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Basic Boolean operations

1, T true, top
\Y disjunction, or
A conjunction, and
- ’ negation, not
0, L false, bottom

L/

Boole (1815 - 1864)




If we use one bit (binary unit,

ZQ — {O, 1} 0 or 1) to code each truth
Ay value, with

Y=y 0 1
sVy=z+y—ay s O~land1~T

then we can express the

0 o
Here, we use arithmetic 9|1 . .
mod 2 logical operations
The same equations
work if we use ordinary ; algebraically.
arithmetic!

It doesn’t matter whether we

interpret these expressions in

Z orin 22



The algebra of sets
P(S)={X | X CS}

XVY=XUY union
XANY=XnNnY intersection
-X=5\Y complement
0=10 empty set

1=5 entire set




Derived Operations

Definitions:

Some equations:

r—y=-xVy
rT—y=axV-oy
s y=(zAy)V(zAy)
zdy=(-zAy)V(zA-y)

roy=(@=2y)A(rey)
@y =-(z ¢ y)
rBYy=-ady
rey=-(rdy)
Ty =x oy

implication

equality (iff)

inequality (xor)




an algebraic proof

(zey) o z=-(zey) &z (a4 b=—a+ —b)
— oy o 2 (-(aerb)=aab)
=@y ®z (a+r-b=adb)

Once we know the rules for iff
and xor shown on the right,
we can give an algebraic
proof that the xor
combination of three variables
is the same as their iff

combination



Boolean connectives

Some equalities:
zVy=-(-zA-y) T Ay =-(-zV-y)
—r=x—0 TxVy=-x—=y

We will see that A, V, = and L are sufficient to define any boolean function.
These equations show that {A,—, L}, {V,=, L}, and {—, L} are all sufficient
sets.




The equations above the gap

Boolean Algebra define a Boolean algebra.

zV(yVz)=(xzVy Vz TA(YyNz)=(xAy) Az associative Those below the Iine fO”OW
zV(yAz)=(xVy A(xVz) zA(yVz)=(xAy)V(zAz) distributive
rVy=yVzx T ANy=yAz commutative from these
zV0=z cANl=2 identity .
zV1i=1 zA0=0 annihilation
rVr=1r TANT =T idempotent
zV-zr=1 —xAx =0 complements
zV(zAy) ==z zA(zVy) == absorbtion
—(zVy)=-zA-y (zAy)=-zV-y de Morgan

-z = Ty =Ty
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Exercise 2.1

Which of the following rules are not valid for arithmetic?
Which of the rules are not valid for arithmetic in Z2?

z+y+2)=(+y) +2 zx(yxz)=(@xy) xz associative
x4+ (yxz)=(@+y)x(x+2) zx(y+z)=(xy)+ (xxz) distributive
r+y=y+ax TXY=YyXxXzT commutative
z+0=z rxl=ux identity
r+1=1 zx0=zx annihilation
rt+r=2x rXr=2x idempotent
r+(zxy) ==x r+(rxy) =x absorbtion

v+ -—zc=1 zx—z=0 complements




Exercise 2.4 (for mathematicians)
In any Boolean algebra, define,

1. Show that, for any z, y, and z,

0<zandzx <zand x <1
r—y=T iffe <y
ife<yandy<zthenz <z
ifx<yandy<xzthenzx=y
if x <y then -y < —x

2. Show that, in any Boolean Algebra,

sANy=zcifzVy=y
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{z

G(x) < R(x) < A(z)}

The meaning of an expression is the set of states in which it is true.

@ O x
00 v
Q@ x
X

O v
@0 «x
Qv
O v

To determine whether to
expressions are equivalent, we
can check whether they give
the same values for all 2/n
states of the system.

The meaning of an expression
is the set of states in which it

is true.



{z| G(z) & R(z) < Az)}

Disjunctive Normal Form (DNF)

: o : : R(z) A A(z) A G(z)
oe >>: é(r) A =A(z) A —G(z)

:O : ER(I) A=A(z) A G(x)
. O : —R(z) A A(z) A —~G(x)

A boolean function of three
variables is given by a truth
table with eight entries

We can easily write down a
disjunction of terms, each one
of which corresponds to a
single state in which the

function is true.



{z| G(z) & R(z) < Az)}

® O x
00 v
0@ x

O v
@0 x
Qv

QO v

- (R(z) A —A(z) A G(z)

\%

—R(z) N A(z) A G(x)

\

-R(z) A —A(z) A -G(x)
V

R(z) A A(z) A ﬁG(z)>

Here we say that we are not in
a state where the function is

false



{z| G(z) & R(z) < Az)}

® O x
00 v
0@ x

() v
Q@0  x
Qv
Qv

~(R(z) A =A(z) A G(x))
A

~(=R(z) A A(z) A G())
A

=(=R(z) A —~A(z) A =G(z))
A

—(R(x) A A(z) A —~G(x))

Using de Morgan, this
becomes a conjunction of

negated conjunctions.



{z| G(z) & R(z) < Az)}

Conjunctive Normal Form (CNF)

@ @O x
[ JOX %
0@ x
X

() v
Q@0  x
Qv
Q v

(=R(z) V A(z) V -G (x))
A
(R(z) v -A(z) vV -G ()
A
(R(z) V A(z) Vv G(z))
A
(ﬂR(z) Vv —A(z) VvV G(z))

Using de Morgan again, this
becomes a conjunction of
disjunctions.

We will return to CNF later.
CNF



Exercise 2.2

Generate CNF for this subset




Exercise 2.3  Generate CNF for this subset

N/




To produce conjunctive normal form (CNF)

eliminate — <

push negations in
push Vv inside A
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(A?B:C)

if A then B else C

L]




