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Three Aspects of Learning

o Action selection
o Adaptation of perceptual mechanisms

o Shaping of the learning problem
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Multi-Armed Bandits (Herbert Robbins, 1952)

@ N possible actions (one per
machine = arm)

@ Reward depends only on present
action and is characterised by a
distribution which is fixed for
each action

C

@ You can play for some period of
time and you want to maximise
reward (expected utility)

Which is the best action/arm/machine?

What sequence of actions to take to find out?

@ Simplifying assumption: no context. In practise, we want to
solve contextual problems but that is for later discussion.
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Applications in Real Life: Decision Making

@ Choose the best content for your commercial website

e content options = machines
o reward = user’s response (e.g., click on an ad)

@ Also, experimental design, e.g. clinical trials

e arm = administered treatment
e reward = patient cured

e Adaptive routing efforts for minimising delays in a network.

@ Which project should | work on?

Multi-armed bandit. Adapted from Wikipedia, the free encyclopedia
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Multi-Armed Bandits

What choice of actions given the rewards?
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N-Armed Bandit Problem

Choose repeatedly one of N actions; each is called a play

After playing a;, you get a reward r;, where the action value is
the expected reward conditioned on the chosen action

E{rla:} = Q(at)

r is a random variable whose distribution depends only on a;

Objective is to maximise the (expected) reward, say

e in the long term, asymptotically,

e over a given number of plays,

e any-time (given playing time distribution), also for
non-stationary rewards

To solve the N-armed bandit problem, you must explore a
variety of actions and exploit the best of them
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Exploration /Exploitation Dilemma

@ Suppose, at time t you have arrived at reasonable estimates
Q: (a) of the true action values Q (a), a€ A, |A| =N, i.e.

Qe (a) = Q(a)

@ The greedy action at time t is af

. R
a; = argmaxQ:(a
t g max (a)
as = a; = exploitation

ar # a; = exploration

Dilemma:

@ You can't exploit all the time; you can't explore all the time
@ You can never stop exploring; but you could reduce exploring.

The problem involves “a sequence of decisions, each of which is

based on more information than its predecessors” (Gittins)
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Exploration and exploitation

Exploitation: striving for reward: p=E{r}

Exploration: striving for “information: o2 =E {r?} — E {r.}?

<r(1)>=1
<0(1)>=0.0

<r(2)>=0.9
<06(2)>=0.3

2

... back to this later; for the moment assume % =const
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Action-Value Methods

Methods that adapt action-value estimates and nothing else, e.g.:
suppose by the t-th play, action a had been chosen k, times,

producing rewards ri, r» , ..., r,, then
P rn—+rn+--+r

Qt (a) = k

a

The sample average is an estimator for which holds

lim Qx, (3) = Q(a)

ka—r00

Zka:t
a
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The simple greedy action selection strategy: a; = argmax, Q: (a)

Why might this be inefficient?

@ Either t is large: you have spend a lot on exploration

@ or t is small: estimation errors are large

Any compromises, that can be used for online estimation of the
reward distribution from a few samples.
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e-Greedy Action Selection

@ Given the greedy action selection:

a; = argmax Q; (a)
a

e we define e-greedy:

a; with probability 1 — ¢
ar = . . .-
random action with probability ¢

. a simple way to balance exploration and exploitation

o Greedy! is e-greedy for e =0

YHere is an initialisation problem involved. It may be advisable to try out

each action a few time before continuing greedy or e-greedy.
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Worked Example: 10-Armed Testbed

N = 10 possible actions
Q (a) are chosen randomly from a normal distribution A/ (0, 1)

1000 plays with fixed Q (a)

Average the results over 2000 trials, i.e. average over different
random choices of Q (a)

°
°
@ Rewards r; are also normal NV (Q (at), 1)
°
°
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e-Greedy Methods on the 10-Armed Testbed
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Softmax Action Selection

@ Bias exploration towards promising actions

@ Softmax action selection methods grade action probabilities by
estimated values.

@ The most common softmax uses a Gibbs (or Boltzmann)
distribution:

@ Choose action a on play t with probability
eQ:(a)/T
S e

where 7 is a “computational temperature”:

. — 1
o'r%oo.P—N

o 7 — 0: greedy
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Incremental Implementation

@ Sample average estimation method

@ The average of the first k rewards is (ignoring the dependence
on a for the moment):

n—+mn+---+r

Qk = P

@ How to do this incrementally (without storing all the rewards)?

@ We could keep a running sum and count, or, equivalently:

1
Q1 = Qi+ ) (rk+1 — Qi)

@ In words:

NewEstimate = OldEstimate + StepSize [Target — OldEstimate]
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Tracking a Nonstationary Problem

@ Choosing Q) to be a sample average is appropriate in a
stationary problem, i.e., when none of the Q@* (a) change over
time,

@ But not in a nonstationary problem

@ Better in the nonstationary case is to choose a constant
a € (0,1]

Qu+1 = Q+a(rgr — Qi)
= (1—04)Qk+04rk+1

= (1-aq) QO+Z (1—a)

o this is an exponential, recency-weighted average
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Optimistic Initial Values

All methods so far depend on @y (a) , i.e., they are biased
Encourage exploration: initialise the action values optimistically,

i.e., on the 10-armed testbed, use Qp(a) =5 Va

100%
optimistic, greedy
50% Q=5 €=0
% realistic, e-greedy
Optimal Gy=0. e=0.1
action
0% =T T T T T 1
0 2000 400 600 500 10060

Plays
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Beyond Counting. . .

s suffereds (A
P P PR
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MAB is a Special Case of Online Learning
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How to Evaluate Online Algorithm: Regret

@ After you have played for T rounds, you experience a “regret”
[Reward sum of optimal strategy] — [Sum of actual collected rewards]

T

]
po= Tu =Y t=Tu =Y Elr, (1)
t=1

t=1
*

= ma
p 3 f1k

o If the average regret per round goes to zero with probability 1,
asymptotically, we say the strategy has no-regret property
~ guaranteed to converge to an optimal strategy

o c-greedy is sub-optimal (so has some regret). Why?
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Using Confidence Bounds

e Estimate upper confidence bound U, (k) for all action values
o Estimate should obey Q(k) < Q:(k) + U:(k) with high prob.
e Choose action by comparing Q;(k) + U;(k) rather than Q.(k)
@ Try more often

o rarely used action
e actions with high-variance rewards tried more often
e action with high estimates of average reward

Select action maximising Upper Confidence Bound (UCB)

ke = arg max Qe(k) + (k)

@ In the course of time better estimates for rarely used actions
become available, confidence bounds become narrower,
estimates become better
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Interval Estimation Procedure

@ Associate to each arm a (1-«) reward mean upper band
@ Assume, e.g., rewards are normally distributed

@ Arm is observed k times to yield empirical mean & standard
deviation

@ «a-upper bound:

A

A o _
Uy = fi+—ct(1-0)

VN
c(t) = \/%/tooexp(—X22> dx

@ Cumulative Distribution Function
o If o is carefully controlled, could be made zero-regret strategy

@ In general, we don't know
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Interval Estimation (simple variant)

o Attribute to each arm an “optimistic initial estimate” within a
certain confidence interval

o Greedily choose arm with highest optimistic mean (upper
bound on confidence interval)

@ Infrequently observed arm will have over-valued reward mean,
leading to exploration

@ Frequent usage pushes optimistic estimate to true values
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UCB Strategy (another variant)

@ Again, based on notion of an upper confidence bound but
more generally applicable

o Algorithm:

e Play each arm once
o At time t > K, play arm j; maximising

2Int
ri(t)+
J() 7_j7t

where T; ; is the number of times the arm j has been played so far
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UCB Strategy (based on Chernoff-Hoeffding Bound)

Intuition:
The second term /21Int/T; ; is the the size of the one-sided

(1 — 1/t)-confidence interval for the average reward (using
Chernoff-Hoeffding bounds).

_

yy \
o~

. ™~
true expected reward upper confidence bound

Let Xi. X5, .. .. X, be independent random variables in the range

[0, 1] with E[Xj] = .. Then for a > 0,

n
P (%ZX :;,u—a) < g 20
=
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UCB Strategy — Behaviour

We will not try to prove the following result but | quote the final

result to tell you why UCB may be a desirable strategy — regret is
bounded.

Theorem

(Auer, Cesa-Bianchi, Fisher) At time T, the regret of the UCB policy is
at most

8K
AT 45K,

where A* = it — maxjy, «u- ft; (the gap between the best expected
reward and the expected reward of the runner up).
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Variation on SoftMax

It is possible to drive regret down by annealing 7

Exp3 : Exponential weight algorithm for exploration and
exploitation

Probability of choosing arm k at time t is

Wy (t) 0%
Pe(t)y=0-9) =————+—
ZJI'(ZI wi(t) K
Wi (t+ 1) _ ] (t) exp <_7P7((t3)K> if arm j is pu||ed at t
’ w; (t) otherwise

regret = O( KTIog(k)>
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The Gittins Index

@ Each arm delivers reward with a probability

@ This probability may change through time but only when arm
is pulled

e Goal is to maximise discounted rewards — future is discounted
by an exponential discount factor v < 1.

@ The structure of the problem is such that, all you need to do is
compute an “index” for each arm and play the one with the
highest index

@ Index is of the form (k € A):

L (ZlerR)
T (2l
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Gittins Index — Intuition

Proving optimality is not within our scope

Stopping time: the point where you should ‘terminate’ bandit

Nice Property: Gittins index for any given bandit is
independent of expected outcome of all other bandits
e Once you have a good arm, keep playing until there is a better
one

o If you add/remove machines, computation does not really
change

e BUT:

e hard to compute, even when you know distributions
o Exploration issues: Arms are not updated unless used?.

2In the restless bandit problem bandits can change even when not played.
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Numerous Applications!

Medical trials

Packets routing Ads placement
LJ

17/01/2014 Michael Herrmann RL 2



Extending the MAB Model

@ In this lecture, we are in a single casino and the only decision
is to pull from a set of N arms
(except in the very last slides, not more than a single state!)

Next,3

@ What if there is more than one state?

@ So, in this state space, what is the effect of the distribution of
payout changing based on how you pull arms?

@ What happens if you only obtain a net reward corresponding
to a long sequence of arm pulls (at the end)?

3Many slides are adapted from web resources associated with Sutton and
Barto's Reinforcement Learning book, before being used by Dr. Subramanian

Ramamoorthy in this course in previous years.
17/01/2014 Michael Herrmann RL 2



e http://en.wikipedia.org/wiki/Multi-armed _bandit*

@ H. Robbins (1952) Some aspects of the sequential design of
experiments. Bulletin of the American Mathematical Society
58(5): 527-535.

e Cowan, Robin (July 1991) Tortoises and Hares: Choice among
technologies of unknown merit 101 (407). pp. 801-814.

@ P. Auer, N. Cesa-Bianchi, and P. Fischer (2002) Finite-time
analysis of the multiarmed bandit problem. Machine learning
47(2-3): 235-256.

e B. Si, K. Pawelzik, and J. M. Herrmann (2004) Robot
exploration by subjectively maximizing objective information

gain. IEEE International Conference on Robotics and
Biomimetics, ROBIO 2004.

“*Colour code: red — required reading; blue — recommended reading; black —

good to know.
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