIX")
S B
SR Y B (1)

r_axry = PXat = plar = 1) _ Bi ()77
p(gr =ilX") = p(X") = (X"
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e Viterbi Training

R
s+1 _ Zf:l ]lq{:i
T T &R T
21 j=1-"a1=j
e EM
R r s
7_‘_§+1 — Zr:l Bi(]‘)ﬂ-i

R J
’ > j=1 51'(1)771?
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7i(t) = plge = jI1X) = 25(0)5(1)

ai(t — 1)asbj(x:)B;(t)

fi,j(t) =p(ge =J,qe-1 = i|X) = p(X)

st DD DI &i,(t)
9 T &R T —J
D i1 2otta 2ok=1 &1 k(1)
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Expectation Maximization

o E-step: Compute Eq.p,(q|xr)[log pr(X", Q)] for
r=1,...,R.

o M-step:

R

AT = argmax > Egepys(aixnllog pa(X", Q)]
r=1
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Expectation Maximization

e E-step: Compute a, 3,0/, 7,&.

@ M-step: Compute X in closed form.
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Expectation Maximization

o M. A2 L8
@ Does EM converge?

@ Does EM improve Hle p(X")?
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@ Stochastic Gradient Descent
o Viterbi Training

@ Expectation Maximization
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Further Reading

@ Chapter 6, Rabiner and Juang, “Fundamentals of Speech
Recognition,” 1993

@ Bilmes, “A gentle tutorial of the EM algorithm and its
application to parameter estimation for Gaussian mixture and
hidden Markov models,” 1998

@ Chapter 3, Beal, “Variational Algorithms for Approximate
Bayesian Inference,” 2003
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