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1.
P(np,nel0) = 0™+ (1 — 6)™ (Binomial likelihood)
N fth (Maximum likelihood solution, see last week’s tutorial)
ny + ne
p(0) o< (1 — gyt (Beta prior)
E[0] = an (Prior mean, property of beta distribution)
ap + oy
p(8|nn, ny) o< P(ng, ng0)p(6) oc rTn=1(1 — g)aetne—1 (Posterior is also a beta distribution)
E[0|D] = O+ Tk (Posterior mean, property of beta distribution)
ap + o +np 4+ Ny
ap Np
= — R — —|—
a+n a+n (a Oh o, =14 nt)
o ap n_np

a+n « a+nn
=AE[0] + (1 — \)fyr (A=a/(a+n))

2. Expected loss (or risk) of go ahead is L(go ahead, fair) x P(fair)+ L(go ahead, rain) x P(rain) = —1x0.44+2x0.6 = 0.8.
Expected loss of cancel is 3 x 0.4+ 0 x 0.6 = 1.2. To minimise loss, should go ahead.

3. Choose C; if (note only the case where 1.0 < 2z < 1.1 makes sense, if we assume the classes are complete)

P(Ci|z) > P(Celz) = p(z|C1)P(Cy) > p(z|C2)P(C2) = 10x0.6>200(zx—1)x04 = 2<1.075
It is a good idea to sketch P(C;, z) in the domain 1.0 < z < 1.1 to be clear what is going on.
Since z = 1.075 is the decision boundary

1.1
P(error) = / p(error, x) da = /
1

.0 1.0

1.075 1.1

p(Cy,x) dx + / p(Ch,z)dx
1.075

1.075 1.1
:/1 p(x|C2)P(C2)dJS+/ p(x|C1)P(C1) dw

.0 1.075

1.075 1.1
= / 200(z — 1) x 0.4 dx +/ 10 x 0.6 dz
1.0 1.075

= [402% — 802137 + [62]1 375 = 0.375

4.

P(error|z, chosen C;) = P(C; is not the class|z, chosen C;)
= P(C; is not the class|x) (whether or not C; is the class is independent of our choice)
=1— P(C; is the class|z)
=1— P(Ci|z)

P(error|z) = ZP(error\x, chosen C;)Q(Cs|x) = Z[l — P(C;|2)]Q(Cilz) =1 — ZP(C’AJ:)Q(CAJ:)

P(error) = /P(error|x)p(x) dz = / (1 — ZP(Cz|$)Q(Cz|$)> p(z)de=1— /ZP(CAx)Q(CAx)p(m) dz

To minimise P(error), we minimise P(error|z) for all z, i.e. maximise ), P(C;|z)Q(C;|z). To do this, observe that
> P(Ci|z)Q(C;|x) is a convex combination of {P(Cj|z)}s, since Q(C;|x) is a probability measure. P(error|z) is thus
minimised by placing weight of 1 at max; P(C;|x), and weight of 0 at all other points. Hence, optimum Q(C;|z) is
(i, argmax; P(Cj|z)). .
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