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1. (a) For each of the following propositional expressions, use a truth table to
determine whether it is tautologous, contradictory, or contingent. [2 marks ]

i. ((¬B ! ¬A) ! B) ! B

ii. ((A _B) ! A) ! (B ! A)

(b) This part concerns the 256 possible truth valuations of the following eight
propositional letters A, B, C, D, E, F, G,H. For each of the following ex-
pressions, say how many of the 256 valuations satisfy the expression, and
briefly explain your reasoning. For example, the expression ¬D is satisfied
by half of the valuations, that is 128 of the 256, since for each valuation that
makes D true there is a matching valuation that makes D false.

i. A

ii. E � F

iii. B _ ¬D

iv. ¬A ! H

v.
(A ! B) ^ (B ! C) ^ (C ! D)

vi.
(A ! C) ^ (B ! C) ^ (C ! E) ^ (D ! E)

vii.

(A ! B) ^ (B ! C) ^ (C ! D) ^ (D ! E)

^ (E ! G) ^ (F ! G) ^ (G ! H) ^ (H ! E)

viii.

(A ! (B^C))^(B ! D)^(D ! E)^(E ! F )^(F ! G)^(G ! H)
[8 marks ]
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Boolean Algebra

5

¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a ^ b) = ¬a _ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a



Derived Operations
Definitions:

x! y ⌘ ¬x _ y implication

x y ⌘ x _ ¬y
x$ y ⌘ (¬x ^ ¬y) _ (x ^ y) equality (i↵)

x� y ⌘ (¬x ^ y) _ (x ^ ¬y) inequality (xor)

Some equations:

x$ y = (x! y) ^ (x y)

x� y = ¬(x$ y)

x� y = ¬x� ¬y
x$ y = ¬(x� y)

x$ y = ¬x$ ¬y
6



3. (a) Express each of the following expressions in clausal form. Write your answers
in the table provided for Q3c. (Please order the literals in each clause
alphabetically.) [4 marks ]

i. P ! (Q _R)

ii. (P ^Q) ! ¬R

iii. ¬P ! (R ! Q)

iv. (Q ^ ¬P ) ! R

(b) Use resolution to determine whether there is a valuation satisfying the con-
junction of these four expressions. [6 marks ]

(c) Using the table provided on the final page of this paper, record the search
for a satisfying valuation for these clauses, using the one watched literal
algorithm.

You may use the table on this page for rough working, but you
must use the final page to submit your answer to Q3(c).

Start with the empty valuation, watching the first literal in each clause. At
each step of the search use one column of the table provided to record in the
first 3 squares the truth values assigned to the atoms, P, Q, R, and in the
remaining four, any changed position (1,2,3) of the watched literal for each
of the four clauses. When you need to find a new literal to watch always
choose the first one available (reading each expression left-to-right). Place
an ⇥ in the watched literal square when no suitable literal is available.

P

Q

R

(i)

(ii)

(iii)

(iv)

Satisfying valuation: [10 marks ]

This question continues on the next page ...
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2. You are given the following inference rules, due to Gentzen:

�, A ` �, A
(I)

�, A,B ` �
�, A ^B ` �

(^L)
� ` A, B, �

� ` A _B, �
(_R)

�, A ` � �, B ` �
�, A _B ` �

(_L)
� ` A, � � ` B, �

� ` A ^B, �
(^R)

� ` A, � �, B ` �
�, A ! B ` �

(! L)
�, A ` B, �

� ` A ! B, �
(! R)

� ` A, �
�,¬A ` �

(¬L)
�, A ` �

� ` ¬A, �
(¬R)

Here, A and B are propositional expressions, �, � are finite sets of expressions,
and �, A is shorthand for � [ {A}.
An entailment � ` � is valid i↵ every valuation that makes each expression in �
true makes some expression in � true.

(a) i. Explain what it means to say that a valuation V is a counterexample
for an entailment, � ` �. [2 marks ]

ii. Show that the rule (! L) has the property that a valuation V is a
counterexample for the rule’s conclusion i↵ it is a counterexample to at
least one of its assumptions. [4 marks ]

(b) Use the Gentzen rules to show that [4 marks ]

(Q ! P ) ! Q ` Q

(c) Use the Gentzen rules to build an attempted proof of [4 marks ]

(P ^Q) ! R, P _Q ` R

(d) Derive a counter-example from your attempted proof. (Show your working,
and briefly justify your answer in terms of the particular properties of this
set of rules.) [2 marks ]

(e) i. What does it mean to say a set of rules is complete? [2 marks ]

ii. Is this a complete set of rules? Briefly justify your answer. [2 marks ]
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Use the Gentzen rules to determine whether there is a 
valuation satisfying the conjunction of these four expressions.


