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Please answer all the questions. We expect to get through Q1, Q2, and probably Q3 in the
tutorial.

1. Write

P (r, x, y, z) =
1

Z
P (r|x, z)Φ1(x, y)Φ2(y, z)

where P (r = 1|x, z) = 0.5 + 0.2(x − z), Φ1(x, y) = (x + y) and Φ2(y, z) = (y + 1)(z + 1).
All r,x,y,z are binary {0, 1} variables.

(a) Compute the value of Z as efficiently as you can (consider using a repeated elimination
approach).

(b) Write down all the conditional independence relationships of the form I(A,B|C) that
you think might hold (remember we can condition on the null set too, to arrive at
unconditional dependence relationships).

(c) Draw a minimal1 undirected and a minimial mixed (directed+unidrected) factor
graph for this distribution.

(d) Test your proposed conditional independence relationships using the factor graph
separation rule. Do this using both the undirected and mixed factor graph represen-
tations. What do you notice?

2. A multivariate Gaussian distribution can be written as

P (x) =
1

|2πΣ|
1
2

exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
where Σ−1 is symmetric.

Draw a minimal factor graph representation for a three dimensional Gaussian distribution.
You may find it useful to write out the vector-matrix-vector computation in summation
form.

3. Consider the following model for images. Each image is split into 8x8 pixel regions. Each
region i is given a label xi relating to the type of object represented in that region. Then
the 64 pixels yij j = 1, 2, . . . , 64 in that region i are determined dependent on the label xi.
The probability of an object label in each region i is considered to be directly dependent

1Here we use the term “minimal” in a vague way to just to mean a choice of representation that does not
produce factors that are bigger (i.e. contain more variables) than they need to be.
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only on the xi in neighbouring regions, denoted as the neighbourhood set Ni. Illustrate
the form of factor graph you may use for such a model.

We can write the distribution out in the form

P (x,y) =
1

Z

∏
i

Pi(yi|xi)Ψi(xi,xNi)

By considering two neighbouring pixels in different regions, and thinking in terms of con-
ditional independence relationships, give a criticism of this form of model.

4. Again, consider the model

P (r, x, y, z) =
1

Z
P (r|x, z)Φ1(x, y)Φ2(y, z)

where P (r = 1|x, z) = 0.5 + 0.2(x − z), Φ1(x, y) = (x + y) and Φ2(y, z) = (y + 1)(z + 1)
and all r,x,y,z are binary {0, 1} variables.

(a) Use the elimination algorithm to compute P (x|z = 1).

(b) EXTRA: Use the elimination algorithm to compute P (y|r = 0).

The EXTRA question is for students to work through to convince themselves they are now
confident in handling these sorts of questions. Answers will not be provided: try to work
on the material until you are confident in your answer to this question.
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