
Informatics 1

Functional Programming Lecture 18

Tuesday 27 November 2012

Logic, Proof and Programs

Don Sannella

University of Edinburgh



Tutorials

Last tutorials this week, usual time/place

Extra tutorial 1:10-2:00pm / 2:10-3:00pm on Wed 28 Nov 2012

Appleton Tower, room 5.04

Do the extra tutorial exercise and bring your answer

Extra tutorial 1:10-2:00pm / 2:10-3:00pm on Wed 5 Dec 2012

Appleton Tower, room TBA

Do the extra tutorial exercise and bring your answer

Extra tutorial 1:10-2:00pm only on Wed 12 Dec 2012

Appleton Tower, room TBA

Do the extra tutorial exercise and bring your answer



Part 0

Boolean algebra



George Boole (1815–1864)



Boole 1847: Mathematical analysis of logic



Boole 1854: Laws of Thought



Part 1

Frege’s Begriffsschrift



Gottlob Frege (1848–1925)



Frege 1879 — imp-elem a.k.a. modus ponens



Frege 1879 — imp-elem a.k.a. modus ponens

B → A B

A



Frege 1879 — quantification



Frege 1879 — quantification

A→ Φ(a)
a not free in A

A→ ∀a.Φ(a)



Frege 1879



Frege in modern notation

B → A B

A

A→ (B → A)

(C → (B → A))→ ((C → B)→ (C → A))

(C → (B → A))→ (B → (C → A))



Part 2

Gentzen’s Natural Deduction



Gerhard Gentzen (1909–1945)



Gentzen 1934: Natural Deduction



Gentzen 1934: Natural Deduction

[A]x
···
B

→-Ix

A→ B

A→ B A
→-E

B

A B
∧-I

A ∧B

A ∧B
∧-E0

A

A ∧B
∧-E1

B



A proof

[B ∧A]z
∧-E1

A

[B ∧A]z
∧-E0

B
∧-I

A ∧B
→-Iz

(B ∧A)→ (A ∧B)



Simplifying proofs

[A]x
···
B

→-Ix

A→ B

···
A
→-E ⇒

···
A···
B

B

···
A

···
B
∧-I

A ∧B
∧-E0 ⇒

···
A

A



Simplifying a proof

[B ∧A]z
∧-E1

A

[B ∧A]z
∧-E0

B
∧-I

A ∧B
→-Iz

(B ∧A)→ (A ∧B)

[B]y [A]x
∧-I

B ∧A
→-E

A ∧B



Simplifying a proof

[B ∧A]z
∧-E1

A

[B ∧A]z
∧-E0

B
∧-I

A ∧B
→-Iz

(B ∧A)→ (A ∧B)

[B]y [A]x
∧-I

B ∧A
→-E

A ∧B
⇓

[B]y [A]x
∧-I

B ∧A
∧-E1

A

[B]y [A]x
∧-I

B ∧A
∧-E0

B
∧-I

A ∧B



Simplifying a proof

[B ∧A]z
∧-E1

A

[B ∧A]z
∧-E0

B
∧-I

A ∧B
→-Iz

(B ∧A)→ (A ∧B)

[B]y [A]x
∧-I

B ∧A
→-E

A ∧B
⇓

[B]y [A]x
∧-I

B ∧A
∧-E1

A

[B]y [A]x
∧-I

B ∧A
∧-E0

B
∧-I

A ∧B
⇓

[A]x [B]y
∧-I

A ∧B



Part 3

Church’s Lambda Calculus



Alonzo Church (1903–1995)



Church 1932: Lambda Calculus



Reduction rules

(λx. u) t ⇒ u[t/x]

fst (t, u) ⇒ t

snd (t, u) ⇒ u



Simplifying a term

(λz. (snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))



Simplifying a term

(λz. (snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))



Simplifying a term

(λz. (snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))

⇓
(x, y)



Church 1940: Typed Lambda Calculus

[x : A]x
···

u : B
→-Ix

λx. u : A→ B

s : A→ B t : A
→-E

s t : B

t : A u : B
∧-I

(t, u) : A ∧B
s : A ∧B

∧-E0
fst s : A

s : A ∧B
∧-E1

snd s : B



A program

[z : B ∧A]z
∧-E1

snd z : A

[z : B ∧A]z
∧-E0

fst z : B
∧-I

(snd z, fst z) : A ∧B
→-Iz

λz. (snd z, fst z) : (B ∧A)→ (A ∧B)



Simplifying programs

[x : A]x
···

u : B
→-Ix

λx. u : A→ B

···
t : A

→-E ⇒

···
t : A···

u[t/x] : B
(λx. u) t : B

···
t : A

···
u : B

∧-I
(t, u) : A ∧B

∧-E0 ⇒

···
t : A

fst (t, u) : A



Simplifying a program

[z : B ∧A]z
∧-E1

snd z : A

[z : B ∧A]z
∧-E0

fst z : B
∧-I

(snd z, fst z) : A ∧B
→-Iz

λz. (snd z, fst z) : (B ∧A)→ (A ∧B)

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
→-E

(λz. (snd z, fst z)) (y, x) : A ∧B



Simplifying a program

[z : B ∧A]z
∧-E1

snd z : A

[z : B ∧A]z
∧-E0

fst z : B
∧-I

(snd z, fst z) : A ∧B
→-Iz

λz. (snd z, fst z) : (B ∧A)→ (A ∧B)

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
→-E

(λz. (snd z, fst z)) (y, x) : A ∧B
⇓

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
∧-E1

snd (y, x) : A

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
∧-E0

fst (y, x) : B
∧-I

(snd (y, x), fst (y, x)) : A ∧B



Simplifying a program

[z : B ∧A]z
∧-E1

snd z : A

[z : B ∧A]z
∧-E0

fst z : B
∧-I

(snd z, fst z) : A ∧B
→-Iz

λz. (snd z, fst z) : (B ∧A)→ (A ∧B)

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
→-E

(λz. (snd z, fst z)) (y, x) : A ∧B
⇓

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
∧-E1

snd (y, x) : A

[y : B]y [x : A]x
∧-I

(y, x) : B ∧A
∧-E0

fst (y, x) : B
∧-I

(snd (y, x), fst (y, x)) : A ∧B
⇓

[x : A]x [y : B]y
∧-I

(x, y) : A ∧B



Part 4

The Curry-Howard Isomorphism



Haskell Curry (1900–1982) / William Howard (1926–)



Howard 1980



Howard 1980



Howard 1980



Part 5

Aliens



How to talk to aliens



Independence Day



A universal programming language?



Special thanks to:

Chris Banks, the tutors and demonstrators,
Kirsten Belk, Kendal Reid and Paul Anderson

for making the course run

Phil Wadler, Phil Scott, the Haskell community
for the content

You
for listening, for questions, and for the future


