Hidden Markov Models
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Variable Lengths
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Three Parts
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Three Parts
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Bakis Model

0.1 0.4 0.1
1
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@ Variable lengths

@ Acoustic cues

@ Three states

@ Transition probabilities
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Matching
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Likelihood
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Likelihood

112
fidhienisi

SAsalssalddd

Hao Tang Hidden Markov Models



Likelihood
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(Probabilistic) Bakis Model
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Hidden Markov Models

States S, e.g., {1,2,3} (J=S5])
Prior probabilities 7, e.g., [1,0,0]

Transition probability p(q¢’ = jlg = i) = ajj

01 09 0
A=1]10 04 06
0 0 1

Emission probability p(x|q = j) = bj(x)

Observations X = x1.7 = X1, X2, ..., XT
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Transition Probabilities and State Machines
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Transition Probabilities and State Machines
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Joint Probability

p(X, Q) =
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Joint Probability

p(X; Q) = p(q1)
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Joint Probability

p(X, Q) = p(q1)p(x1lq1)
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Joint Probability

p(X, Q) = p(q1)p(x1|q1)p(q2]q1) p(x2|92)
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Joint Probability

p(X; Q) = p(q1)p(x1|q1)p(azlq1)p(x2|q2) - - - p(aT|gT-1)P(XT|qT)
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Joint Probability

p(X; Q) = p(q1)p(x1|q1)p(azlq1)p(x2|q2) - - - p(aT|gT-1)P(XT|qT)
T

= p(q1)p(x1|q1) H p(qt|qe—1)p(xt|qr)
t=2

Hao Tang Hidden Markov Models



X1 X2 X3 X4 1 2 3

frames

1122222233

Hao Tang Hidden Markov Models



X1 X2 X3 X4 1 2 3

frames
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Viterbi Algorithm

argmax p(Q|X)
Q
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Viterbi Algorithm

p(X, Q)
p(X)

argmax p(Q|X) = argmax
Q Q
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Viterbi Algorithm

p(X, Q)
argmax p(Q|X) = argmax
Q e pX)
= argmax p(X, Q) = argmax p(x1.7, q1:T)
Q a1 T
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Viterbi Algorithm

p(X, Q)
argmax p(Q|X) = argmax ———
Q e pX)
= argmax p(X, Q) = argmax p(x1.7, q1:T)
Q a1 T

@ How many sequence should we consider in the max?
|5|T — JT
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A Useful Recurrsion

p(xat, que) = plau)pCala) | plarlar—1)p(xlar)
T=2
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A Useful Recurrsion

p(xe, qu:t) = p(ar)p(xalar) [ | p(arlar—1)p(xlgr)
T=2
t—1
= p(q1)pCalar) [ [ p(arlar—1)p(x|gr) [p(qtht—l)p(xt!qt)]
T=2
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A Useful Recurrsion

p(xe, qu:t) = p(ar)p(xalar) [ | p(arlar—1)p(xlgr)
T=2
t—1
= p(q1)pCalar) [ [ p(arlar—1)p(x|gr) [p(qtht—l)p(xt!qt)]
T=2

= p(X1:t—1, q1:t—1) [P(Qt|CIt—1)P(Xt|CIt)]
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Viterbi Algorithm

max p(x1:t, q1:¢)
q1:t—1
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Viterbi Algorithm

max p(xt:t, qr:¢) = max max p(xi:c, Guic)
qr:t—1 qt—1 qu:t—2
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Viterbi Algorithm

max p(xt:t, qr:¢) = max max p(xi:c, Guic)
qr:t—1 qt—1 qu:t—2

= max max p(xi:t—1, q1:t—1)P(Ge|qe—1) P(Xe| Gt)

qt—1 qr:t—2
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Viterbi Algorithm

max p(xt:t, qr:¢) = max max p(xi:c, Guic)
qr:t—1 qt—1 qu:t—2

= max max p(xi:t—1, q1:t—1)P(Ge|qe—1) P(Xe| Gt)

qt—1 qr:t—2

= maXx P(qt|qt—1)P(Xt|Qt) max p(Xl:tfla Q1:t—1)
qt—1 qr:t—2
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Viterbi Algorithm

VCIt(t) = max p(Xlzta ql:t)

qlt—1
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Viterbi Algorithm

VCIt(t) = max p(Xlzta ql:t)

qlt—1

= max p(qt|qe—1)p(xt|qt) max p(x1:t-1, 1:t-1)
qr—1 q1:t—2
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Viterbi Algorithm

VCIt(t) = ‘;P?—Xl p(Xlzta ql:t)

= max p(qt|qe—1)p(xt|qt) max p(x1:t-1, 1:t-1)
qr—1 q1:t—2

= max p(elge-1)p(xe|qe) V., (t — 1)
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Viterbi Algorithm

VCIt(t) = max p(Xlzta ql:t)

qlt—1

= max p(qt|qe—1)p(xt|qt) max p(x1:t-1, 1:t-1)
qr—1 q1:t—2

= max p(elge-1)p(xe|qe) V., (t — 1)

Ve (1) = p(q1)
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Viterbi Algorithm

Va (t) = max p(qelge—1)P(xe|Ge) Vo, (t — 1)

Var (1) = p(a1)
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Viterbi Algorithm

Va (t) = max p(qelge—1)P(xe|Ge) Vo, (t — 1)

Var (1) = p(a1)

Vi(t) = I.imaXJP(Qt = jlge—1 = i)p(xelq: = j)Vi(t — 1)

e
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Viterbi Algorithm

Va (t) = max p(qelge—1)P(xe|Ge) Vo, (t — 1)

Var (1) = p(a1)

Vi(t) = I.imaXJP(Qt = jlge—1 = i)p(xelq: = j)Vi(t — 1)

e

= max agby(x) Vi(t — 1)

Ty
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Viterbi Algorithm

Va (t) = max p(qeqe—1)p(xel 4e) Vo, (t — 1)

Var (1) = p(a1)

Vi(t) = I.imaXJP(Qt = jlge—1 = i)p(xelq: = j)Vi(t — 1)

e

= max agby(x) Vi(t — 1)

i=1,...,

Vi(1) = plar = i) = 7
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q1 q2 a3 qt—-1 Gt
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q1 q2 q3 de—-1 Q¢
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q1 q2 q3 de—-1 Q¢
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q1 q2 q3 de—-1 Q¢

1 1 1 1 1
2 2 2 2 2
3 3 3 3 3
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q1 q2 q3 de—-1 Q¢

1 1 1 —1 1
2 2 2 —2 2
3 3 3 —3 3
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Viterbi Algorithm

Vo (£) = max Voo s (£ 1)

qt—1
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q1 q2 q3 de—-1 Q¢

1 1 1 —1 1
2 2 2 —2 2
3 3 3 —3 3
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q1 q2 q3 de—-1 Q¢

1 1 1 —1 1
2 2 2 2 2
3 3 3 3 3
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q1 q2 q3 de—-1 Q¢

1 1 1 /1 1
2/2\2A/ O\
3 3 3 3 3
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Backtracking

BQt(t) = argmax P(Xl:t7 ql:t)

q1:t—1

= argmax p(q¢|qe—1)p(x¢|qt) argmax p(x1:t—1, G1:¢—1)
gi—1 q1:t—2

= argmax p(q¢|qe—1)P(xt|qe) Bg,_, (t — 1)
qe—1
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Backtracking

BQt(t) = argmax P(Xl:t7 ql:t)

q1:t—1

= argmax p(q¢|qe—1)p(x¢|qt) argmax p(x1:t—1, G1:¢—1)
gi—1 q1:t—2

= argmax p(q¢|qe—1)P(xt|qe) Bg,_, (t — 1)
qe—1

B;(t) = qrgmaxp(qt =jlqe-1 = i)p(xtlqe = j)Bi(t — 1)

i=1,...,J
= argmax aj;b;(x;)Bi(t — 1)
i=1,..,
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Backtracking

Gt = argmax Vg, (T)

g1 = th(t) fort=1T,...,2

Hao Tang Hidden Markov Models



Backtracking

Gt = argmax Vg, (T)

g1 = th(t) fort=1T,...,2

Gt = argmax V;(T)
i=1,....d

gi—1 = th(t) fort=T,...,2
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Viterbi Algorithm

@ Recurrsion
p(x1:t, q1:t) = p(X1:t—1, G1:¢-1) [P(qt|CIt1)P(Xt\CIt)]

@ Optimal path argument

If a path is optimal, then all of its subpaths are optimal.
Otherwise, we can always replace the non-optimal subpaths to
get a better path.
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max p(Xi:t, g1:¢) = Max max p(xi.¢, q1:¢)
qr:t—1 qt—1 qr:t—2

= max max p(x1:¢—1, G1:t—1)P(qe|Ge—1) P(X¢|qt)

qt—1 q1:t—2

= max p(q¢|qe—1)P(Xe|qe) max p(xi:¢—1, q1:¢—1)
qe—1 qr.t—2
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Z p(x1:t, q1:¢) Z Z p(x1:¢, G1:t)

qr:t—1 qt—1 q1:t—2
=D plxae-1, qre-1)p(qe|ge-1) (x| q¢)
qt—1qLt—2
= Z (qtlqe—1)p(xe|qe) Z p(x1:t-1, q1:t-1)
qe—1 qr.t—2
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Forward Algorithm

O‘qt(t) = Z p(Xl:t’ ql:t)

q1:t—1

= ZP(QHQt—l)P(Xt\CIt) Z p(x1:t—1, q1:¢-1)
qt—1 qrt—2

—Z (atlqe-1)p(xelqr)ag, ., (t — 1)
qt—1

aq (1) = p(a1)
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Forward Algorithm

aq(t) = Z P(Ge|qe—1)p(x¢|qt) g, (t — 1)
qt—1

ag (1) = p(a1)
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Forward Algorithm

aq(t) = Z P(Ge|qe—1)p(x¢|qt) g, (t — 1)
qt—1

ag (1) = p(a1)

J

ay(t) = ZP(Qt = jlgt—1 = i)p(xelqr = j)ai(t — 1)
i=1
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Forward Algorithm

aq(t) = Z P(Ge|qe—1)p(x¢|qt) g, (t — 1)
qt—1

ag (1) = p(a1)

J
aj(t) = ZP(Qt = jlgt—1 = i)p(xelqr = j)ai(t — 1)
i=1

J
= Z a,-J-bJ-(xt)a,-(t — 1)
i=1

Hao Tang Hidden Markov Models



Forward Algorithm

aq(t) = Z P(Ge|qe—1)p(x¢|qt) g, (t — 1)
qt—1

ag (1) = p(a1)

J
aj(t) = ZP(Qt = jlgt—1 = i)p(xelqr = j)ai(t — 1)
i=1

J
= Z a,-J-bJ-(xt)a,-(t — 1)
i=1

ai(l)=plqn =i)=m;
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Marginal Probability

aqt(t) = Z p(x1:¢, q1:¢)

qr:t—1
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Marginal Probability

aqt(t) = Z p(x1:¢, q1:¢)

qr:t—1

= P(Xlzt, CIt)
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Marginal Probability

aqt(t) = Z p(x1:¢, q1:¢)

qr:t—1

= P(Xlzt, CIt)

J
p(X) = pla:T) = Zaqr )=>_ai(T)
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Hidden Markov Models

@ hidden, because @ = g1.7 is not observed

@ Markov property

P(Xt|Q1:t) = P(Xt|Q1, a, ..., Qt)
= p(xt|qt)
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Further Reading

@ Chapter 6, Rabiner and Juang, “"Fundamentals of Speech
Recognition,” 1993
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