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1. Use strong induction to show that every positive integer n can be written as a sum of distinct
powers of two, that is, as a sum of a subset of the integers 20 = 1, 21 = 2, 22 = 4, and so on.

Before beginning your proof, state the property (the one you are asked to prove for every integer
n) in completely formal notation with all quantifiers.

2. What is wrong with this “proof”?

“Theorem” For every positive integer n, if x and y are positive integers with max(x, y) = n, then
x = y.

Base case: Suppose that n = 1. If max(x, y) = 1 and x and y are positive integers, we have
x = 1 and y = 1.

Induction hypothesis: Let k be a positive integer. Assume that whenever max(x, y) = k and x
and y are positive integers, then x = y. Now let max(x, y) = k + 1, where x and y are positive
integers.

Induction step: Then max(x− 1, y − 1) = k, so by the induction hypothesis, x− 1 = y − 1. It
therefore follows that x = y, completing the induction step.

3. Let n ≥ 0 be an integer. Prove by induction:

(a) 8 divides 32n+2 + 7

(b) 64 divides 32n+2 + 56n+ 55

4. A finite continued fraction is either an integer n or of the form n + (1/F ) where F is a finite
continued fraction. For example, 7/9 = 0 + 1/(9/7), 9/7 = 1 + 1/(7/2), 7/2 = 3 + 1/2;
so, 7/9 = 0 + 1/(1 + 1/(3 + 1/2)). Similarly, 17/14 = 1 + 1/(4 + 1/(1 + 1/2)). What you
have to prove is that every rational can be expressed as a finite continued fraction. Let P (k) be
“any rational with denominator k can be expressed as a finite continued fraction”. Prove by strong
induction ∀x ∈ Z+(P (x)).

In your proof you can use the division algorithm: if a is an integer and d a positive integer then
there are unique integers q and r, with 0 ≤ r < d such that a = dq + r.

5. Two sequences {an}n∈Z+ and {bn}n∈Z+ are defined recursively as follows.

a1 = 1 for n ≥ 1 an+1 = an + 2bn
b1 = 1 for n ≥ 1 bn+1 = an + bn

Prove by induction that for all n ∈ Z+, a2n − 2b2n = (−1)n.
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