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Basic Boolean operations

LT true, top
v disjunction, or
A ~ conjunction, and
- negation, not
0, false, bottom
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n o | Here, we use arithmetic
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mod 2
The same equations
work if we use ordinary
arithmetic!
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The algebra of sets
P(S)={X|X CS)

XVY=XUY
XANY=XnNY
X =S\Y
0=
1=S

union
intersection
complement
empty set

entire set



Derived Operations

Definitions:

Some equations:

r—y=-xVy
rT4—y=xV Yy
reoy=(—x Ay V(icAy)
@y =(~xAy)V(zA-y)

roy=(r—=y AT <y)
TDy = (x> y)
rDYy =Dy
Ty ="(rDy)
X<y =" <> Y

implication

equality (iff)

inequality (xor)



an algelbraic proof

(x4 y) o z=(r o y) < 2 (a <> b= —a < —b)
=(xDy) < 2 (~(a <> b) =adb)
=(xPy) Dz (a <> —b=a®b)



Boolean connectives

Some equalities:

rVy=-(-xA-y) r ANy =-(-xV-y)
—r=x — 0 TVYy=-T—>Y

We will see that A, V, = and L are sufficient to define any boolean function.
These equations show that {A,—, L}, {V,—, L}, and {—, L} are all sufficient
sets.



Boolean Algebra

rV(yVz)=(xVy)Vz e AN(YyANz)=(xANy)Az associative
zV(yNz)=(xVy AN(xVz) xzAN(yVz)=(xAy)V(xAz) distributive
rVy=yVax TNYy=yNx commutative
xrV0==x rN1l==x identity
xV1=1 x A0 =0 annihilation
rVr==x TANx =2 idempotent
xV-x=1 —xANx =0 complements
zV(rAy) =z rAN(xVy) =z absorbtion
—(xVy)=—-x Ay —(x ANy)=—-xV Yy de Morgan

S =X T — Y =T < Y



Exercise 2.1

Which of the following rules are not valid for arithmetic”
Which of the rules are not valid for arithmetic in Z>7

r+(y+z)=(r+y)+z2 rX(yxz)=(rXxXy)Xz associative
r+(yxz)=(x+y)x(x+2) xx((y+z2) =(xxy)+ (rxz) distributive
rt+y=y—+=zx TXY=YXxT commutative
r+0==zx rXx1l=x identity
r+1=1 rXxX0==x annihilation
r+r==x TXT =2 idempotent
r+(xxy ==z r+(xxy) ==z absorbtion

r+ —x=1 rX —x=0 complements



The algebra of sets
P(S)={X|X CS)

XVY=XUY
XANY=XnNY
X =S\Y
0=
1=S

union
intersection
complement
empty set

entire set



Exercise 2.4 (for mathematicians)

In any Boolean algebra, define,
TLY=xNy==ux
1. Show that, for any z, y, and z,

O<zand x<zand z <1
r—y=1 ifftx <y
if r <yand y <z then x <z
it r <yand y <x then x =y
it x <y then -y < —x

2. Show that, in any Boolean Algebra,

xNy=zcziftxVy=y
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| G(x) < R(z) < Az)}

The meaning of an expression is the set of states in which it is true.

® O x

IO N%

O Q@O x
X

O v

@O X

O @ v

@ v
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| G(x) < R(z) < Az)}

Disjunctive Normal Form (DNF)

® O x R(z) A A(z) A G(z)
000 v §
00 x R(z) A —A(z) A —G()
X v
O v -R(x) N —A(x) N G(x
00 VR()A (z) A G(z)
® v

oy -R(z) N A(x) A —G(x)
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| G(x) < R(z) < Az)}

® O
-9 = (R(x) N—A(x) ANG(x)
@ x
y —R(z) N A(x) A G(x)
O v
200 » —R(x) AN —A(x) N -G(x)
O v '
00 v R(x) N A(x) A ﬂG(x)>



(2] G(x) & R(x) & Alx)}

Q@00 v

~(R(z) A =A(z) A G(2))
~(=R(z) A A(z) A G(x))
~(~R(x) A ~A(z) A —G(z))
~(R(z) A A(z) A ~G(x))
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| G(x) < R(z) < Az)}

Conjunctive Normal Form (CNF)

® ©x (R(z) V A(z) v ~G(x))
@00 v A
@@ x (R(z) v ~A(z) V ~G(z))
X A
:O ; (R(z) V A(z) v G(x))

A

@ v
(—R(z) V —A(z) V G(x))

QO v
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Exercise 2.2

Generate CNF for this subset
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Exercise 2.3

Generate CNF for this subset
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