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Bio-PEPA
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® Properties @ Ciocchetta, F., and J. Hillston.
Formal Bio-PEPA: A framework for the modelling
ngh—.level and analysis of biological systems.
Concise . ;
Readable Theoretical Computer Science.
Static analysis Volume 410, Issues 33-34, 21 August
Multiple analysis 2009, Pages 3065—-3084.
vectors Concurrent Systems Biology: To Nadia

Busi (1968-2007)
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Discrete and stochastic or
continuous and deterministic?
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Outline

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

@ The Bio-PEPA language
© Bio-PEPA Software Tools
© Analysis based on ODEs
@ Analysis based on CTMCs
© Examples: Two Genetic Networks
@ The Network With Protein Degradation (M)
@ The Network Without Protein Degradation (M>)
@ Larger examples
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Outline
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@ The Bio-PEPA language
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Enzyme-Substrate example
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® Consider the simple Enzyme-Substrate reaction involving an
enzyme E, a substrate S, a compound E:S and a product P.

ki ko
E+S = ES - E+P
k_1
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Formulation in Bio-PEPA
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The kinetic functions

The Bio-PEPA model
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The differential equations
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The Bio-PEPA model
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The Jacobian
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The differential equations

dS/dt —kix ExS+k 1 xES
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The Jacobian
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The differential equations

dS/dt —kix ExS+k 1 xES
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Using the Jacobian

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

® ODE solvers generally use finite differences to approximate the
Jacobian matrix if it is not supplied, but an implementation of the
analytically derived Jacobian can improve the speed, accuracy and
reliability of the program.
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Using the Jacobian
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® ODE solvers generally use finite differences to approximate the
Jacobian matrix if it is not supplied, but an implementation of the
analytically derived Jacobian can improve the speed, accuracy and
reliability of the program.

® The Jacobian (and Hessian and higher derivatives) are computed
automatically from the differential equations using symbolic
differentiation.

it
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Using the Jacobian

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

® ODE solvers generally use finite differences to approximate the
Jacobian matrix if it is not supplied, but an implementation of the
analytically derived Jacobian can improve the speed, accuracy and
reliability of the program.

® The Jacobian (and Hessian and higher derivatives) are computed
automatically from the differential equations using symbolic
differentiation.

® Programs that compute bifurcations will use the Hessian and
higher derivatives.

it
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Outline
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9 Bio-PEPA Software Tools
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Requirements
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1. Facilitate running several different types of quantitative analysis
on a single Bio-PEPA model.

2. Facilitate combining the results of several runs of one particular
type of analysis of a Bio-PEPA model.

3. Require as little explicit programming as possible from users.

4. Allow users to choose the parameters of interest for closer
investigation.

5. Build on other mature simulators and numerical libraries where
possible to avoid re-implementing existing functionality.

6. Users should be involved in deciding which features are important
through suggesting enhancements to current versions.

it
g,
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Bio-PEPA Analysis
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Bio-PEPA Eclipse Plug-in C&) mg
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®m A complete environment for working with Bio-PEPA models.

® Eclipse front-end and a separate back-end library.

l editor for the Bio-PEPA language

T

User l problems view

T

Interface — - —
l outline view for the reaction-centric view

T

l graphing support via common plugin

|
|
|
|

e —|

.
l parser for the Bio-PEPA language ‘
T

l static analysis ‘

Core 1

l ISBJava time series analysis (ODE, SSA) ‘
T

l export facility (SBML; PRISM) ‘
e —
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Availability
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[ Adam Duguid, Stephen Gilmore,

® The Bio-PEPA tools Maria Luisa Guerriero, Jane Hillston and
are freely available for Laurence Loewe.
download from Design and Development of Software
www.biopepa.org. Tools for Bio-PEPA.

Winter Simulation Conference.
Austin, Texas. December 2009.
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www.biopepa.org

serioncaperisn 00 OO
Bio-PEPA Eclipse Plug-in
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Bio-PEPA - Bio-PEPAV2/cell_shape_03June.biopepa - Eclipse SDK =
2p pepa - Eclip:
Irt-B&lu 2188 %e-o- [ [b<IBio-PEPA <1 PEPA &Java
avigator -a 154 transportation.biope )”} =0
v PTP_PKA ~||" PDE_high_km = v14 (+) PDE_high_km( cyto ; F
n cyto with iniial #molecules = 0 CAMP = v09 > > CAMPUCyto + V17 >> CAMPIICYto + V02 << CAMPIcyto +
\ PTRP V05 << cAMP cyto + V13f << CAMPIcyto +v13b > > cAMP cyto +

v14 << cAMP cyto + v18f << cAMPlcyto + v18b > > cAMP cyto +

v R2C2 v23f << cAMPICyto +v23b >> CAMPCcyto + v32f << cAMPlicyto +
in cyto with initial #molecules = 120 v32b >> cAMP cyto ;
45 Reactions PTP_PP = v28 (+) PTP_PPiicyto ;
R2C2_cyto, G.CDP@CY0 —> G_a_s@cyto PDE4_P = v20 >> PDE4_Picyto + v27 << PDE4_POcyto + V02 (+) PDE4_P ;

V01b, Is0_BAR@cyto_mem + G_a_s@cyto + bg@eyto -> 50_BA

V011, iso_BAR_G@cyio_mem —> iso_BAR@Cyto_mem + G.a_s@ & MAPK active_fraction = MAPK activei cyto / (MAPK cyto + MAPK activeicyto) ;

V02, cAMP@cyto + SPDE4_POcyto -> AMP@cyto MAPK_Pathway ::= B_Raf(cyto[120] <*> B_Raf_active(icyto[0] <*> MEK('cyto[108] <*

V03, B_Raf active@cyto + $PP2A@cyto -> B_Raf@cyto MEK_active cyto[0] <*> MAPK cyto[217] <*> MAPK_active: cyto[(,

v04b, iso_BAR@cyto_mem -> isoflextra + BAR@cyto_mem PP2A(cyto[60] <*> PTPcyto[120] <*> PTP_PKAT cyto[0] <*> PTP.,

V04f, iso@extra + BAR@cytlo_mem -> iso_BAR@cyto_mem € ) I

V05, cAMP@oyto + SPDE4Go0 -> AMP@Go ® Graph View 1t Rename Detach Close | Export to PNG Export to CSV = O

V06b, GRK_bg@cyto -> bg@cyto + GRK@cyto

V06, bg@cyto + GRK@cyto -> GRK_bg@cyto (Figure 1)

V07, SMEK _active@cyto + MAPK@cyto -> MAPK_active@cyto

V08, SPKA@cyto + B_Raf@icyto -> B_Raf_active@cyto cell_shape_03)une.biopepa

V09, SAC_active@cyto_mem + ATP@cyto -> CAMP@CYto ::g

v10f, G_a_s@cyto -> G_GDP@cyto 130

v11b, G_protein@cyto ~> G_GDP@cyto + bo@cyto PH

V11f, G_GDP@cyto + bg@cyto -> G_protein@cyto S B oo —

v12, is0_BAR_G@cyto_mem -> G_protein@cto + iso.8ARGayy || 8 » —— AC@Cyto_mem
€ 3 YT+ 3 — B_Raf_active@cyto
[ Problems 53 2] Error Log] =8 %9 — bg@cyto
T i DT 5 ® cAMP@cyto
Description Resource »
& Warnings (1 item) 10

& Definition declared but not used. cell_shape_03June biopepa O T3 w0 o 2w o 3w 3o a0 e

y5TE Time
Writable Insert 1:1 | b
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Outin 2 C,S,B.F
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© Analysis based on ODEs
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Differential equation analysis
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m Several different differential equation solvers exist.

SUNDIALS — ODE integrators in C

Matlab — numerical computing platform

MatCont — Matlab toolbox for continuation analysis
AUTO — C and Fortran package for numerical continuation

m Different formats and languages for problem description.

it
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Using VFGEN
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® VFGEN is a vector field file generator for differential equation
solvers and other computational tools.

® VFGEN lets you define your vector field once (using XML), and
export the vector field in several formats.

® VFGEN uses a C++ symbolic algebra library (GiNaC) to generate
Jacobians and higher derivatives automatically.
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Using VFGEN
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® VFGEN is a vector field file generator for differential equation
solvers and other computational tools.

® VFGEN lets you define your vector field once (using XML), and
export the vector field in several formats.

® VFGEN uses a C++ symbolic algebra library (GiNaC) to generate
Jacobians and higher derivatives automatically.

@ Warren Weckesser.
VFGEN: A Code Generation Tool.

Journal of Numerical Analysis, Industrial and Applied Mathematics,
Volume 3(1-2):151-165, 2008.

it
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VFgen representation of the (&) @%@
Enzyme-Substrate model
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<?xml version="1.0"?>
<VectorField Name="mm001" >

<Parameter Name="k1." Description="k1" Latex="k_1" DefaultValue="1"/>
<Parameter Name="km1_" Description="km1" Latex="k-{—1}" DefaultValue="0.1" />
<Parameter Name="k2_" Description="k2" Latex="k-2" DefaultValue="0.01"/>

< Expression Name="r1_" Description="r1" Latex="r_1" Formula=" k1. * E_ % S_"/>
< Expression Name="rm1_" Description="rm1" Latex="r_{—1}" Formula=" km1_ * E_colon.S_" />
< Expression Name="r2_" Description="r2" Latex="r_2" Formula=" k2_ % E_colon.S_" />

< StateVariable Name="E_" Description="E" Latex="E" DefaultlnitialCondition="100"
Formula=" — rl_ 4 rml_+ r2." />

< StateVariable Name="S_" Description="S" Latex="S" DefaultlnitialCondition="100"
Formula=" — rl_+ rml1." />

<StateVariable Name="E_colon_S_" Description="E:S" Latex="\hbox{ \textit{E:S} }"
Defaultlnitial Condition="0" Formula="rl_ — rm1l_ — r2." />

<StateVariable Name="P_" Description="P" Latex="P" DefaultInitialCondition="0"
Formula="r2_" />
< /VectorField >
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Analysing Bio-PEPA models (&) mg
with Matlab
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(=)(=)]
File Edit View Insert Tools Desktop Window Help -
Deda| kaans €0 O
100
a0 il
a0 il
70 H
hd Figure 2 =)o BO - 4
Eil Ed Vie |nse Toc Desla Wind Hel ~
B0 100 =0 ]
] 100 a0 i
E:5(0) [}
R(O) 0 30 b
k1l 1
km1 o 20+ 1
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Analysing Bio-PEPA models
with Matlab

File  Edit View

Insert

DeEs haams € 08| a0

(2l C,S,BIF
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Tools Desktop Window Help

100 T T
w50 +
a H H H H
300 350 400 450 500
100 T T T T T T T T T
@ 50& ﬂ{
v Figure 2 -8 % o
Eil Ed Vie Inse Toc Deskn Wind Hel ~ i 50 100 150 200 250 00 350 400 450 500
e e 1
E(0) 100 : ‘ :
] 100 :
E:5(0) I
POy o 300 350 400 500
k1 i
kml 0.1 . -
k2 0.01 ‘{
Stop Time SO0 L L 1 1
W Separate Axes 300 350 400 450 500
Go
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Bifurcation analysis and
continuation analysis
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® We have some support for more general analysis of ODE models
generated from Bio-PEPA descriptions.

® We can now perform bifurcation analysis and continuation
analysis on Bio-PEPA models.

Useful for studying systems which oscillate.

® Can compute phase response curves.

it
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Phase response curve C% mg

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

@ A. Dhooge, W. Govaerts, Yu.A. Kuznetsov, W. Mestrom, A.M. Riet and
B. Sautois

MATCONT and CL_.MATCONT: Continuation toolboxes in Matlab
December 2006.
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Outin 2 C,S,B.F
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@ Analysis based on CTMCs
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Enzyme-Substrate example
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® Consider again the simple Enzyme-Substrate reaction involving an
enzyme E, a substrate S, a compound E:S and a product P.

ki ko
E+S = ES 5 E+P
k_1

® Suppose that we could initiate this system with only 5 molecules
of E, 5 molecules of S, no compound and no product.

® With only 4 species and 3 reaction channels the system has a
small reachable state-space.

it
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Discrete state-space of the (&)
Enzyme-Substrate example
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(5500)
(4410%(5401

r- 1( )rl (] )fl
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fl( )l’l ) r
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1

r1<> rl
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Markov chain of the
Enzyme-Substrate example
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@50@
25k,

(441@&(5401)

2Ky { )16|<1 ka{ )20k1

@, 3.2, @—»(4 31 @—»@5 3,0, 2D

3ka{ 9% 2k, )12k ko{ )15k

(2 2.3, @3—"2»@, 2,2, @2—"2»@ 2,1, @ﬁ»@, 2,0, 3)

aky )k 3k )6k 2k )8k ko { )10k

(114@—»(213@3—'(2»(3122)2—'(2»@113%@10@

Ska{ )k 4kl )2k 3kl )3k 2k { )aka  ka{ )5k

(005@5—'(2»(104@4—'(2»(2032)&@302@&»@01@3{5005)
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Probability distribution
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® |f we know the initial molecule counts and the values of the rate
constants k; = 1.0, k_; = 20.0 and k, = 0.05 we can compute
the probability of being in each state of the state-space at all
future time points.

® At time t = 0 we have Pr(5,5,0,0) = 1.

it
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Transient probability, t =0

Icl! !25k1

0.000000)—2-+(5.000000
2k { Y16k ki{ )20k
0.000000) 22 o.oooo@ﬁ»@.oooooo
ko )9k 2k )12k ko{ )15k

0.000000)->% @.oooo@&@oooo@ﬁ»@oooo@
ak {0 )4k k3k1( )6k 2k )8k ka{ )10k
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0)-3k2, (6.000000}- 22 (0
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Transient probability, t = 0.00
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Transient probability, t = 0.01
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Transient probability, t = 0.1
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Transient probability, t =1
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Transient probability, t = 2
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Transient probability, t = 3
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Transient probability, t = 4
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Transient probability, t =5
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Transient probability, t = 6
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Transient probability, t =7
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Transient probability, t = 8
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Transient probability, t =9
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Transient probability, t = 10
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0.000008 0.000094 0.000215)—=~(0.000172)-—~(0.000053 0.000006

®
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Transient probability, t = 20

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

ko1 25k;
0.183692 ke 0.169522
2k 1 16k1 k1 20k1

0073343} 22.(0, 1691@—»@.0812@
3k.{ )% 2&1( )12k ko )15k

0.010081) > @.050629&@0608@&@0203@
aka( Yk 3ka{ )6k 2k )8k ka{ )10k

0.000548) 2 0005059—2»@ 012128) 2. (0.010127)2 @00265@
2|<1 3&1( )3k 2ka{ Ak ko )5|<1

AT
5k, N 3k f N 2k2 f
Q—»@ 000126 0.000605)"~(0.001009)-=2~(0.000660
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CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

Transient probability, t = 30

0.094850

kil )25k

0.118352)2.(0.17051
kil )20k

2k 1 Y16k

0.047250) 2 0.17019@3@1279@

ko )9k 2k { )12k ko{ )15k

0.007075)>% @.05095@&@0957@&@.0501@

ak( Yake 3ka{ )6k 2k )8k ka{ )10k
K 3K 2% k
2,(0.005084)-2( 0.0191@ 2 @.0250@ 2 @.010289

ka{ )5k

0.000353
)2k 3k { )3k 2k )k
0.000009)2..(0.000127) 2 0.0009@ 3k @.002499 2o @.002564 k2 (5000884

5k 1 ki
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Transient probability, t = 40

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

kil )25k

0.076250)—2.+(0.152558

2ka{ V16ki kai( )20k

0.030447) 22 o.1522@£@.159259
3|&_Y9)—Ck12|¢1( Y12k kil )15k

0.004558) <2 @.0455@&@.1191@3»@0870@
ko ( Yk 3ka{ )6k 2k )8k ka{ )10k

Ak 3k 2k @ 0434@ﬁ»( 0249@

0.000227 0. 0045@—»@ 023780
2|<1 3&1( Y3k 2ki{ Ak kal )5k1

AT
5k2 \ 3k2 f \ 2k2 f
Q—»@ 000113 0.001186)~~(0.004330)- ~2~(0.006218 0.003002
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Transient probability, t = 50

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

ko1 25k;
0.049132 ke 0.127985
2k 1 16k k4 20k

0.019617). 2 0.127739&@.1743@
3|&_Y;—Cklzm( Y12k kil )15k

0.002937) %2 @.0382@&@.1304M)£»@.12458§
4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000147) 22, (5 00381@&@ 026039&»@ 0621@&( 046799

2|<1 3&1( Y3k 2ki{ Ak kal )5k1

AT
5k2 \ 3k2 f \ 2k2 f
Q—»@ 000095 0.001299)"~(0.006199)-~2~(0.011669 0.007403
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Transient probability, t = 60

0.025370
ko1 25k;

0.031656 ke 0.103120
2k 16k; kg 20k,

0.012639) 22 0.1029@&@.1760@
3|&_Y;—Cklzm( Y12k kil )15k

0.001890) %2 @.03081§&@.131739£@15800§
4&%21_3&1( Yoki kil )8k kil )10|<1

0.000092) 2, (5 0030@&@ OZGZQQﬁ@ 0788@—»@ 07472)

2|<1 3&1( Y3k 2ki{ Ak kal )5k1

AT
5k2 \ 3k2 f \ 2k2 f
Q—»@ 000077 0.001312)"~(0.007864)-~2~(0.018636 0.014925

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH
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Transient probability, t = 70

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

ko1 25k;
0.020396 ke 0.080815
2k 1 16k k4 20k

0.008142) 22 o.osoe@ﬁ»@.lesl@
3|&_Y;—Cklzm( Y12k kil )15k

0.001219) %2 @.024159&@.1258@3»@1844@
4&%21_3&1( Yoki kil )8k kil )10|<1

0.000061) 22,0, 0024@&@ 0251@&»@ 0920@—»@ 1068@

2|<1 3&1( Y3k 2ki{ Jaki kal )5k1

AT
5k2 \ 3k2 f \ 2k2 f
Q—»@ 000060 0.001253)"~(0.009181 ~2~(0.026650 0.026214
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Transient probability, t = 80

0.010532
ko1 25k;

0.013142)-2.(G.062072
2ka{ V16ki kai( )20k
0.005247) 22 o.oslg@ﬁ»@.lm@
3|&_Y;—Cklzm( Y12k kil )15k
0.000780) <2 @.01855@&@.1154@&@2027@
aka( Yake 3ka{ )6k 2k )8k ka{ )10k

4k, 3ka 0.023051 2k @,10113%@.141019

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000039 0.001851
Skal ki aka{ )2k 3ka{ )3k 2kl )4k ka{ )5k

5k2 4|(2 \ 3k2 f \ 2k2 f kz
@—»@.000046 0.001150)"~(0.010091) =2~(0.035173)—~(0.041660
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Transient probability, t = 90

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

kil )25k

0.008467) 2. (0.046952

2ki{ V16ki ki{ )20k

0.003381) 22 o.mss@ﬁ»@.m?s@
3|&_Y;—Cklzm( Y12k kil )15k

0.000508) <2 @.0140@&@1028@3»@2128@
aka( Yk 3ka{ )6k 2k )8k ka{ )10k

4k, 3ka 2k @ 106199&@ 1751@

0.000025 0. 0014@—»@ 020519
2|<1 3&1( )3k 2ka{ Ak ko )5|<1

AT
5k2 \ 3k2 f \ 2k2 f
@0@—»@ 000035 0.001024)"-(0.010596)- ~2~(0.043688 0.061385
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Transient probability, t = 100

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

kil )25k

0.005455)2.(0.085094

2ki{ V16ki kai( )20k

0.002178) 22 0.03502%@.1193@
3|&_Y;—Cklzm( Y12k kil )15k

0.000328) <2 @.01048@&@08935@&@2156@
aka( Yake 3ka{ )6k 2k )8k ka{ )10k

4k, 3k 2k @ 1076@ﬁ.@ 207475)

0.000016 0. 0010@—»@ 017834
2|<1 3&1( Y3k 2ki{ Ak kal )5k1

AT
5k, =\ 3k2 f 2\ 2k2 f
@0@—»@ 000026 0.000890)~~(0.010737)- ~2~(0.051754)—~(0.085272
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Transient probability, t = 110

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

kil )25k

0.003515)—2+(0,025980

2ki{ V16ki kai( )20k

0.001403) 22 o.ozsg@ﬁ»@.mﬂ@
3|&_Y;—Cklzm( Y12k kil )15k

0.000210) %2 @.0077@&@07619@&@2123@
aka( Yk 3ka{ )6k 2k )8k ka{ )10k

4k, 3Kz 2k @ 105979&@ 23664)

0.000010 0. 0007@—»@ 015208
2|<1 3&1( Y3k 2ki{ Ak kal )5k1

AT
5k, N 3k f N 2k2 f
@0@—»@ 000019 0.000759)~~(0.010574) =2~(0.059033)—~(0.113007
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Transient probability, t = 120

0.001815
ko1 25k;

0.002265 ke 0.019084
2k 16k; kg 20k,

0.000902) 2 0.019048)ﬁ»@.085459
ko )9k 2k { )12k ko{ )15k

0.000133) > @.0057@&@0639@&@2043@
aka( Yake 3ka{ )6k 2k )8k ka{ )10k

4k, 3k 2k @ 101959&@ 261729

0.000007 0. 0005@—»@ 012768
2|<1 3&1( Y3k 2ki{ Ak kal )5k1

AT
5k2 \ 3k2 f \ 2k2 f
@0@—»@ 000014 0.000637)~~(0.0101.74) =2~(0.065290 0.144134

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH
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Transient probability, t = 130

0.001169
ko1 25k;

0.001459 ke 0.013927
2k 16k; kg 20k,

0.000583) 22 0.01390%@.07082@
3|&_Y;—Cklzm( Y12k kil )15k

0.000087) %2 @.0041@&@0530@&@1928@
4&%21_3&1( Yoki 2k il )8k kil )10|<1

0.000002) 2.0, 0004@&@ 010589&»@ 0962@—»@ 28215)

2|<1 3&1( Y3k 2ki{ Jaki kal )5k1

AT
5k2 \ 3k2 f \ 2k2 f
@0@—»@ 000010 0.000528)~~(0.009602)- ~2~(0.070389 0.178104

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH
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Transient probability, t = 140

0.000753
ko1 25k;

0.000940)2(0.010108
2k, { Y16k, ki )20k

0.000375) 22 0.01009@ﬁ»@.058059
3|&_Y;—Cklzm( Y12k kil )15k

0.000058) <2 @.003029&@0434@&@1790@
4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000003) 22, (5 0003@&@ 008679&» 0. os%@ﬁ»@ 297752)

2|<1 3&1( Y3k 2ki{ Ak kaf )5k1

AT
5k2 \ 3k2 f \ 2k2 f
@0@—»@ ooooos 0.000433)"~(0.00891.7)- ~2~(0.074280 0.214322

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH
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Transient probability, t = 150

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000485
kil )25k
0.000608)—2.+(0.007302
2k { Y16k ki{ )20k

0.00022) 22 0.00728%@0471@
3|&_Y;—Cklzm( Y12k kil )15k

0.00003) <2 @.0021@&@0353@&@1640@
4&%21_3&1( Yoki kil )8k kil )10k

0.000002) 22 0.0002@&@0070@&»@0818@&@30855@
5|&_Yk)—(14k1( Yok 3ka{ )3k 2ka{ yaki kal )5k
@000)5—'(2»@0000@4—'9»@0003@ Ske (0.008168) 2k @.07697

LT
mg‘ﬁ
e
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Transient probability, t = 160

0.000313
ko1 25k;

0.000390)—2-(0.005255
2k, { Y16k, ki )20k

0.000156) 22 o.msz@ﬁ»@owo@
3|&_Y;—Cklzm( Y12k kil )15k

0.000023) <2 @.0015@&@0284@&@1484@
4&%21_3&1( Yoki  2ki{ )8k kil )10k

4k, 3kz 2k, ko

0.000001 0.000157 0.0056@—»@.0740@—»(0.31483@

Skal ki aka{ )2k 3ka{ )3k 2ka{ )4k ka{ )5k

5k2 4|(2 \ 3k2 f \ 2k2 f kz
@0@—»@000004 0.000283)~~(0.007394) =2~(0.078545)—~(0.201111

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH
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Transient probability, t = 170

0.000202
ko1 25k;

0.000251)—2(0.003768
2k, { Y16k, ki )20k

0.000100) 22 0.00376%.030419
3|&_Y;—Cklzkl( Y12k kil )15k
0.000015) %2 @.00112@&@0227@&@1330@
4&%21_3&1( Yoki kil )8k kil )10|<1
0.000001 )220 0001@&@ 004544)&» 0. 0663@—»@ 316980)
2|<1 3&1( )3k 2ka{ Ak ko )5|<1

AT
5k2 \ 3k2 f \ 2k2 f
@0@—»@ 000003 0.000227)"~(0.006626)- ~2~(0.079080 0.330558

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH
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Transient probability, t = 180

0.000130
ko1 25k;

0.000162)-2(0.002694

2ka{ Vi6ki kai{ )20k

0.000065) 22 o,oozes@ﬁ»@omlgs

ko )9k 2k {0 )12k ko{ )15k

0.000010) %2 @.0008@&@0181@&@1181@

4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000000)22.(0; ooooz@ﬁ»@ 0036@& 0. ossg@ﬁ»(o 315460)
2|<1 3&1( )3k ki Ak ko )5|<1

AT
5k, N 3Kz f ~ 2Kz f
@0@—»@ 000002 0.000180)"~(0.005886)- ~2~(0.078702)—~(0.370089

LT
mg‘ﬁ
e

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH
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Transient probability, t = 190

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000084
kil )25k
0.000104)-2.(G.001921
2k { Y16k ki{ )20k

0.00004) 22 o,oow@ﬁ»@owl@
3|&_Y;—Cklzm( Y12k kil )15k

0.000008) <2 @.0005@&@01433@&@1041@
4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000000) 22, (5, oooo@ﬁ»@ 0028@& 0. osm@ﬁ»(o 31078@

2|<1 3&1( Y3k 2ki{ Jaki kal )5k1

AT
5k2 \ 3k2 f \ 2k2 f
@0@—»@ 000001 0.000143)"~(0.005188)-~2~(0.077537 0.409128
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Transient probability, t = 200

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000054

kil )25k

0.000067)—2-+(0.001360

2ka{ Vi6ki kai{ )20k

0.000027) 22 0.0013@ﬁ»@.015088

ko )9k 2k {0 )12k ko { )15k

0.000002) <2 @.0004@&@0112@&@.0912@
aka( Yk 3ka{ )6k 2k )8k ka{ )10k

0.000000) %2.(0. oooo@&»@ 0022@& 0. 0455@2»(0 303484)

2|<1 3&1( )3k 2ka{ Ak ko )5|<1

AT
5k, 2\ 3Kz f O\ 2k2 f
@0@—»@ 000001 0.000112)"-(0.004542) =2~(0.075715) = ~(0.447466

it
mgm‘
e
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Transient probability, t = 210

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000035

kil )25k

0.000043)-2.+(5.000970

2ka{ Vi6ki kai{ )20k

0.000017) 22 o,oooge@ﬁ»@onsss

ko )9k 2k {0 )12k ko { )15k

0.000003) <2 @.00029@&@0088@&@0793@

4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000000)22.(0; ooooz@ﬁ»@ 0017@& 0. osga@ﬁ»(o 29404@
2|<1 3&1( )3k ki Ak ko )5|<1

AT
5k, = 3Kz f O\ 2k f
@0@—»@ 000001 0.000088)~~(0.008952)- ~2~(0.073361)—~(0.484755
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Transient probability, t = 220

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000022

kil )25k

0.000028)—2..(G.000687

2ka{ Vi6ki kai{ )20k

0.00001) 22 o,oooes@ﬁ»@oogzss

3ka( )9k 2k )12k ko { )15k

0.000000) 2 @.0002@&@00692@&@0687@
aka( Yk 3ka{ )6k 2k )8k ka{ )10k

0.000000)-2.(0.000021)>r2 000138@&.@ omz@ﬁ.@zszg@
4k { 2|<1 3&1( ) 3k k2k_1( ) 4k ) ke { )5|<1
). (G 00m20) 220
@0@—»@000001 0.000069)"*~(0.003421) k070591 0520758

LT
mg‘ﬁ
e
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Transient probability, t = 230

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

kil )25k

0.000018)—2..(0.000480

2ka{ Vi6ki kai{ )20k

0.000007) 22 000048%@007213

kol )9k 2k { )12k ko )15|<1

0.000002) > @.0001@2—@ 005399—»( 059194)
aka( Yk 3ka{ )6k 2k )8k ka{ )10k
e 2 @ozsm@ﬁ»@ 270598)

0.000000)-2 ooooo@—»@ 001078
2|<1 3&1( Y3k 2ki{ Jaki kal )5k1

4 {
@0@—»@000000 0.000054)"~(0.002948)-~2~(0.067512 @
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Transient probability, t = 240

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000009

k1 25k;

0.000012)—2(0.000343

210 Y16k ki{ )20k

0.000005) 22 o.mom)ﬁ»@.ooss@

3|&_Y9)—Ck12|¢1( Y12k kil )15k

0.000000) <2 @.0001@&@0041@&@.0507@
4&%21_3&1( Yoki 2k il )8k kil )10k
wﬂ@mo@&@ooos@ﬁ@oz&@ﬁ» 0.2573@
ska{ Yk 5k4k1( )2k14k3k_1( )3k13k2k_1( )4k12k ke { )5k1k
@0@—2»@0000@—2»@0000@ 2.(0.002529) =% @.0642@—2».

it
mgm‘
e
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Transient probability, t = 250

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

k1 25k;

0.000007)—2-+(G.000022
2ka{ Vi6ki kai{ )20k

0.000003) 22 0.00024%@.004344
3|&_Y9)—Ck12|¢1( Y12k kil )15k
0.000000) <2

@.oooo@&@oosz@ﬁ»@w@
aka( Yake 3ka{ )6k 2k )8k ka{ )10k

0.000000)- 22,0 oooo@&@ 000649&»@ ozm@ﬁ»@ 243636)
4k { 2|<1 3&1( )3k 2k { DAk ksl )5k
@0@5_'(2.@000000 0.000032) 2. (0.002162) 2 Coeon@—».

it
mgm‘
e
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Transient probability, t = 260

k.1 25k;

0.000005 ke 0.000171

2k, { )16k, ki{ )20k

k
0.000002 0.0001@—2»@.003359
3k ke 2k )12k ko )15|<1

0.000000)X2 @.0000592—@ 0025@—»( 03698)

aka( Yk 3ka{ )6k 2k )8k kol )10k
0.000000)-2 o.oooo@&@ooos@ﬁ@mm@ﬁ»@2296@

ska{ Yk k4k1( ) 2k k3k_1( ) 3k k2k_1( )4k1k 1{ )5k1k
@—»@moo@—»@ .000025)2~(0.001842)-~2~(0.057289

it
mgm‘
e

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH
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Transient probability, t = 270

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

kil )25k

0.000003)—2-+(0.000120

2ka{ Vi6ki kai{ )20k

0.000001) 22 0.00012@ﬁ»@.0025@
%_Y;kl—zlg( Y12k kil )15k

0.000000) <2 @.00003@&@0019@2@0314@
aka( Yk 3ka{ )6k 2k )8k kol )10k

0.000000)}2,(0. oooo@&@ 000383&»@ mse@ﬁ»@ 2155@
4k { 2|<1 3&1( )3k 2k DAk ksl )5k
@0@5—'(2»@000000 0000019\ 3k, 0015@ 2o Cosan@—».

it
mgm‘
e
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Transient probability, t = 280

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000002

kil )25k

0.000002)—2-+(G.000085

2ka{ Vi6ki kai{ )20k

0.000001) 22 o.oooo@ﬁ»@oom%

ko )9k 2k )12k ko{ )15k

0.000000) <2 @.oooo@&@oom@ﬁ»@ozee@
4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000000)22.(0; oooo@&@ 000299&»@ omz@ﬁ»@ 2016@
g_f)—mg 2|<1 3&1( Y3k 2ka{ Ak kil )5k
@0@—»@000000 0.000015) 3. @ (0.001325) 2k C0503@—».

it
mgm‘
e
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Transient probability, t = 290

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000001

kil )25k

0.000000)—2-+(0.000059

2k { Y16k ki{ )20k

0.000001) 22 o.oooos@ﬁ»@omsss
3ka( )9k 2k { )12k ko )15|<1

0.000000) <2 @.oooo@z—@ 0011@—»( 02247)
4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000000)22.(0; oooo@&@ 0002@&»@ ouz@ﬁ»@ 18809)
g_f)—mg 2|<1 3&1( Y3k 2ka{ Ak kil )5k
@0@—»@000000 0.000011) 3. @ (0001119) 2k (0469@—».

it
mgm‘
e

72 / 126



Transient probability, t = 300

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

0.000001

kil )25k

0.000000)—2-+(0.000022

2ka{ Vi6ki kai{ )20k

0.000000) 22 o.oooo@ﬁ»@.oonm

3ka( )9k 2k { )12k ko )15|<1

0.000000) <2 @.oooo@z—@ 0008@—»( 01894)
4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000000)22.(0; oooo@&@ 0001@&»@ ooms@ﬁ»@ 1749@
g_f)—mg 2|<1 3&1( Y3k 2ka{ Ak kil )5k
@0@—»@000000 0.000009) 3. @ (0.000044) 2k (0436@—».

it
mgm‘
e
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Transient probability, t = 310

k.1 25k,

0.000000)—2-+(0.000029
2k { Y16k ki{ )20k
0.000000) 22 o.ooooz@ﬁ»@ooogos
3ka( )9k 2k { )12k ko )15|<1

0.000000) <2 @.oooo@z—@ 0006@—»( 01594)
4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000000)22.(0; oooo@&@ 000139&»@ 00795@ﬁ»@ 1622@
g_f)—mg 2|<1 3&1( Y3k 2ka{ Ak kil )5k
@0@—»@000000 0.000007) 3. @ (0.000794) Ze,® O40484)—>.

it
mgm‘
e
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Transient probability, t = 320

k.1 25k,

0.000000)—2-+(5.000020
2k { )16k ki )20k
0.000000) 22 o.ooooz@ﬁ»@oooegz
3ka( )9k 2k { )12k ko )15|<1

0.000000) <2 @.oooo@z—@ 0005@—»( 01338)
4&%21_3&1( Yoki  2ki{ )8k kil )10k

0.000000)22.(0; oooo@&@ 0001@&»@ ooee@ﬁ»@ 15017)
g_f)—mg 2|<1 3&1( Y3k 2ka{ Ak kil )5k
@0@—»@000000 0.000005) 3. @ (0.000667) 2k (0374@—».

it
mgm‘
e
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Transient probability, t = 330

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

kil )25k

0.000000)-2(0.000014

2k { Y16k ki{ )20k

0.000000) 22 o.oooo@ﬁ»@.oooszg
ko )9k 2k )12k ko{ )15k

0.000000)->% @.oooo@&@ooosg@ﬁ»@onz@
ak {0 )4k k3k1( )6k 2k )8k ka{ )10k
4

0.000000)—2 00000@—2»@ 00007922 (0 0056@ k2 (0138703
2|<1 3&1( )3k 2k { DAk ksl )5k

4 {
@0@—»@ oooooo 0.000004) %@ (0.000559), % © 0346@_>.

76 / 126



Transient probability, t = 340
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Transient probability, t = 350
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Transient probability, t = 360
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Transient probability, t = 370
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Transient probability, t = 380
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Transient probability, t = 390
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Transient probability, t = 400
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Transient probability, t = 410
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Transient probability, t = 420
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Transient probability, t = 430
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Transient probability, t = 440
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Transient probability, t = 450
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Transient probability, t = 460
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Transient probability, t = 470
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Transient probability, t = 480
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Transient probability, t = 490
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Transient probability, t = 500
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Transient probability, t = 510
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Transient probability, t = 520
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Transient probability, t = 530
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Transient probability, t = 540
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Transient probability, t = 550
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Transient probability, t = 560
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Transient probability, t = 570
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Transient probability, t = 580
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Transient probability, t = 590
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Transient probability, t = 600
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Adding synthesis to the
Enzyme-Substrate model

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

® |f we consider an extension of the model with an additional
reaction ry which synthesises the compound E:S as shown below
with the synthesis occurring at a constant rate ryp = kg then this
additional reaction channel changes the analysis of the model
dramatically.

[ES|nt + nt + ral + nlf

104 / 126



Change to the model %g
state space
CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

B The state which was previously a deadlock state now admits an ry
reaction which leads it to a previously unreachable state,
(5,0,1,5). The reactions r_1, r; and r, can occur in states
reachable from that.

@ 0, 0,5D @ 1,0, SD
r_l( )rl
Ns, 0.1, @i»@, 0,0, @
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Adding synthesis

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

B Each of these states, and every other state, now allows an ry
reaction, taking them to previously unreachable states each of
which allows ry and reactions r_1, r and r» subsequent to that.
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Adding synthesis

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

B Each of these states, and every other state, now allows an ry
reaction, taking them to previously unreachable states each of
which allows ry and reactions r_1, r and r» subsequent to that.

® The effect of introducing this single synthesis reaction is that we
now cannot find any upper bound N such that the molecular
species counts are guaranteed to lie in the bounded integer
range 0 to .
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Adding synthesis

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

B Each of these states, and every other state, now allows an ry
reaction, taking them to previously unreachable states each of
which allows ry and reactions r_1, r and r» subsequent to that.

® The effect of introducing this single synthesis reaction is that we
now cannot find any upper bound N such that the molecular
species counts are guaranteed to lie in the bounded integer
range 0 to .

® |f we are unable to bound the reachable state-space then we
cannot in general analyse our model by probabilistic
model-checking.
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Observations about
reachability of states

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

1. The generation of the derivation graph of the underlying
state-space does not take into account the numerical values
assigned to the rate constants, and the propensity functions which
depend on those. This means that the derivation graph may
include many states which the system is almost sure not to reach
within a particular time bound.

it
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Observations about
reachability of states
CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

2. Most chemical systems involve several widely varying time scales,
so such systems are nearly always stiff. A consequence of this is
that the first passage time to many states is likely to be long and
truncation of the state-space using a time-bounded reachability

metric is likely to be productive.
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Observations about
reachability of states

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

3. Many of the logical formulae which we wish to check involve
reaching within a fixed time bound model states which satisfy a
given predicate.
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Observations about
reachability of states

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

4. Stochastic simulation methods such as Gillespie's Direct Method
generate exact stochastic simulations of trajectories from the
initial state to states reachable within a given time bound.
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Outline

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

© Examples: Two Genetic Networks
@ The Network With Protein Degradation (M)
@ The Network Without Protein Degradation (M>)
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Examples:
Two Genetic Networks

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

B |n order to illustrate our approach we consider two models. These
represent, under different assumptions, a general genetic network
with a negative feedback. An example of this kind of network is
the control circuit for the A repressor protein Cl of A-phage in
E.Coli.

® We have four biochemical entities that interact with each other
through six reactions. The biochemical entities are the DNA (D),
the mRNA (M), a protein in monomeric form (P) and a protein in
dimeric form (P2).

it
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A schema of the
general network

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

DNA (D)

|
1

transcription

degradation_M
MRNA(M) —— = »

tranglation

degradation P

Proten(P) ———»

dimerization monomerization

Dimer Protein (P2)
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The network is unbounded

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

B The network is structurally unbounded, since both transcription
and translation lead to the creation of new molecules.

® However, the two degradation reactions and the transcription
inhibition by means of the dimeric protein have a regulatory effect
on the protein synthesis and therefore, under some conditions, all
the species reach a finite average value.
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The network with protein
degradation (M)

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

® We perform 1000 independent stochastic simulation runs using
Gillespie's Direct Method. The number of runs is large enough to
take into account the variability of the system, but still making
the total simulation time reasonable. We used T = 20000 s as a
simulation stop time: by that time the system has reached a
stable state.

it
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The network with protein
degradation (M)

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

® We can estimate the upper bounds for the amounts of each
species as the maximum values obtained in any run at any time
instant, and we can use these values in the PRISM model.

Maxpy; =5, Maxp =33, Maxp, =18
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Simulation averages and (% @@@@
model-checking for M/

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

16 T T T
M (simulation) M (probab MC)  + M (approx MC) &
P (simultaion) P (probab MC) < P (approx MC) O
14 F P2 (simulation) P2 (probab MC) X P2 (approx MC) [ |

12+ ) -

Number of molecules

0 5000 10000 15000 20000

117 / 126



Estimating the error
introduced by truncation

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

® As another form of validation of the derived bounds, we have
calculated the probabilities of reaching them at different time
instants:
P_s[true UST M = 5],
P_o[true UST P = 33], and
P_o[true UST P2 = 18].

B The results provide a means of estimating the error which might
have been introduced by bounding the system.

it
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Estimating the error
introduced by truncation
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The network without protein

degradation (M)

Number of molecules

2 C,S,B.F
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Estimating the error
introduced by truncation
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Determining the probability
that P2 > P
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Outin 2 C,S,B.F
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@ Larger examples
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gp130/JAK/STAT pathway

CENTRE FOR SYSTEMS BIOLOGY AT EDINBURGH

extracellular space

cytoplasm l M1

124 / 126



Co-transcriptional cleavage
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rRNA transcription Reaction graph Bio-PEPA model

@ Federica Ciocchetta, Jane Hillston, Martin Kos and David Tollervey
Modelling co-transcriptional cleavage in the synthesis of yeast pre-rRNA.

Theoretical Computer Science
Volume 408, Issue 1, 17 November 2008, Pages 41-54.
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