1 ) 1. PAQ Premise
i A—B Pwmfhc 2. P Decomposing a conjunction (1)
2. ~B Premise 3. Q Decomposing a conjunction (1)
3. ~A Modus tollens (1,2) 4. P —~(QAR) Premise '
!‘_1 ~A—=(CAD) Premise | 5. ~ (QAR) Modus ponens (3.4)
5. CAD Modus p01.10us (3.4.). . 6 ~QU~R DeMorgan (5)
6. C Decormnposing a conjunction (5) 7 ~R Disjunctive syllogism (3.6)
8 S— R Premise
0. ~ .8 Modus tollens (7.8) O

L ecture 17:Inference

Michael Fourman

10 Logically Equivalent Expressions

The 9 Elementary Valid Arg’t Forms

10. De Morgan’s Thecrums (DeM) 15. Transposition (Trans)
1. Modus Ponens {MP) 4. Disjunctive Syllogism (DS) 7. Simplification (Simp) ~(P&Q)=(~Pv~Q) (P>Q)=(~Q>~P)
P3>q PvQ o g ~(PvQ) = (~P&~Q)
P Q P 11. Commutation (Com) 16. Material Implication (Impl)
a (PvQ)=(QvP) (P>Q)=(~Pva)

. ) . . ; (P&Q)=(Q&P)
5. Constructive Dilemma (CD) 8. Conjunction {Conj)

2. Modus Tollens (MT) P> &(R>S p o 17. Materizl Equivalence (Equiv)
P3>aQ ( ) ?Z.Assomano.n(Assoc) (P=Q)=[(P>Q)&(Q>P)]
N PvR Q [Pv{QvR)] =[(PvQ)}VvR] P=Q)=[(P&QA)V(~P&~Q
Qvs P&Q [P&({Q&R)] = [(P&Q)&R] (P=Q) =[(P&Q)v( )
~p
i 13. Distribution (Dist) 18. Exportation (Exp)
6. Absorption {Abs) 9. Addition (Add) [P&({QVR)] = [(P&Q)V(P 1=
3 {gg)t etical Syllogism p &R)]
[P &R)]=1[(P &(P
P3>a P>(P&Q) Pva y ":,(RQ“ 11=T1Pvalal 19. Tautology (Taut)
5 & P=(PvP)
P=>R 14, Double Negaticn (DN) P=(P&P)

~~p =P



s this a valid argument?

e Assumptions:
If the races are fixed or the gambling houses

are crooked, then the tourist trade will decline.
If the tourist trade declines then the police

force will be happy.
The police force is never happy.

e Conclusion:
The races are not fixed




Assumptions: If the races are fixed or the gambling houses are crooked, then
the tourist trade will decline.

If the tourist trade declines then the police force will be happy.

The police force is never happy.

Conclusion: The races are not fixed.

TT— PH  -PH
(RFVGC ) — TT -TT
—(RF v GC)
—RF N =GC
—RF

we represent the argument by a deduction
composed of sound deduction rules



assum/oz‘/ons\

X=Y Y
- X

conc/us/on/

A deduction rule is sound if
whenever its assumptions are true
then its conclusion Is true

modus tollendo tollens

[f we can deduce some conclusion from a set of
assumptions, using only sound rules, and the
assumptions are true then the conclusion is true;
the argument is valid



A _>ﬁBA B modus tollendo tollens -4 él v.B modus tollendo ponens

A —(AAB) A A= B
5 modus ponendo tollens 5

modus ponendo ponens

Can we find a finite set of sound
rules sufficient to give a proof for
any valid argument?

A set of deduction rules that is
sufficient to give a proof for any
valid argument
IS said to be complete



Some deduction rules

Are these sound?

4 —>ng =B odus tollendo tollens — —4 él VB nodus toliendo ponens
A —-(ANB

(B ) modus ponendo tollens A %é B modus ponendo ponens
ek \/54 =B odus tollendo tollens =4 él VB modus tollendo ponens
A ﬂAB\/ mlEi modus ponendo tollens A ﬂél v B modus ponendo ponens

these rules are all equivalent to special cases of
resolution, so we should expect that the answer will be
yes, but we also want to formalise more natural forms
of argument



Some sound deduction rules

4 %FA =B odus tollendo tollens W modus tollendo ponens
A —-(ANB

(B ) modus ponendo tollens “%B modus ponendo ponens
4 \/54 2B odus tollendo tollens  —4 ; VB nodus tollendo ponens
A ﬂAB\/ i modus ponendo tollens % modus ponendo ponens

each rule corresponds to a valid entailment

A— B,—-BF-A -A, AV BFB
A,—(AAB)F -B A A= B+ B

-AV B,-BF-A -A,AV B+ B
A —-AV-BF-B A -AVBFB



Entallment

A— B -BF—A ~A,AVBF B
A, ~(AAB)F -B A,A = BF B
-AV B,-BF-A -A,AV B+ B
A, AV -BF B A -AVBF B

valid



we can use rules with entaillments to
formalise and study the ways we can
builld deductions

LA AAFB a4 :
rarp  Cu L 7 AA

An inference rule is sound If
whenever its assumptions are valid
then its conclusion is valid
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Another rule of inference

A A B A A XA

(—7) =
A+FA—- B R AT



More rules

- Axrx U
AFX AFY AXFZ AYFZ AXFY
Arxnay WM Ixvrrz MV I x5y

a double line means that the rule is sound
In either direction, up as well as down

=

going down (+) introduces the connective
going up (-) eliminates the connective

11
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A simple proof

A—-(B—-C)FA— (B—C(C) (I)_
A—-(B—-C)Ar-rB—=C (f )
A—-(B—C),A,BFC
A—-(B—-C),BFA—=C

A—-(B—-C)FB—(A—=C)

Since each inference rule is sound
if the assumptions are valid
then the conclusion is valid

Here, we have no assumptions so the conclusion is valid.
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More rules

Axrx D
AEX ARY AXFZ AYFZ AXFY
arxry N Taxvvrz W Irxosy O

Can we prove X A Y HFX VY ?

If each inference rule is sound, then,
if we can prove some conclusion (without assumptions)
then the conclusion is valid
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More rules

Axrx D
AFX AFY AXFZ AYFZ A XY
Arxry Axvrrz M ITFrxoyv

Can we prove X AY F X VY ?

we say a set of inference rules is complete, iff

if a conclusion is valid then we can prove it
(without assumptions)
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Another Proof

ANBFANANDB Ef\)_) AVBFAVDEB E\[/)_)
ANBFA AI_A\/BCt
ANBF AV B u

a set of entailment rules is complete if
every valid entailment has a proof

Jscan we find a complete set of sound rules?



Gentzen’'s Rules (1)

1924 AFAA ()
I A BF A I A B, A
T ANBEA M) Trave.A VR

[LAFA T,BFA . TFAA TEBA
ravBra VD THAAB,A

a sequent, [ - A

where [ and A are finite sets of expressions
is valid iff
whenever every expression in [ is true
some expression in A is true

16 Gerhard Karl Erich Gentzen (November 24, 1909 — August 4, 1945)
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Gentzen’'s Rules (1)

raraa D
I A BFA I A B.A
T ANBEA M) TFavB.Aa VI

I''AFA T,BFA I'-AA T'FBA

FAvBra VD TFAnBA M)
a counterexample to the sequent [ - A,

IS a valuation that makes

every expression in [ true
and

every expression in A false

(a sequent is valid iff it has no counterexample)
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A rule

A+ B, A

rFAsBA 0

A valuation is a counterexample to the top line
Iff it Is a counterexample to the bottom line
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Another rule

I'FA A I'BFA
I'A— BFA

A valuation is a counterexample to the bottom line
Iff it is a counterexample to
at least one of the entailments on the top line

(— L)
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a valuation is a . it is a counterexample
counterexample to /ff to at least one

the conclusion assumption
RAFAA(D
A, BFA ' A B,A
AN BPA(l» PFAVBA(]”
'A+FA T,BFA 'FAA TFB,A
FAvBra VD TFAnBA M)
I'FA A RBPA(\L) A+ B, A o R)
I''A— BFA ' 'FA— B,A
I'FA A A A
r;vu—A(5L) :rkﬂAﬁs(ﬁR)



