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Figure 1.13: Prediction markets, as well as markets for financial assets such as stocks, can synthesize
individual beliefs about future events into a price that captures the aggregate of these beliefs. The plot here
depicts the varying price over time for two assets that paid $1 in the respective events that the Democratic
or Republican nominee won the 2008 U.S. Presidential election. (Image from Iowa Electronic Markets,
http://iemweb.biz.uiowa.edu/graphs/graph PRES08 WTA.cfm.)

There are a number of settings in which this kind of analysis, applied to fundamental

social institutions, can be very informative. One such setting is to think about markets and

their role in aggregating and conveying information. In a financial market, for example,

the market price serves as an aggregator of individuals’ beliefs about the value of the assets

being traded. In this sense, the overall behavior of the market serves to synthesize the

information that is held by many participants; consequently, when people speak of what the

market “expects,” they are really referring to the expectations that can be read out of this

composite of information.

How this synthesis works depends on how the market is designed, and on the kind of

individual and aggregate behavior that results. Nor are such issues restricted to markets

for financial assets such as stocks. Recent work, for example, has explored the design of
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rediction markets are forums for trad-

ing contracts that yield payments based

on the outcome of uncertain events.

There is mounting evidence that such markets

can help to produce forecasts of event out-

comes with a lower prediction error than con-

ventional forecasting methods. For example,

prediction market prices can be used to

increase the accuracy of poll-based forecasts

of election outcomes (1) (see the figure), offi-

cial corporate experts’ forecasts of printer

sales, and statistical weather forecasts used

by the National Weather Service. 

Several researchers emphasize the poten-

tial of prediction markets to improve deci-

sions (2–5). The range of applications is vir-

tually limitless—from helping businesses

make better investment decisions to helping

governments make better fiscal and mone-

tary policy decisions. 

Prediction markets have been used by

decision-makers in the U.S. Department of

Defense (6), the health care industry (7), and

multibillion-dollar corporations such as

Eli Lilly, General Electric, Google, France

Telecom, Hewlett-Packard, IBM, Intel, Micro-

soft, Siemens, and Yahoo (8). The prices in

these markets reflect employees’ expecta-

tions about the likelihood of a homeland

security threat, the nationwide extent of a flu

outbreak, the success of a new drug treat-

ment, the sales revenue from an existing

product, the timing of a new product launch,

and the quality of a recently introduced soft-

ware program. 

These markets could assist private firms

and public institutions in managing economic

risks, such as declines in consumer demand,

and social risks, such as flu outbreaks and

environmental disasters, more efficiently.

Unfortunately, however, current federal

and state laws limiting gambling create sig-

nificant barriers to the establishment of

vibrant, liquid prediction markets in the

United States. We believe that regulators

should lower these barriers by creating a legal

safe harbor for specified types of small-

stakes markets, stimulating innovation in

both their design and their use (9). 

How and Why Prediction Markets Work

An example will help to clarify the prediction

market concept. Consider a contract that pays

$1 if Candidate X wins the presidential elec-

tion in 2008. If the market price of an X con-

tract is currently 53 cents, an interpretation is

that the market “believes” X has a 53%

chance of winning. Prediction markets reflect

a fundamental principle underlying the value

of market-based pricing: Because informa-

tion is often widely dispersed among eco-

nomic actors, it is highly desirable to find a

mechanism to collect and aggregate that

information. Free markets usually manage

this process well because almost anyone can

participate, and the potential for profit (and

loss) creates strong incentives to search for

better information. To be sure, a lively debate

has arisen about whether prediction market

prices are subject to various biases, which

might diminish their accuracy as an aggrega-

tion mechanism (10–14). However, predic-

tion markets have been used with success in a

variety of contexts. 

Legal Impediments

The use of prediction markets has been

greatly deterred by state and federal laws

restricting Internet gambling because at

least some of these laws are plausibly under-

stood to cast serious doubts on prediction

The ability of groups of people to make 

predictions is a potent research tool that should

be freed of unnecessary government restrictions.
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Information Revelation Through Time   
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Information revelation through time. Data are from the Iowa Electronic Markets for markets predicting the
two-party vote shares from the 1988, 1992, 1996, and 2000 presidential elections (19). The vertical axis
plots the average absolute difference between the market prediction and the actual vote share. In the week
immediately before the election, the market erred by an average of 1.5 percentage points compared with an
average error of 2.1 percentage points for the final Gallup poll. The longer-run forecasting performance of
the market is also impressive, with an average error of only 5 percentage points 150 days before the election,
a time when polls have much larger errors when interpreted as predictions. Calculations are based on data
available at www.biz.uiowa.edu/iem.
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then for |s| → +∞:

1/|s| log(s · fi/s · fj) ∼
�

x∈X(s(x)/|s|) log(pi(x)/pj(x)) by independence of trials
∼

�
x∈X p(x) log(pi(x)/pj(x)) by SLN

where s(x) is the number of x in s.

Supposing pi = p is the hidden real probability:

log(s · fi/s · fj) ∼ |s|×KL(p, pj) ≥ 0

Then if i �= j, KL(p, pj) > 0 which implies s · fj → 0+; and hence lim s · fi → 1.

So s · P → δp as |s| → ∞ and we learn eventually the true probability.

Somehow KL(p, pj) measures the per sample rate at which the j assumption trails the true one
(in log scale); the rate of separation so to speak.

3 prep man 10–11: a prediction market

This continues chap 22 with a more interesting market, and reverses the market/learning metaphor.

exogenous: the outcome is independent of the choices of agents

market = agent moves to result (eg price, odds and rewards)

agent moves depend from beliefs (and risk profile)

betting markets to stock markets

prediction market: part of my beliefs are about the others’ beliefs, if i think everyone will think
in a month from now that A will win, then it should bring the price of an A bet up and so I
should buy some, regardless of what I think of the outcome - but then people will do the same,
so the price of A might go up not because people think it will happen, but because everyone
thinks that everyone thinks that it will happen!

la tension interessante est la synthese imposee par le marche, la reduction a une valeur, un
outcome

3.1 Agents

We consider a prediction market on a finite set K of outcomes with a finite set M of agents.

An agent m ∈ M is a pair (βm,φm) where:
- βm ∈ R+ is the wealth of agent m
- φk

m(c) ∈ [0, 1] is the fraction of βm that agent m bets on outcome k
- and ck ∈ [0, 1] is the price of the contract that wins $1 if the outcome is k

(i) We have assumed above 0 ≤ ck ≤ 1; explain.

If ck was negative there would be a possible gain at no price; if it was > 1, there would a certain
loss.

(ii) Show that the total investment of agent m is βm
�

k φ
k
m(c).

(iii) We assume
�

k φ
k
m ≤ 1; explain the meaning of this assumption. What would we need to

prove to assume
�

k φ
k
m = 1?

This means one invests less than one has; to assume that one invests all one has, we would have
to prove that one can synthsize a certain 1-for-1 strategy; actually it is possible if

�
ck = 1, as

one can invest φk = ck - see next subquestion.

(iv) Suppose the outcome is y, show that the payoff of agent m is c−1
y · βmφy

m(c).

- and ck ∈ [0, 1] is the price of the contract that wins $1 if the outcome
is k

(i) We have assumed above 0 ≤ ck ≤ 1; explain.

If ck was negative there would be a possible gain at no price; if it was
> 1, there would a certain loss.

(ii) Show that the total investment of agent m is βm
�

k φ
k
m(c).

(iii) We assume
�

k φ
k
m ≤ 1; explain the meaning of this assumption.

What would we need to prove to assume
�

k φ
k
m = 1?

This means one invests less than one has; to assume that one invests
all one has, we would have to prove that one can synthsize a certain
1-for-1 strategy; actually it is possible if

�
ck = 1, as one can invest

φk = ck - see next subquestion.

(iv) Suppose the outcome is y, show that the payoff of agent m is
c−1
y · βmφy

m(c).

Show its updated budget β�
m can be expressed as:

β�
m/βm = 1−

�
k φ

k
m(c) + c−1

y · φy
m(c)

3.2 Market

(v) We assume the market redistributes all the bets.

Suppose the outcome is y, show that the market balance equation can
be written:

cy ·
�

m,k βmφk
m(c) =

�
m βmφy

m(c)

(vi) Set:
nk(c) :=

�
m βmφk

m(c)
n(c) :=

�
k nk(c)

for the total amount bet on k, and the global amount.

Show that the market is balanced for any outcome iff c verifies n(c) >
0 and:

cy = ny(c)/n(c)

which implies
�

k ck = 1.

Interpret this equation as the fusion of information held by the various
agents.

3.3 Equilibrium

(vii) We look now for a reasonable condition to guarantee the exis-
tence and unicity of such a market balancing price.

agents
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updated budget per agent
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agents.

3.3 Equilibrium

(vii) We look now for a reasonable condition to guarantee the exis-
tence and unicity of such a market balancing price.
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We suppose that φk
m is such that:

- it only depends on ck
- φk

m(0) > 0

- φk
m(1) = 0

- φk
m continuous and decreasing on [0, 1]

Discuss each of the four points.

The first condition is of no particular economical meaning, just a

convenience; the the next two express the fact that one invests in free

contracts that might result in a payoff, and that one does not invest

in contracts the payoff of which, if any, is lower than their price. The

monotony assumption expresses that demand decreases with price;

continuity is a convenience.

(viii) Prove that fk(x) = x−1 · nk(x) is a continuous and strictly

decreasing bijection from [0, 1] to [0,+∞].

It is decreasing as it is a product of decreasing functions; strictly so

as one of them is strictly so.

(ix) Define an endomap of [0, 1]K as:

Fy(c) = f−1
y (

�
k nk(ck)) = n(c)

Show that:

- Fy(c) ≤ 1 with equality if c = 1, 0 < Fy(0) < 1,

- F is a continuous and strictly increasing function

- the iterated sequence Fn(0) is strictly increasing in all coordinates

- as it is bounded it converges to a fixed point c�

- c� is a solution to the market balance such that
�

c�k = 1

F is strictly increasing as it is a composition of two decreasing func-

tions, one of them strictly so. The assumptions guarantee that F (c�) =
c� exist, which implies n(c�) =

�
k nk(c�k) = fy(c�) = 1/c� · ny(c�),

indeed a solution to the market balance.

3.4 Algorithmics of the market

(x) Can you interpret the argument as a structure for the market to

reach c�?

One can think of c� = Fy(c) as the new market price subsequent to a

transaction; this assignment verifies that for all ys, 1/c�y ·ny(c�) = n(c),
where the lhs is what the market owes if y happens, and the rhs is

an under-approximation of the total bet. Note that this does not

suppose that the market knows what the φk
ms are; as one can define

c�y as the ratio between the total current bet on y and the total bet

independently of how these aggregate numbers are generated by the

agents.

assumptions about agents
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- and ck ∈ [0, 1] is the price of the contract that wins $1 if the outcome
is k

(i) We have assumed above 0 ≤ ck ≤ 1; explain.

If ck was negative there would be a possible gain at no price; if it was
> 1, there would a certain loss.

(ii) Show that the total investment of agent m is βm
�

k φ
k
m(c).

(iii) We assume
�

k φ
k
m ≤ 1; explain the meaning of this assumption.

What would we need to prove to assume
�

k φ
k
m = 1?

This means one invests less than one has; to assume that one invests
all one has, we would have to prove that one can synthsize a certain
1-for-1 strategy; actually it is possible if

�
ck = 1, as one can invest

φk = ck - see next subquestion.

(iv) Suppose the outcome is y, show that the payoff of agent m is
c−1
y · βmφy

m(c).

Show its updated budget β�
m can be expressed as:

β�
m/βm = 1−

�
k φ

k
m(c) + c−1

y · φy
m(c)

3.2 Market

(v) We assume the market redistributes all the bets.

Suppose the outcome is y, show that the market balance equation can
be written:

cy ·
�

m,k βmφk
m(c) =

�
m βmφy

m(c)

(vi) Set:
nk(c) :=

�
m βmφk

m(c)
n(c) :=

�
k nk(c)

for the total amount bet on k, and the global amount.

Show that the market is balanced for any outcome iff c verifies n(c) >
0 and:

cy = ny(c)/n(c)

which implies
�

k ck = 1.

Interpret this equation as the fusion of information held by the various
agents.

3.3 Equilibrium

(vii) We look now for a reasonable condition to guarantee the exis-
tence and unicity of such a market balancing price.

construction

We suppose that φk
m is such that:

- it only depends on ck
- φk

m(0) > 0

- φk
m(1) = 0

- φk
m continuous and decreasing on [0, 1]

Discuss each of the four points.

The first condition is of no particular economical meaning, just a

convenience; the the next two express the fact that one invests in free

contracts that might result in a payoff, and that one does not invest

in contracts the payoff of which, if any, is lower than their price. The

monotony assumption expresses that demand decreases with price;

continuity is a convenience.

(viii)

Clearly fk(x) = x−1 · nk(x) is a continuous and strictly decreasing

bijection from [0, 1] to [0,+∞].

It is decreasing as it is a product of decreasing functions; strictly so

as one of them is strictly so.

(ix) Define an endomap of [0, 1]K as:

Fy(c) = f−1
y (

�
k nk(ck)) = n(c)

Show that:

- Fy(c) ≤ 1 with equality if c = 1, 0 < Fy(0) < 1,

- F is a continuous and strictly increasing function

- the iterated sequence Fn(0) is strictly increasing in all coordinates

- as it is bounded it converges to a fixed point c�

- c� is a solution to the market balance such that
�

c�k = 1

F is strictly increasing as it is a composition of two decreasing func-

tions, one of them strictly so. The assumptions guarantee that F (c�) =
c� exist, which implies n(c�) =

�
k nk(c�k) = fy(c�) = 1/c� · ny(c�),

indeed a solution to the market balance.

3.4 Algorithmics of the market

(x) Can you interpret the argument as a structure for the market to

reach c�?

One can think of c� = Fy(c) as the new market price subsequent to a

transaction; this assignment verifies that for all ys, 1/c�y ·ny(c�) = n(c),
where the lhs is what the market owes if y happens, and the rhs is

an under-approximation of the total bet. Note that this does not

suppose that the market knows what the φk
ms are; as one can define

c�y as the ratio between the total current bet on y and the total bet

independently of how these aggregate numbers are generated by the

agents.
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We suppose that φk
m is such that:

- it only depends on ck
- φk

m(0) > 0

- φk
m(1) = 0

- φk
m continuous and decreasing on [0, 1]

Discuss each of the four points.

The first condition is of no particular economical meaning, just a

convenience; the the next two express the fact that one invests in free

contracts that might result in a payoff, and that one does not invest

in contracts the payoff of which, if any, is lower than their price. The

monotony assumption expresses that demand decreases with price;

continuity is a convenience.

(viii)

Clearly fk(x) = x−1 · nk(x) is a continuous and strictly decreasing

bijection from [0, 1] to [0,+∞].

It is decreasing as it is a product of decreasing functions; strictly so

as one of them is strictly so.

(ix) Define an endomap of [0, 1]K as:

Fy(c) = f−1
y (

�
k nk(ck)) = n(c)

Show that:

- Fy(c) ≤ 1 with equality if c = 1, 0 < Fy(0) < 1,

- F is a continuous and strictly increasing function

- the iterated sequence Fn(0) is strictly increasing in all coordinates

- as it is bounded it converges to a fixed point c�

- c� is a solution to the market balance such that
�

c�k = 1

F is strictly increasing as it is a composition of two decreasing func-

tions, one of them strictly so. The assumptions guarantee that F (c�) =
c� exist, which implies n(c�) =

�
k nk(c�k) = fy(c�) = 1/c� · ny(c�),

indeed a solution to the market balance.

3.4 Algorithmics of the market

(x) Can you interpret the argument as a structure for the market to

reach c�?

One can think of c� = Fy(c) as the new market price subsequent to a

transaction; this assignment verifies that for all ys, 1/c�y ·ny(c�) = n(c),
where the lhs is what the market owes if y happens, and the rhs is

an under-approximation of the total bet. Note that this does not

suppose that the market knows what the φk
ms are; as one can define

c�y as the ratio between the total current bet on y and the total bet

independently of how these aggregate numbers are generated by the

agents.

We suppose that φk
m is such that:

- it only depends on ck
- φk

m(0) > 0

- φk
m(1) = 0

- φk
m continuous and decreasing on [0, 1]

Discuss each of the four points.

The first condition is of no particular economical meaning, just a

convenience; the the next two express the fact that one invests in free

contracts that might result in a payoff, and that one does not invest

in contracts the payoff of which, if any, is lower than their price. The

monotony assumption expresses that demand decreases with price;

continuity is a convenience.

(viii)

Clearly fk(x) = x−1 · nk(x) is a continuous and strictly decreasing

bijection from [0, 1] to [0,+∞].

It is decreasing as it is a product of decreasing functions; strictly so

as one of them is strictly so.

(ix) Define an endomap of [0, 1]K as:

Fy(c) = f−1
y (

�
k nk(ck)) = n(c)

Show that:

- Fy(c) ≤ 1 with equality if c = 1, 0 < Fy(0) < 1,

- F is a continuous and strictly increasing function

- the iterated sequence Fn(0) is strictly increasing in all coordinates

- as it is bounded it converges to a fixed point c�

- c� is a solution to the market balance such that
�

c�k = 1

F is strictly increasing as it is a composition of two decreasing func-

tions, one of them strictly so. The assumptions guarantee that F (c�) =
c� exist, which implies

n(c�) =
�

k nk(c�k) = fy(c�) = 1/c� · ny(c�)

indeed a solution to the market balance.

3.4 Algorithmics of the market

(x) Can you interpret the argument as a structure for the market to

reach c�?

One can think of c� = Fy(c) as the new market price subsequent to a

transaction; this assignment verifies that for all ys, 1/c�y ·ny(c�) = n(c),
where the lhs is what the market owes if y happens, and the rhs is

an under-approximation of the total bet. Note that this does not

suppose that the market knows what the φk
ms are; as one can define

c�y as the ratio between the total current bet on y and the total bet

We suppose that φk
m is such that:

- it only depends on ck
- φk

m(0) > 0

- φk
m(1) = 0

- φk
m continuous and decreasing on [0, 1]

Discuss each of the four points.

The first condition is of no particular economical meaning, just a

convenience; the the next two express the fact that one invests in free

contracts that might result in a payoff, and that one does not invest

in contracts the payoff of which, if any, is lower than their price. The

monotony assumption expresses that demand decreases with price;

continuity is a convenience.

(viii)

Clearly fk(x) = x−1 · nk(x) is a continuous and strictly decreasing

bijection from [0, 1] to [0,+∞].

It is decreasing as it is a product of decreasing functions; strictly so

as one of them is strictly so.

(ix) Define an endomap of [0, 1]K as:

Fy(c) = f−1
y (

�
k nk(ck)) = f−1

y (n(c))

Show that:

- Fy(c) ≤ 1 with equality if c = 1, 0 < Fy(0) < 1,

- F is a continuous and strictly increasing function

- the iterated sequence Fn(0) is strictly increasing in all coordinates

- as it is bounded it converges to a fixed point c�

- c� is a solution to the market balance such that
�

c�k = 1

F is strictly increasing as it is a composition of two decreasing func-

tions, one of them strictly so. The assumptions guarantee that F (c�) =
c� exist, which implies

n(c�) =
�

k nk(c�k) = fy(c�) = 1/c� · ny(c�)

indeed a solution to the market balance.

3.4 Algorithmics of the market

(x) Can you interpret the argument as a structure for the market to

reach c�?

One can think of c� = Fy(c) as the new market price subsequent to a

transaction; this assignment verifies that for all ys, 1/c�y ·ny(c�) = n(c),
where the lhs is what the market owes if y happens, and the rhs is

an under-approximation of the total bet. Note that this does not

suppose that the market knows what the φk
ms are; as one can define

c�y as the ratio between the total current bet on y and the total bet

existence of price
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We suppose that φk
m is such that:

- it only depends on ck
- φk

m(0) > 0

- φk
m(1) = 0

- φk
m continuous and decreasing on [0, 1]

Discuss each of the four points.

The first condition is of no particular economical meaning, just a

convenience; the the next two express the fact that one invests in free

contracts that might result in a payoff, and that one does not invest

in contracts the payoff of which, if any, is lower than their price. The

monotony assumption expresses that demand decreases with price;

continuity is a convenience.

(viii)

Clearly fk(x) = x−1 · nk(x) is a continuous and strictly decreasing

bijection from [0, 1] to [0,+∞].

It is decreasing as it is a product of decreasing functions; strictly so

as one of them is strictly so.

(ix) Define an endomap of [0, 1]K as:

Fy(c) = f−1
y (

�
k nk(ck)) = n(c)

Show that:

- Fy(c) ≤ 1 with equality if c = 1, 0 < Fy(0) < 1,

- F is a continuous and strictly increasing function

- the iterated sequence Fn(0) is strictly increasing in all coordinates

- as it is bounded it converges to a fixed point c�

- c� is a solution to the market balance such that
�

c�k = 1

F is strictly increasing as it is a composition of two decreasing func-

tions, one of them strictly so. The assumptions guarantee that F (c�) =
c� exist, which implies

n(c�) =
�

k nk(c�k) = fy(c�) = 1/c� · ny(c�)

indeed a solution to the market balance.

3.4 Algorithmics of the market

(x) Can you interpret the argument as a structure for the market to

reach c�?

One can think of c� = Fy(c) as the new market price subsequent to a

transaction; this assignment verifies that for all ys, 1/c�y ·ny(c�) = n(c),
where the lhs is what the market owes if y happens, and the rhs is

an under-approximation of the total bet. Note that this does not

suppose that the market knows what the φk
ms are; as one can define

c�y as the ratio between the total current bet on y and the total bet

the market “procedure” (2)
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