
Tautology
Satisfied for all valuations of the atoms

Satisfiable
Satisfied for some valuations of the atoms

Contradiction
Satisfied for no valuations of the atoms
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Contingent
Satisfied for some but not all valuations of the atoms
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(B ⋁ (A ⋀ C)) ⋀ D
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(A ∧ C) ∨ (B ∧ D) ∨ (B ∧ C) ∨ (A ∧ D) 

 = (A ∨ B) ∧ (C ∨D)
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(A ∨ C) ⋀ (B ∨ C) 

 = (A ⋀ B) ⋁ C
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(A ∨ B) ⋀ C 

 = (A ⋀ B) ⋁ C
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The diagram shows a river, a road, an 
island, and two bridges that can open to 
let ships pass. 
Ships can pass from West to East  only if at 
least one of the bridges is open. 
Cars can pass from North to South only if 
both bridges are closed.
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How does this relate to 
de Morgan’s Law?



Draw a graph showing  
the paths across the 
bridges from  
North to South.

N

S

In each case, the bridges 
correspond to edges of 

the graph.

Draw a graph showing  
the paths under the 

bridges from West to 
East.

What is the logical 
relationship between the 

two graphs?

E
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To produce conjunctive normal form 
(CNF) 

eliminate ———  
push negations in  
push ⋁ inside ⋀
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¬(a ! b) = a ^ ¬b a $ b = (a ! b) ^ (b ! a) a ! b = ¬a _ b

¬(a _ b) = ¬a ^ ¬b ¬(a _ b) = ¬a ^ ¬b
¬0 = 1 ¬¬a = a ¬1 = 0

a _ 1 = 1 a _ (b ^ c) = (a _ b) ^ (a _ c) a ^ 0 = 0

a _ 0 = a a _ ¬a = 1 a ^ ¬a = 0 a ^ 1 = a

$ !
We can transform any Boolean 
expression algebraically to 
create an equivalent CNF
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R $ A = (R ! A) ^ (A ! R)

= (¬R _A) ^ (¬A _R)

G $ (R $ A)

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
¬((¬R _A) ^ (¬A _R)) _G

�

eliminate  $ !
In this case, once we have 
eliminated implications, we 
have CNF. 
Clauses with only two literals 
correspond to implications.



eliminate
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R $ A = (R ! A) ^ (A ! R)

= (¬R _A) ^ (¬A _R)

G $ (R $ A)

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
¬((¬R _A) ^ (¬A _R)) _G

�

$ !
Here, we use the previous 
result to re-write the part in 
parentheses.



push negations in
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G $ (R $ A)

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
¬((¬R _A) ^ (¬A _R)) _G

�

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
(¬(¬R _A) _ ¬(¬A _R)) _G

�

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
((R ^ ¬A) _ (A ^ ¬R)) _G

�



push negations in

13

G $ (R $ A)

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
¬((¬R _A) ^ (¬A _R)) _G

�

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
(¬(¬R _A) _ ¬(¬A _R)) _G

�

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
((R ^ ¬A) _ (A ^ ¬R)) _G

�



push ⋁ inside ⋀
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G $ (R $ A)

=
�
¬G _ ((¬R _A) ^ (¬A _R))

�

^
�
((R ^ ¬A) _ (A ^ ¬R)) _G

�

=
�
((¬G _ ¬R _A) ^ (¬G _ ¬A _R))

�

^
�
((R ^ ¬A) _ (A ^ ¬R)) _G

�



push ⋁ inside ⋀
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G $ (R $ A)

= (¬G _ ¬R _A) ^ (¬G _ ¬A _R)

^
�
((R ^ ¬A) _ (A ^ ¬R)) _G

�

= (¬G _ ¬R _A) ^ (¬G _ ¬A _R)

^
�
((R _A) ^ (¬A _A) ^ (R _ ¬R) ^ (¬A _ ¬R)) _G

�



simplify
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G $ (R $ A)

= (¬G _ ¬R _A) ^ (¬G _ ¬A _R)

^
�
((R _A) ^ (¬A _A) ^ (R _ ¬R) ^ (¬A _ ¬R)) _G

�

= (¬G _ ¬R _A) ^ (¬G _ ¬A _R)

^
�
((R _A) ^ (¬A _ ¬R)) _G

�

¬A _A = >
R _ ¬R = >
x ^ > = x



push ⋁ inside ⋀
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G $ (R $ A)

= (¬G _ ¬R _A) ^ (¬G _ ¬A _R)

^
�
((R _A) ^ (¬A _ ¬R)) _G

�

= (¬G _ ¬R _A) ^ (¬G _ ¬A _R)

^
(R _A _G) ^ (¬A _ ¬R _G)



check!

18

✔

✔

✔

✔

!

!

!
!

G $ (R $ A) =

(¬G _ ¬R _A)

^
(¬G _ ¬A _R)

^
(R _A _G)

^
(¬A _ ¬R _G)



A ∨ B ∨ C ∨ D
(A ∨ B ∨ L) ∧ (L = C ∨ D)

L = C ∨ D 
(L → C ∨ D) ∧ (C ∨ D  → L) 

(¬L ∨ C ∨ D) ∧ (¬(C ∨ D)  ∨ L) 
(¬L ∨ C ∨ D) ∧ ((¬C ∧ ¬D)  ∨ L) 

(¬L ∨ C ∨ D) ∧ (¬C ∨ L) ∧ (¬D ∨ L)

A ∨ B ∨ C ∨ D ≣
(A ∨ B ∨ L) ∧ (¬L ∨ C ∨ D) ∧ (¬C ∨ L) ∧ (¬D ∨ L)


