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for these rules,
a counterexample to any assumption
IS a counterexample to the conclusion
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for all these (sound) rules,
a counterexample to any assumption
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Each of Gentzen’s rules is sound:

If a sequent can be proved using these rules it is valid

J, It a sequent is valid can it be proved ?
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Each of Gentzen’s rules has the property that:

a counterexample to any of its assumptions
IS also
a counterexample to its conclusion

if the search for a proof fails,
we can use this property to provide a counterexample to the conclusion
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Gentzen’s rules are ey
sound and complete KM‘E.EP

we apply the rules, until we can do no more;
at each step there are fewer connectives CALM
In each assumption than in the conclusion

| FOLLOW
eventually we run out of connectives, THE RULES

at which point, only atoms remain
either n A =
In which case we can construct a counterexample
or some atom occurs in both [ and A
so, we can apply rule | to discharge the assumption

if all assumptions are discharged we have a proof;

otherwise,
any counterexample can be pushed down the tree to

show that the conclusion is not valid
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This shows that Gentzen's set of rules is complete,
that is to say:

it a sequent is valid then it has a proof

(without assumptions)
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New rules? example: Shefter stroke, joint denial, nor

Al B=—-(AVB)=-AAN-B
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Assumptions: If the races are fixed or the gambling houses are crooked, then
the tourist trade will decline.

If the tourist trade declines then the police force will be happy.

The police force is never happy.

Conclusion: The races are not fixed.
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we represent the argument by a deduction
composed of sound deduction rules
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assum/oz‘/ons\

X=Y Y
- X

conc/us/on/

A deduction rule is sound if
whenever its assumptions are true
then its conclusion Is true

modus tollendo tollens

[f we can deduce some conclusion from a set of
assumptions, using only sound rules, and the
assumptions are true then the conclusion is true;
the argument is valid



28

A _>ﬁBA B modus tollendo tollens -4 él v.B modus tollendo ponens

A —(AADB) A A— B

5 modus ponendo tollens 5 modus ponendo ponens

Can we find a finite set of sound
rules sufficient to give a proof for
any valid argument?

A set of deduction rules that is
sufficient to give a proof for any
valid argument
IS said to be complete
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Some deduction rules

Are these sound?

4 —>ng =B odus tollendo tollens — —4 él VB nodus toliendo ponens
A —-(ANB

(B ) modus ponendo tollens A %é B modus ponendo ponens
ek \/54 =B odus tollendo tollens =4 él VB modus tollendo ponens
A ﬂAB\/ mlEi modus ponendo tollens A ﬂél v B modus ponendo ponens

these rules are all equivalent to special cases of
resolution, so we should expect that the answer will be
yes, but we also want to formalise more natural forms
of argument
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Some sound deduction rules

4 %FA =B odus tollendo tollens W modus tollendo ponens
A —-(ANB

(B ) modus ponendo tollens “%B modus ponendo ponens
4 \/54 2B odus tollendo tollens  —4 ; VB nodus tollendo ponens
A ﬂAB\/ i modus ponendo tollens % modus ponendo ponens

each rule corresponds to a valid entailment

A— B,—-BF-A -A, AV BFB
A,—(AAB)F -B A A= B+ B

-AV B,-BF-A -A,AV B+ B
A —-AV-BF-B A -AVBFB



Entallment

A— B, -BF-A
A, —~(AANB)F-B

~AV B.-BF -A
A, —~AV-BF -B

valid
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we can use rules with entaillments to
formalise and study the ways we can
builld deductions

LA AAFB a4 :
rarp  Cu L 7 AA

An inference rule is sound If
whenever its assumptions are valid
then its conclusion is valid
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Another rule of inference

A A B A A XA

(—7) =
A+FA—- B R AT



More rules

- Axrx U
AFX AFY AXFZ AYFZ AXFY
Arxnay WM Ixvrrz MV I x5y

a double line means that the rule is sound
In either direction, up as well as down

=

going down (+) introduces the connective
going up (-) eliminates the connective

34



35

A simple proof

A—-(B—-C)FA— (B—C(C) (I)_
A—-(B—-C)Ar-rB—=C (f )
A—-(B—C),A,BFC
A—-(B—-C),BFA—=C

A—-(B—-C)FB—(A—=C)

Since each inference rule is sound
if the assumptions are valid
then the conclusion is valid

Here, we have no assumptions so the conclusion is valid.
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More rules

Axrx D
AEX ARY AXFZ AYFZ AXFY
arxry N Taxvvrz W Irxosy O

Can we prove X A Y HFX VY ?

If each inference rule is sound, then,
if we can prove some conclusion (without assumptions)
then the conclusion is valid
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More rules

Axrx D
AFX AFY AXFZ AYFZ A XY
Arxry Axvrrz M ITFrxoyv

Can we prove X AY F X VY ?

we say a set of inference rules is complete, iff

if a conclusion is valid then we can prove it
(without assumptions)
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Another Proof

ANBFANANDB Ef\)_) AVBFAVDEB E\[/)_)
ANBFA AI_A\/BCt
ANBF AV B u

a set of entailment rules is complete if
every valid entailment has a proof

Jscan we find a complete set of sound rules?



