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Computation and Logic
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Michael Fourman

Basic Boolean operations

1, T true, top
\% disjunction, or
A ~ conjunction, and
= negation, not
0, L false, bottom
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Zo = {0,1}
?F TANYy =12y
n1 o xVy=zxr+y-—zy
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arithmetic!

The algebra of sets
P(S) ={X|X C S5}

XVY=XUY union
XAY=XNY intersection
-X=5\Y complement
0=90 empty set

1=5 entire set




Derived Operations

Definitions:
r—oy=-zVy implication
rT—y=axV-oy
s y=(zAy)V(zAy) equality (iff)
zdy=(-zAy)V(zA-y) inequality (xor)

Some equations:

roy=(@=2y)A(rey)
@y =-(z ¢ y)
rBYy=-ady
rey=-(rdy)

Ty =T &y

an algebraic proof

(zey) o z=(reoy) &z (a 4> b=—a+ —b)
=(zdy) 2 (m(a+b)=adb)
=(zdy) ®=z (a-b=a®b)




Boolean connectives

Some equalities:

zVy=-(-zA-y) s Ay ==(-zV-y)

x=x—0 zVy=-x—=>y

We will see that A, V, = and L are sufficient to define any boolean function.
These equations show that {A,—, L}, {V,=, L}, and {—, L} are all sufficient

sets.
7
Boolean Algebra

zV(yVz)=(xVy) Vz cA(yNz)=(xAy) Az associative
zV(yNz)=@Vy A(@Vz) zAyVz)=(@Ay)V(zAz) distributive
zVy=yVze T ANy=yAzx commutative
zV0=z zANl=uz identity
xv1i=1 zAN0=0 annihilation
rVr=2x TANr=zx idempotent
zV-zr=1 —xAx =0 complements
zV(zAy) == zA(zVy) == absorbtion
“(zVy)=-a A~y —(xAy)=-zV-y de Morgan

T =2 =Yy =Ty




Exercise 2.1

Which of the following rules are not valid for arithmetic?
Which of the rules are not valid for arithmetic in Z2?

s+ (y+2)=(x+y) +=z zx (yxz)=(xxy) Xz associative
x4+ (yxz)=(@+y)x(x+2) zx(y+z)=(xy)+ (xxz) distributive
r+y=y+ax TXY=YyXxXzT commutative
z+0=z rxl=ux identity
r+1=1 zx0=zx annihilation
rt+r=2x rXr=2x idempotent
r+(zxy) ==x r+(rxy) =x absorbtion
v+ -—zc=1 zx—z=0 complements

Exercise 2.4 (for mathematicians)

In any Boolean algebra, define,

1. Show that, for any z, y, and z,

O0<zandzr<zandx <1
r—y=T iffe <y
ifx <yandy<zthenz <z
ifr<yandy<xzthenzx=y
if z <y then —y < -z

2. Show that, in any Boolean Algebra,

sANy=zifzVvVy=y




