Informatics 1 - Computation and Logic:
Tutorial 4 Solutions

Propositional Logic: Resolution

Week 6: 22 - 26 October 2012

Resolution
The following propositional logic argument is valid:
(PAQ) =R P, QFR (1)

In Tutorials 2 and 3, you learned two methods for proving that an argument is

valid: (1) using truth tables; (2) using sequent proofs. In this assignment we

are concerned with a third method: conversion to clausal form and resolution.
The resolution method proceeds in FOUR steps:

(1) Convert the argument into a conjunction

Recall from the lecture notes that argument X1, Xo,..., X,, F Y is valid if and
only if the conjunction X; A X3 A ... A X,, A =Y is inconsistent (i.e. the
negation of the conclusion is inconsistent with the premises). Thus we start by
converting the argument in (1) into the following conjunction:

(PANQ)—R)ANPAQA-R (2)

If we can prove that this conjunction is inconsistent, then we have proved that
the argument in (1) is valid.

(2) Convert the conjunction into conjunctive normal form

An expression is in conjunctive normal form (CNF) if it is a conjunction of
disjunctions of literals, where a literal is either an atomic propositional symbol
or a negated atomic propositional symbol.

To be more precise, an expression is in CNF if it is a conjunction of one or more
disjunctions of one or more literals.

To be even more precise, an expression is in CNF if it is either: (a) a literal;
(b) a disjunction of literals; or (¢) a conjunction of literals and/or disjunctions
of literals.



For example, the following expressions are all in CNF:

-P

PV-QV-R

P A (-QV —R)

P AN -Q AN -R

(PV-Q) AN (WRVP)

(PVQV-R) AN (mQV—-R) NP A (=SV~-P)

However the following expressions are not in CNF:

(PV-Q) A (wR—P)
(P AN -Q)V (=R AP)
-P A (—\—\Q\/R)

(PV—=Q) N =(RVP)

To convert an arbitrary expression of propositional logic into CNF, we apply
the following equivalences:

e X <Y is equivalent to (X - Y) A (Y — X)

e X — Y is equivalent to - X VY

(X VY) is equivalent to =X A Y

(X A Y) is equivalent to =X VY

XV (Y A Z)isequivalent to (X VY) A (X V Z)
e —— X is equivalent to X

As well as making liberal use of the associativity conventions for conjunction
and disjunction:

e X A (Y AN Z) is equivalent to (X A Y) A Z and thus can be written
XANY ANZ

e XV (YVZ)isequivalent to (X VY)V Z and thus can be written X VYV Z
Thus we can convert the conjunction in (2) into CNF as follows:

(PANQ)—R)ANPANQAN-R
= ((PAQVRYAPANQA-R
= ("PV-QVR)ANPANQAN-R
In other words, the conjunction in (2) is logically equivalent to the following

CNF expression:
(-PV-QVR)ANPANQAN-R (3)



You can verify this using a truth table.
(3) Convert the CNF expression into clausal form

To turn a CNF expression into clausal form, simply turn each conjunct into
a set of literals, and then convert the whole conjunction into a set of sets of
literals.

The CNF expression in (3) can be converted into clausal form as follows:

(-PV-QVR) AP AQA-R
= [P, -Q,R] A [P] A [Q] A [-R]
= [[-P,-Q.R], [P], [Q], [-R]]

Thus the clausal form of the CNF expression in (3) is the following:

[P, -Q, R], [P], [Q], [-R]] (4)

(4) Apply the resolution rule to the expression in clausal form until
no literals are left

A simple application of the resolution rule is as follows, where X, A and B
are literals:
HX’ A] ) [_‘X’ BH
[[A, B]

In words, the complimentary literals, here X and —X, from the different
clauses are removed, and the remaining literals from the two clauses, here A
and B, are merged into a new clause.

More generally, the resolution rule is as follows, where A and B are sets of
literals, and € is a set of clauses:

[[X]U A, [-X]UB]U%)
[[AUB]U %]

If we apply the resolution rule to the clausal form in (4), one derivation is:

(=P, -Q, ], [B], [Q], [-R]
= [[=Q. 7], @], [-R]

= [[&], [=R]]
= |

]



Another example, given the expression:
[[Pﬂ R] ) [P7 R, S] ) [_'Q] ) [_'S] ) [Qv _'PH

is the derivation:

A

Note that to show an argument is valid it is only required to give a sin-
gle derivation of the empty clause; whereas to prove an argument is invalid
it is necessary to exhaustively apply the resolution rule to all combinations of
complimentary literals.

1. Given the following arguments:

(a) C+-~A— B

i. Convert to conjunctions:
CAN-(A— B)

ii. Convert to CNF:

C A=(=AV B)
CAN—-—AN-B
CNAN-B

(b)) A BFAAB

i. Convert to conjunctions:

(A— B)A—~(AA B)

ii. Convert to CNF:

(=AV B)A—(AA B)
(=AV B) A (=AV =B)




(¢) (BVC)FAvV-B

i. Convert to conjunctions:

-~(BVC)A—-(AV-B)

ii. Convert to CNF:

~BA-CA—(AV-B)
-BA-CAN-ANDB

(d) ~(~AVC),B— (DAC)FAAB

i. Convert to conjunctions:

—“(mAVC)AN(B—= (DAC))AN—-(ANAB)

ii. Convert to CNF:

AN-CA(B—= (DANC))A-(ANB)
AN-CA(=BV(DAC))AN-(ANAB)
AN=CNA(=BVD)A(=BVC)AN=(ANB)
AN=CN(=BVD)AN(—-BVC)A(-AV-B)

() BV-E,C+ DFA— (B—-C)

i. Convert to conjunctions:

(BV-E)A(C 4+ D)A—(A— (B — —0))

ii. Convert to CNF:



C+ D)A-(A— (B——0))
C—-D)AN(D—C)A—=(A— (B—-(C))
~CVD)A(=DVC)AN—-(A— (B— -C))
~CVD)A (=D VC)AN=(=AV =BV -C)
-CVD)A(=-DVC)YNANBAC

o~~~ ~ —~




2. Use resolution to prove whether the following argument is valid:

(a) Convert into conjunctions:

-A—-B,(-BANA)—-DFD

(=A — —B) A («B A A) — D) A =D

(b) Convert to CNF":

(AV-B)A (=(=BAA)VD)A-D
(AV-B)AN(BV—-AV D)A-D

(c¢) Convert into clausal form:

[[Av ﬁB] > [Bv -4, D] ) [ﬁDH

(d) Apply the resolution rule:

[[Aa _‘B] ) [Bviv D] ) [_‘D”
([~B, B,D], [=D]]

([—B, BJ]

We should try other pairs, but we will always end up with complimentary
pairs (A and —A, or B and —B) in the same clause; therefore, the argument

is not valid.




3. Use resolution to prove whether the following argument is valid:

—-F — P, (-PAQ) = RF-F = (RAN-Q)

(a) Convert into conjunctions:

(=F = P)A((-PANQ) = R)A=(-F = (RNQ))

Convert to CNF:

(FV-P)A(=(=PAQ)VR)A=(FV (RA-Q))
(FV=P)AN(PV-QVR)AN-FA-(RA-Q)
(FV=P)AN(PV-QVR)AN-FA(-RVQ)

Convert into clausal form:
[[Fv _'P] ) [Pa _‘QaR] ) [_'F] ) [_‘Ra QH

Show whether the argument is valid or invalid using the resolution

ule:

[F,-P] [P, ~Q, R), [=F], [-R, Q]]
Hi] ) [Ev “Q7 R] ) [ﬁRv Q”
|[-Q. R], [-R, Q]

[[R, ~R]]

Similar to the previous question, we will end up with complimentary pairs in
the same clause, and therefore the argument is not valid




4. Use resolution to prove whether the following argument is valid:
A—-C,(-BVD)—AF (DA-B)— (AN-C)

(a) Convert to conjunctions:

(A— =C)A((=BV D) = A) A= ((DA—B) — (AA=C))

(b) Convert to CNF":

(mAV-C)YA(=(=BVD)VA)A=(=(DAN-B)V(AA-C))
(mAV-C)AN((BA-D)VAYA=(-DV BV (AN-(C))
(mAV-=C)AN(BVA)A(=DVA)AN(DA-BA-(AA-C))
(mAV-C)AN(BVAYA(=DVA)ADA-BA(-=AVC)

(¢) Convert in clausal form:

HﬁAv ﬁc} ) [B’A] ) [ﬁD’A] ) [D} ) [ﬁB] ) [ﬁAv C]]

(d) Apply the resolution rule:

[[iv _‘C] ) [B’ A} ) [_‘D,A] ) [D} ) [_‘B] ) [_‘Av CH
Hﬁv _‘D] ) [37 A] ) [D] ) [_'B} ) [—\A,gﬂ
[[-D,-A][B, 4], (D], [=B]]
([=D,=A][A],[D]]

Hﬁ] ; [D]]

This proves that the argument is valid

This tutorial exercise sheet was written by Paolo Besana and extended by
Thomas French. Send comments to s.bijani@ed.ac.uk



