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Binary constraints

You may not take both Archeology and Chemistry
It you take Biology you must take Chemistry
You must take Biology or Archeology
It you take Chemistry you must take Divinity
You may not take both Divinity and Biology

(=AV-C)A(-BVC)A(BVA)A(-CVD)A(-DVv-B)

(A—=-C)A(B2C)A(-B2A)A(C—=D)A(D—-B)



We represent 5 clauses (constraints)
by 10 arrows to give a directed graph.
)

Here we have 4 atoms A, B, C, D ; so 8 literals.
Any valuation makes 4 literals true; 4 literals false. f;

The valuation satisfies the constraints
provided no arrow goes from T to L.

In this case, we can arrange the diagram with a
line that satisfies the arrow rule,
and separates each atom from its negation. (#)

(=AV-C)A(-BVC)A(AVB)A(-CVD)A(-DVv-B)

T“@

(A—=-C)A(B=2C)A(-B2A)A(C—=D)A(D—-B)

(C=2-=AA(-C—=-B)A(-A—=>B)A(-D—=-C)A(B—-D)



The valuation satisfies the constraints
provided no arrow goes from T to L. z
X

In this case, we can arrange the diagram so we
can draw a line that satisfies the arrow rule,
and separates each atom from its negation. (-0) (D}

For this example, there are only two such lines. h 0

The one shown here makes A true
and B, C, D all false @

(=AV-C)A(-BVC)A(AVB)A(-CVD)A(-DVv-B)

(A—=-C)A(B=2C)A(-B2A)A(C—=D)A(D—-B)

(C=2-=AA(-C—=-B)A(-A—=>B)A(-D—=-C)A(B—-D)



The valuation satisfies the constraints

provided no arrow goes from T to L. z

In this case, we can arrange the diagram so we g O
can draw a line that satisfies the arrow rule,

and separates each atom from its negation.

For this example, there are only two such lines. e |

The one shown here makes A, D true
and B, C false @

(=AV-C)A(-BVC)A(AVB)A(-CVD)A(-DVv-B)

(A—=-C)A(B=2C)A(-B2A)A(C—=D)A(D—-B)

(C=2-=AA(-C—=-B)A(-A—=>B)A(-D—=-C)A(B—-D)



For this example, there are only two such lines.

For example, the valuation that makes
A, C, D true and B false
violates the arrow rule

Our analysis shows that our constraints are
equivalent to the requirement
AAr-Ba-=C

We will find a way to compute this result logically.

(=AV-C)A(-BVC)A(AVB)A(-CVD)A(-DVv-B)

(A—=-C)A(B=2C)A(-B2A)A(C—=D)A(D—-B)

(C=2-=AA(-C—=-B)A(-A—=>B)A(-D—=-C)A(B—-D)



-~

Our analysis shows that our constraints are (-®)

equivalent to the requirement
AA-Ba-C o
Two expressions are equivalent iff they are
satisfied by the same valuations. (B)

(=AV-C)A(-BVC)A(BVA)A(-CVD)A(-DVv-B)

(C—'—IA)/\(B_—>C)/\(B—>C)

AA-BAaA-C
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(R v B)A(=A v )

(=A v Q)

(R v B)

11

(=R v AA(=B v G)

(=B v G)

(R v A)



((R v B)A(=A v G))\/ ((—IR v AA(=B v Gu))

(R vBv-RvA)

A
(Rv Bv-B v Q)
A

(-AvGv-aRvA)

A
(—FAvGv-Bv(Q)

(-Av G v -B)



I'=(RVB)N(-AVG)

— a A\ b
A=((—-RVA)A(—BVG)
— C A\ d

'vVA= (RVBV-RVA) (trivial a V ¢)
AN(RV BV -BVG) (trivial a V d)
AN(—AVGV-RVA) (trivial bV c)
A(=AV GV -BVG) (b V d)

I'VA=-AVGV-B



Combining constraints

disjunction
I'= (RVB)A(-AVG)

|

A=(—-RVA)AN(—BVG)

'VA= (RVBV-RVA) (trivial)
A(RV BV -BVGQG) (trivial)
AN(—AVGV-RVA) (trivial)
A (mAVGV-BVG)

I''VA=-AVGV~-B Either [ or A or both



Combining contraints
control

(X VI)A (=X VA)

If Xthen A else [
(X?7A: T



Combining constraints
(X VID)A (=X VA)

['=(RVB)AN(—AVG)
A=(—-RVAAN(—BVG)

XVI=(XVRVB)AN(XV-AVG)
“XVA=(-XV-RVA)A(XV-BVG)




Combining constraints
(XVI)A (=X VA) =

VR

X VRV B)
X V-AVG)
—IX\/—lR\/A)

A\
A
A (X V-BVG)

N 7N N

To solve these constraints ...
It we are free to choose X
first solve [ v A

then choose X



Combining constraints
(XVI)A (=X VA)= (X
MV A (X @
(
(

A
s easy to construct A (=X v)
'VA= (RVBV-RVA) A ﬂX\/
RV BV -BVG)

A (
A (

AV GV -BVG) each constraint in I
with
I'VA=-AVGV-B each constraint in A




Combining constraints

v
XVEAV G

-X VGRV A)
"X VQBV )

(X VI)A(RX VA) =

VR

''vVA= (RVBV-RVA AN
AN(RVBV-BVG) A
A(mAVGV-RVA) A
AN(—AV GV -BVG)

N 7N N

I'VA=-AVGV-B

Choose a solution e.g. RABA-AAG
then choose X ....



Combining constraints

(X VD) A (mX VA) = (Xv
PVA—-AvGy-p NXVGAVG)
Choose a solution A (ﬁX \/)
e.g.R/\B/\—uA/\G A (=X V
then choose X .... (

RABA-AAGETD sowe choose to make X false
RABA-AAGA-XE=X

SO: RABA-AAGA-XE-XVA

but: RABA-AAGA-XEXVI (since it satisfies I')



BV DV —F

[opsy-turvy "BV-DVF
BV DV -F

We run this idea BV DV —F
backwards to simplify AV OV —E
and solve an arbitrary

set of constraints ~CVDVE
AV BV D

ABCDEZF -pvEVF
-AV-BvVvV(C

-CV-DVF



fopsy-turvy

We run this idea

backwards to simplity

and solve an arbitrary

set of constraints

ABCDEF

reorder to bring constraints
mentioning A together

AvCV-E
AV BV D
AV -BvVC
BV 2DV AF
BV 2DV F
BV DV -F
BY DV -F
-CVDVF
DV EVEF
-CV-DVF



AvCV-E
AV BV D
-AV-BVC
BV DV AF
BV -aDVEF
BV DV -F
BY-DV-F
-CVDVF
DV EVF
—CV-DVEF

AV ((CV-E)N(BVD))
-AvV-BVvC

BV DV AF
BV -aDVEF
BV DV =F
BY =DV —=F
-CV DVF
DV EVF
—CV-DVF



AV ((CV-E)N(BVD))
-AVvV-BVvVC

(AVT)A(mAVA)

'=(CV-E)YAN(BVD)
A= (—-BVC(C)

'VA=(CV-EV-BVC)AN(BVDV-BVC(C)
=CV-EV-B

if we can satisty this, together with the remaining constraints
Then we can find a value for A



AvCV-E
AV BV D
-AV-BVC
BV DV AF
BV -aDVEF
BV DV -F
BY-DV-F
-CVDVF
DV EVF
—CV-DVEF

AV ((CV-E)N(BVD))
-AvV-BVvC

BV DV AF
BV -aDVEF
BV DV =F
BY =DV —=F
-CV DVF
DV EVF
—CV-DVF



AvCV-E
AV BV D
-AV-BVC
BV DV AF
BV -aDVEF
BV DV -F
BY-DV-F
-CVDVF
DV EVF
—CV-DVEF

B\ CV -E

-5V

- B

=DV —F

=DV F
DV —F

BY =DV aF
-CVDVF
DV EVF
-CV-DVF



DV FV DV -F
DYV —-FV-DV-aF



CV-EV-aDV-aF
=DV FN =DV AF
DV FNV 2DV -F
DV —-FN 2DV -F

— CV-EV-aDV-AF
=DV —F

— DV -F



AvCV-E

F
AVBVD DV
~AV-BVC -CVDVF
BV 2DV F
DV EV F
BV DV F
~BVDV-F -C'V DV F
BV -DV —F Make
C false
'V DV F D false
DV EVF E F can be chosen freely

make both true
-CV-DVF Make B false: A true



