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Part I

Boolean algebra



George Boole (1815–1864)



Boole 1847: Mathematical analysis of logic



Boole 1854: Laws of Thought



Part II

Frege’s Begriffsschrift



Gottlob Frege (1848–1925)



Frege 1879 — imp-elem a.k.a. modus ponens



Frege 1879 — imp-elem a.k.a. modus ponens

B → A B

A



Frege 1879 — quantification



Frege 1879 — quantification

A→ Φ(a)
a not free in A

A→ ∀a.Φ(a)



Frege 1879



Frege in modern notation
B → A B

A

A→ (B → A)

(C → (B → A))→ ((C → B)→ (C → A))

(C → (B → A))→ (B → (C → A))



Part III

Gentzen’s Natural Deduction



Gerhard Gentzen (1909–1945)



Gentzen 1934: Natural Deduction



Gentzen 1934: Natural Deduction
[A]x
···
B

→-Ix
A→ B

A→ B A
→-E

B

A B
∧-I

A ∧B

A ∧B
∧-E0

A

A ∧B
∧-E1

B



A proof
[B ∧A]z

∧-E1
A

[B ∧A]z
∧-E0

B
∧-I

A ∧B
→-Iz

(B ∧A)→ (A ∧B)



Simplifying proofs
[A]x
···
B

→-Ix
A→ B

···
A
→-E ⇒

···
A···
B

B

···
A

···
B
∧-I

A ∧B
∧-E0 ⇒

···
A

A



Simplifying a proof
[B ∧A]z

∧-E1
A

[B ∧A]z
∧-E0

B
∧-I

A ∧B
→-Iz

(B ∧A)→ (A ∧B)

[B]y [A]x
∧-I

B ∧A
→-E

A ∧B



Simplifying a proof
[B ∧A]z

∧-E1
A

[B ∧A]z
∧-E0

B
∧-I

A ∧B
→-Iz

(B ∧A)→ (A ∧B)

[B]y [A]x
∧-I

B ∧A
→-E

A ∧B
⇓

[B]y [A]x
∧-I

B ∧A
∧-E1

A

[B]y [A]x
∧-I

B ∧A
∧-E0

B
∧-I

A ∧B



Simplifying a proof
[B ∧A]z

∧-E1
A

[B ∧A]z
∧-E0

B
∧-I

A ∧B
→-Iz

(B ∧A)→ (A ∧B)

[B]y [A]x
∧-I

B ∧A
→-E

A ∧B
⇓

[B]y [A]x
∧-I

B ∧A
∧-E1

A

[B]y [A]x
∧-I

B ∧A
∧-E0

B
∧-I

A ∧B
⇓

[A]x [B]y
∧-I

A ∧B



Part IV

Church’s Lambda Calculus



Alonzo Church (1903–1995)



Church 1932: Lambda Calculus



Reduction rules
(\xu) t ⇒ u[t/x]

fst (t, u) ⇒ t

snd (t, u) ⇒ u



Simplifying a term

(\z(snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))



Simplifying a term

(\z(snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))



Simplifying a term

(\z(snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))

⇓
(x, y)



Church 1940: Typed Lambda Calculus
[x : A]x
···

u : B
→-Ix

\xu : A→ B

s : A→ B t : A
→-E

s t : B

t : A u : B
∧-I

(t, u) : A ∧B

s : A ∧B
∧-E0

fst s : A

s : A ∧B
∧-E1

snd s : B



A program
[z : B ∧A]z

∧-E1
snd z : A

[z : B ∧A]z
∧-E0

fst z : B
∧-I

(snd z, fst z) : A ∧B
→-Iz

\z(snd z, fst z) : (B ∧A)→ (A ∧B)



Simplifying programs
[x : A]x
···

u : B
→-Ix

\xu : A→ B

···
t : A

→-E ⇒

···
t : A···

u[t/x] : B
(\xu) t : B

···
t : A

···
u : B

∧-I
(t, u) : A ∧B

∧-E0 ⇒

···
t : A

fst (t, u) : A



Simplifying a program
[z : B ∧A]z

∧-E1
snd z : A

[z : B ∧A]z
∧-E0

fst z : B
∧-I

(snd z, fst z) : A ∧B
→-Iz

\z(snd z, fst z) : (B ∧A)→ (A ∧B)

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
→-E

(\z(snd z, fst z)) (y, x) : A ∧B



Simplifying a program
[z : B ∧A]z

∧-E1
snd z : A

[z : B ∧A]z
∧-E0

fst z : B
∧-I

(snd z, fst z) : A ∧B
→-Iz

\z(snd z, fst z) : (B ∧A)→ (A ∧B)

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
→-E

(\z(snd z, fst z)) (y, x) : A ∧B

⇓
[y : B]y [x : A]x

∧-I
(y, x) : B ∧A

∧-E1
snd (y, x) : A

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
∧-E0

fst (y, x) : B
∧-I

(snd (y, x), fst (y, x)) : A ∧B



Simplifying a program
[z : B ∧A]z

∧-E1
snd z : A

[z : B ∧A]z
∧-E0

fst z : B
∧-I

(snd z, fst z) : A ∧B
→-Iz

\z(snd z, fst z) : (B ∧A)→ (A ∧B)

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
→-E

(\z(snd z, fst z)) (y, x) : A ∧B

⇓
[y : B]y [x : A]x

∧-I
(y, x) : B ∧A

∧-E1
snd (y, x) : A

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
∧-E0

fst (y, x) : B
∧-I

(snd (y, x), fst (y, x)) : A ∧B

⇓
[x : A]x [y : B]y

∧-I
(x, y) : A ∧B



Part V

The Curry-Howard Isomorphism



Haskell Curry (1900–1982) / William Howard (1926–)



Howard 1980



Howard 1980



Howard 1980



Part VI

Aliens



How to talk to aliens



Independence Day



A universal programming language?
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