
every small triangle is red

and [ isRed x | x <- things, isSmall x, isTriangle x ]

some small triangle is red

or [ isRed x | x <- things, isSmall x, isTriangle x ]
<latexit sha1_base64="Xi0MePuTsQxF2MH0WzXBhfjdpwE="></latexit>
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every small triangle is red

and [ isRed x | x <- things, isSmall x, isTriangle x ]

some small triangle is red

or [ isRed x | x <- things, isSmall x, isTriangle x ]
<latexit sha1_base64="wqcW7/km19ppTHt2QFvcYgc+W48="></latexit>
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every small triangle is red

and [ isRed x | x <- things, isSmall x, isTriangle x ]

some small triangle is red

or [ isRed x | x <- things, isSmall x, isTriangle x ]

every small triangle is red

and [ isRed x | x <- things, (isSmall &:& isTriangle) x ]

some small triangle is red

or [ isRed x | x <- things, (isSmall &:& isTriangle) x ]
<latexit sha1_base64="VIRGfWrgH2jHXHiUjmrUtc4p8bU="></latexit>
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isHappy :: Person -> Bool

everybody is happy
body :: [Person]

and [ isHappy x | x <- body ]

every xs p = and [ p x | x <- xs ]

every :: [t] -> (t -> Bool) -> Bool

every body isHappy
<latexit sha1_base64="d5BXRnN/Ax7kkWm9yOxFz8TD1rU="></latexit>
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every :: [t] -> (t -> Bool) -> Bool
every xs p = and [ p x | x <- xs ]

loves :: Person -> Person -> Bool
body = [Krithik,Kristin,Callum,Muhammad,Sapphira,

Jessica,Gabrielle,Katie,Divy,Mary,Mark,...]

loves Mark Mary
Mark �loves� Mary
loves Mark :: ????

<latexit sha1_base64="qrjWwRHJELsg6SGYOxsD8cOOpeA="></latexit>
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every :: [t] -> (t -> Bool) -> Bool
every xs p = and [ p x | x <- xs ]

loves :: Person -> Person -> Bool
body = [Krithik,Kristin,Callum,Muhammad,Sapphira,

Jessica,Gabrielle,Katie,Divy,Mary,Mark,...]

loves Mark Mary
Mark �loves� Mary
loves Mark :: Person -> Bool

what does this mean ?
every body (loves Mark)

<latexit sha1_base64="CshszdXRY4GAZ/Yi3p2ginDQ6s4="></latexit>
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every :: [t] -> (t -> Bool) -> Bool
every xs p = and [ p x | x <- xs ]
loves Mark Mary
Mark �loves� Mary

every body (loves Mark)
= and [ loves Mark x | x <- body ]
= and [ Mark �loves� x | x <- body ]

Mark loves every body !
<latexit sha1_base64="F3yRvQW6L+xku4of39bYVOAYe3g="></latexit>
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Mark loves every body !

loves Mark -- really means Mark loves

Haskell knows this!

(Mark �loves�) :: Person -> Bool
(Mark �loves�) x = Mark �loves� x

= loves Mark x
<latexit sha1_base64="URRYmB62rPje5qzNsYkYugl5b5I="></latexit>
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every :: [t] -> (t -> Bool) -> Bool
every xs p = and [ p x | x <- xs ]
loves Mark Mary
Mark �loves� Mary

every body (loves Mark)
= and [ loves Mark x | x <- body ]
= and [ Mark �loves� x | x <- body ]
= and [ (Mark �loves�) x | x <- body ]

Mark loves every body !
<latexit sha1_base64="nXuo/dhNBFIRI9j9AByvT8ts0yA="></latexit>
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some :: [t] -> (t -> Bool) -> Bool
some xs p = or [ p x | x <- xs ]
Mark �loves� Mary
some body loves Mary
or [ b �loves� Mary | b <- body ]

lovesMary :: Person -> Bool
lovesMary x = x �loves� Mary
some body lovesMary
some body (�loves� Mary)

<latexit sha1_base64="AL7wkqT1nU0aEwjfk8lzKpeGJo4="></latexit>
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Sections

(�loves� Mary) x = x �loves� Mary
(Mark �loves�) y = Mark �loves� y

<latexit sha1_base64="vI2lZiArTHlGUMZK/rW+YixJgtw="></latexit>
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Sections

(> 0) is shorthand for (\x -> x > 0)

(2 *) is shorthand for (\x -> 2 * x)

(+ 1) is shorthand for (\x -> x + 1)

(2 ˆ) is shorthand for (\x -> 2 ˆ x)

(ˆ 2) is shorthand for (\x -> x ˆ 2)
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somebody loves everybody
everybody loves somebody

every body (Mary �loves�) -- Mary loves everybody
lovesEveryBody x = every body (x �loves�) -- x loves everybody
someBodyLovesEveryBody = some body lovesEveryBody

<latexit sha1_base64="Vq2AoUa7cnge13mtwykV6b6sUsA="></latexit>
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� lambda
<latexit sha1_base64="WXGt+S63g+DLRogKSupk5pqN0TQ="></latexit>

square x = x * x
square = (\x -> x * x) -- �x .x⇥ x
hypotenuse a b = sqrt (square a + square b)
hypotenuse = (\a b -> sqrt (square a + square b))

-- � a b .
p
a2 + b2

<latexit sha1_base64="NL9VMs7hw80HCeHJu4lhYXF8XvY="></latexit>
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(�loves� Mary) x = x �loves� Mary
(�loves� Mary) = (\x -> x �loves� Mary)
some body (�loves� Mary) = some body (\x -> x �loves� Mary)

9x 2 body . x loves Mary

(Mark �loves�) y = Mark �loves� y
(Mark �loves�) = (\y -> Mark �loves� y)
every body (Mark �loves�) = every body (\y -> Mark �loves� y)

8y 2 body . Mark loves y

everybody loves somebody
EveryBodyLovesSomeBody = every body (\x -> some body (\y -> x �loves� y))

8x 2 body . 9y 2 body . x loves y
example2 = some body (\x -> every body (\y -> x �loves� y)) -- ??
example3 = some body (\x -> every body (\y -> y �loves� x)) -- ??
example4 = every body (\x -> some body (\y -> y �loves� x)) -- ??

<latexit sha1_base64="1N8BsE+S63twK9EQFTSueuP32Kg="></latexit>
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data Literal a = P a | N a

newtype Clause a = Or [ Literal a ]

newtype Form a = And[ Clause a ]

neg :: Literal a -> Literal a

neg (P a) = N a

neg (N a) = P a

data Atom = A|B|C|D|W|X|Y|Z deriving Eq

eg = And[ Or[N A, N C, P D], Or[P A, P C], Or[N D] ]

-- (¬A _ ¬C _D) ^ (A _ C) ^ ¬D

type Val a = [ Literal a ]
<latexit sha1_base64="ZuGNj8G1p3wzpIrqolsYfwcP2NM="></latexit>
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✏
� ✏ � (� = � = ?)

^
? ✏

_
?

>>> ✏ ???
which is only valid in the empty universe

<latexit sha1_base64="BqA4TrvMRptLQ6eS1IhZF8+bEmI="></latexit>
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? ✏ ?
a ✏ b (a = b = ? = ???)

??? ✏ ???
which is universally true

<latexit sha1_base64="J2gSamRH9hnvVLhNcjNFBjx19gk="></latexit>

This is a type error 

— but for a mathematician 

a set is just a set


there is only one emptyset
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Prelude> 1 : [] :: [Int]
[1]
Prelude> tail it
[]
Prelude> False : it

<interactive>:26:9: error:
•Couldn't match type 'Int' with 'Bool'

<latexit sha1_base64="yRZUB35B+ZU8C6tjmQGoSdYKksQ="></latexit>

Haskell keeps track of what we are talking about

— and tells us when we are talking nonsense
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(&&) :: Bool -> Bool -> Bool

a :: U -> Bool
b :: U -> Bool
a &:& b :: U -> Bool

(&:&) :: (u -> Bool) -> (u -> Bool) -> u -> Bool
(&:&) a b x = a x && b x

a :: U -> Bool
b :: U -> Bool
a &:& b :: U -> Bool

(&:&) :: (u -> Bool) -> (u -> Bool) -> (u -> Bool)
(a &:& b) x = a x && b x

<latexit sha1_base64="GPJhYZLb75RnmhsY4KHYBpUHkGM="></latexit>
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a :: U -> Bool
b :: U -> Bool
a &:& b :: U -> Bool

(&:&) :: (u -> Bool) -> (u -> Bool) -> (u -> Bool)
(a &:& b) x = a x && b x

type Pred u = u -> Bool
a :: Pred u
b :: Pred u
a &:& b :: Pred u

(&:&) :: Pred u -> Pred u -> Pred u
(a &:& b) x = a x && b x

<latexit sha1_base64="3xQZXtukIKmFecWv3la4+65JX38="></latexit>
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<latexit sha1_base64="JNvjxrTbihNlWKHAylTcgvVmamo="></latexit>

data Bool = False | True
not :: Bool -> Bool
(&&) :: Bool -> Bool -> Bool -- ^
(||) :: Bool -> Bool -> Bool -- _
(<=) :: Bool -> Bool -> Bool -- !
(==) :: Bool -> Bool -> Bool -- $
(/=) :: Bool -> Bool -> Bool -- �
and :: [ Bool] -> Bool --

V

or :: [ Bool] -> Bool --
W

-- predicates are functions defined on some universe
-- (normally finite) operations on predicates are defined
-- by 'lifting' operations operations on Bool
TT :: a -> Bool
FF :: a -> Bool
neg :: (a -> Bool) -> (a -> Bool)
(&:&) :: (a -> Bool) -> (a -> Bool) -> (a -> Bool)
(|:|) :: (a -> Bool) -> (a -> Bool) -> (a -> Bool)
bigand :: [Pred a] -> Pred a
bigor :: [Pred a] -> Pred a
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<latexit sha1_base64="WX43Cdsxwxw+vDlfKyZwOsW8vDc="></latexit>

data Bool = False | True
not :: Bool -> Bool
(&&) :: Bool -> Bool -> Bool -- ^
(||) :: Bool -> Bool -> Bool -- _
(<=) :: Bool -> Bool -> Bool -- !
(==) :: Bool -> Bool -> Bool -- $
(/=) :: Bool -> Bool -> Bool -- �
and :: [ Bool] -> Bool --

V

or :: [ Bool] -> Bool --
W

-- predicates are functions defined on some universe
-- (normally finite) operations on predicates are defined
-- by 'lifting' operations operations on Bool
type Pred a = a -> Bool
TT :: Pred a
FF :: Pred a
neg :: Pred a -> Pred a
(&:&) :: Pred a -> Pred a -> Pred a
(|:|) :: Pred a -> Pred a -> Pred a
bigand :: [Pred a] -> Pred a
bigor :: [Pred a] -> Pred a 23



(&:&) :: (u -> Bool) -> (u -> Bool) -> (u -> Bool)
a &:& b = (\x -> a x && b x)

<latexit sha1_base64="HGniEnaSjOSor8zhDOxHENUEai0="></latexit>
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