Categories and Quantum Informatics exercise sheet 3:
Scalars

Exercise 2.1. The composition of two morphisms is a well-defined morphisms. The dagger is well-defined
and involutive, and respects composition.

Exercise 2.2. We will show that we can write any state ¥ : I — A ® B as the product state v =
(proyy ®p1 o) o /\I_l. Since the tensor product is a categorical product, v : I — A x B makes the
diagram below comute. The map < p; o0 ¥,py 0 ¢ > oA~! makes the diagram commute as well for the
following reason: Since I = I x I and I is the terminal object, I x I is the terminal object; hence, there
is one unique arrow I — I x I, so A~! makes the lower triangle commute. By definition of the product,
< p1 o, py ot > makes the upper square commute. It follows from the universal property of products that

Y =<piot,pror) >0t
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Exercise 2.3. (a) First, Rf o R = id4 implies that R relates every element a of A to some element of B.
If it was related to two elements of B, that would violate R o Rf = idp. Finally, R o Rt = idp means
that every element of B is related to some element of A. So all in all, R relates each element of A to
precisely one element of B, and vice versa.

(b) By definition, R being self-adjoint means that aRb if and only if aR'b, which in turns holds if and
only if bRa.

(c) If R is symmetric and satisfies a Rb = a Ra, setting
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S={(a,(v,y)) |a€ A, (r,y) € R,a=xora=y}

gives R=ST0 5.
(d) No; R = {(e,0),(e,1)}: {#} — {0,1} satisfies R o R = id(,}, but is not (the graph of) a subset
inclusion.
Exercise 2.4. Transposition gives a dagger, and the Kronecker product of matrices respects transposition.

Exercise 2.5. Take A = {0,1}, R = {(0,0),(1,0),(1,1)}, and S = {(1,0)}. Then Rf o R = Ro R' and
RoS=2S0oR, but not Rf o S =SoR".
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Exercise 2.6. (a) Notice that ¢ is the product state of C —> C? and C =% C? precisely when
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In this case, det(My) = ad — be = uzvy — uyve = 0, so ¢ is invertible.

Conversely, suppose ad — bc = 0. If a # 0, then we may take u = 1, v = ca™, z = a, and y = b
to show that ¢ is a product state. Similar choices work when one of b,c or d is nonzero. Finally, if
a=b=c=d=0, we may takeu=v=x=y =0.

(b) Compute
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(c) First, we show that all entangled states ¢ are locally equivalent to 1 = <§>. Indeed, if My is
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invertible, then My, = (§9) = Mgo ((Mg)~H)T)T = M(idc2®(M;1)T)o¢, s0 ¢ = (ide2 @ (M5 1)T 0 ¢.
Also, product states can never be locally equivalent to entangled states, so all entangled states form
one equivalence class.
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Second, the zero state | J | is an equivalence class of its own: if any state is locally equivalent to the

0
zero state, then it must have been the zero state to begin with.
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Third, we show that all nonzero product states are locally equivalent. Indeed, if states Zf and

C1
(f{‘i) are nonzero, there exist invertible maps taking (al) to <Cl>, and (bl) to <d1).
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