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Internal Models: Various Types
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State Estimation & Prediction

+ All the Internal models require estimation of the current state of the
system (which is problematic because ...):

s The CNS has to deal with huge sensorimotor delays

= The sensory signals are contaminated by noise and may provide only partial
information about the state

¢+ The Tennis Ball Example

Assume we just hit a tennis ball. If we use just the retinal position of the ball, we
have to deal with a sensory delay of about 100ms — Use a forward model to
predict where the ball is to generate a better estimate.

The ball’s spin cannot be directly observed but can be calculated by integrating
sensory information over time (ball’s trajectory) — This estimate can be
iImproved by knowing how the ball was hit (motor commands) and the internal
model of the ball’s dynamics.

This combination of using sensory feedback and forward models is
known as the ‘observer’ : Kalman filters are an example.




Predictive Control

F’reﬁ.ric:J:.. state Predicted Current state ¢ An efference copy of the motor
estimate current state estimate

command and dynamics model
Dynamics Q \ O— Q 'Y enables us to construct the current
predieter N S N P state distribution from the previous

state estimate.

-

Censory base ¢ This new estimgte is refined by

ot correction using it to predict the current
sensory feedback. The error between

calman the prediction and the actual

o gain sensory feedback is used to correct

feedback _ the state estimate.

¢ The Kalman gain changes this
sensory error into state error and
also determines the relative

Sansory Mater /fﬁ Importance placed on the efference

feadback command

N/ motor copy vs. the sensory feedback
. 4

Motor command
Efference copy

Predicted sensory
feedback

/



Probabilistic State Estimation

Wi Vi
01— 0, l State/observation equations

z = g (6, vi)

b

Goal: Given D, = {z,,2,,...,2z.} estimate p(0.|D;)
Recursive state estimation:
Initial: p(05|Dg) = p(6q)
Prior: p(0.D;—y) = /P(eklﬂk—l]p(ﬂk—1|f}k—l]dﬂk—l

Posterior: p(6y.|Dy) x p(z,|0))p(601.|Ds—1)



A Special Case: The Kalman Filter

Assume linear state/observation equations, and Gaussian noise
distributions

State/observation equations: Recursive state estimation:
0. =F0O,._, + Pw, Prior:
wr ~N(0,Q) ay - = Fa,_,
zr. = GO + Vv, Pur—1 = FP, ,FT + Qa7
v, ~ N (0,R) _
Posterior:

ap = apfp-1 + P:;|::—1GTK[.1 (2 — Gayp—1)
P, =P — Py 1 GTK 'GPy
K, = GP.,GT + PR¥’



Kalman Filter: Prediction / Estimation Cycle
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Stimulus Tracking - Formulation

State: For a linear, Gaussian system:
0 = [.r y dr dy]T 0. =FO0,_| + dw,
. e ~ N (0,
State Transition: W 0,Q)
d g — Ggh + ‘I’V;;
Tj = Tp—1 + AT)— vi ~ N\ (0.R)
Uk = Yr—1 + dYr—1
dry. = drp—1 State transition matrix:
dy. = dyp— (1 0 1 0]
0 1 0 1
F= 0010
0 0 0 1

Observation matrix:

1000
G:[0100}



Stimulus Tracking - Examples

Tracking a target with temporary occlusion
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Linearize state
equations:

Linearize obs.
equations:

Filter prediction-
update:

Extended Kalman Filter

0. = fla_1) + Fi—1 [01-1 — aj—1] + )y wy,

9f(6,w) 5f (6, w)
FJ'.:—]. — ) (I)k—l = T a..
aﬂ (ap_,.0) aw (ag_1.0)
zi. = G0, + Prvy
dg(0,v) dg(0,v)
Gy = L v =
89 (au,;_l.ﬂ) {}V (a;_|;__l+ﬂ:|

A k-1 = flag_1)

Prji-1= Fr1PraFi_ + ®,..Q®;_,
ar = agp—1 + Prp—1GL KL |21 — g(aki—1)]
Py = Pij—1 — Prp—1GL K "G Prjr—1
K = G.Py_1GT + W, RU7



Particle Filters

Assume N samples: 0;._,(i) ~ p(0)_1|Dy_1)

Prediction:
Oci—1(1) = f(Or—1(1), wi—1(7)) where wi_;(i) ~ p(wi_1)
Update:
(25| Ok)i—1(7))
S p(z| O (7))
eResample (multinomial dist.) Pr(6.(j) = 0-1(7)) =

eCompute: ¢; =

Algorithm requirements:
\We can sample from p(w)
\We can evaluate (up to a constant factor) p(z|@0)

Gordon et al (1993)



Other variations on a theme...

Switching Kalman Filters
Variational Kalman Filters

= Variational approximation to posterior distribution of filter
parameters (Ghahramani & Beal — 1998)

Unscented Kalman Filters
Unscented Particle Filters



