Computer Graphics

Lecture 2
Transformations

Lecture 2

Transformations.

What is a transformation?
P'=T(P)
What does it do?
Transform the coordinates / normal vectors of objects
Why use them?
Modelling
-Moving the objects to the desired location in the environment
-Multiple instances of a prototype shape
-Kinematics of linkages/skeletons — character animation

Viewing
Virtual camera: parallel and perspective projections

Types of Transformations
— Geometric Transformations

! ! !
-y -

« Translation , ) .

« Rotation ; ‘ . ’

« scaling Jg _l ...... L ,L

« Linear (preserves parallel lines)

+ Non-uniform scales, shears or skews
— Projection (preserves lines)

« Perspective projection

« Parallel projection
— Non-linear (lines become curves)

« Twists, bends, warps, morphs,

Geometric Transformation

— Once the models are prepared, we need to place them
the environment

— Objects are defined in their own local coordinate
system

— We need to translate, rotate and scale them to put then|
into the world coordinate system

== g

2D Translations.

PointP definecas P(x, y),

translatetoPoint P (X ,y' )adistanced, paralleltox axisd, parallel toyaxis.

x=x+td y=y+ dy
Definethecolumn vetors

TGl

Now
P'=P+T

2D Scaling from the origin.

PointP definedasP(x, y),
Perform ascale(stretch) toPoint P K ,y' ) byafactor g alongthex axis,
ands along theyaxis.

k=% y=s.y
Define thematrix
0
=[5 3]
0 s
Now

sese o [<5 °T]

in



2D Rotation about the origin.

P(x.y)

2D Rotation about the origin.

y

Pey) X =1 COS¢
y =r.sing

2D Rotation about the origin.

X =r cos@ +¢ )=r cosg cosd—r sing.sind
y' =rsin@+@)=r cosp.sind+r sing cosd

Py

P
) X=r cosg

y =r.sing

2D Rotation about the origin.

X =r cos@ +¢ )=r cosg cosd —r sing .sind
y' =rsin@+@)=r cosp.sind +r sing cosd
Substituting for r :

X =T COS¢

y =r.sing

Gives us :

X =X cosf - y.sind

y =x.sind+y cosd

2D Rotation about the origin.

X =X cosf - y.sind
y =xsind+y cosd

Rewritingin matrix form gives us :

X'| _|cosd -sind || x
y'| |sind cosd ||y
cosfd -sind

DefinethematrixR=| .
sind cosf

}, P'=R[IP

Transformations.
Translation. X1 (x] [4
—eree LR
Scale ,
~pesip G ol
Rotation X] [co8 -sirf]x
— P=R/[P M:Lirﬂ COQL}

We would like all transformations to be multiplications so
we can concatenate them

= express points in homogenous coordinates.




Homogeneous coordinates

¢ Add an extra coordinate, W, to a point.
= Plxy,W).

* Two sets of homogeneous coordinates represent the

Translations in homogenised
coordinates

* Transformation matrices for 2D translation

same point if they are a multiple of each other. are now 3x3.
— (2,5,3) and (4,10,6) represent the same point.
* IfW#£0, divide by it to get Cartesian coordinates of point X 1 0 d1lx X =x+d
(X/W,y/W,1). . * *
=0 1 d,| =
« If W=0, point is said to be at infinity. y v 1Y y=y+ dy
1 00 1|1 1=1
Concatenation. Concatenation.

* When we perform 2 translations on the same point
P'=T(d,,dy,) P
P"=T(d,, d,,) P
P"=T(d,.dy,)T(d,d),) P=T(d, +d,,,dy +d,) P

yl

ThematrixproductT(d,,,d,,) [T(d,,,d,, )is:
1 0 dy,|/1 0 d,

01 d,{0 1 d,|=?

00 1400 1

Soweexpect Matrix product is variously referred to asmpounding
T(dxl’dyl) D‘(dxz, dyZ) = T(dxl + dxzv dyl + dyZ) concatenationpor composition
Concatenation. Properties of translations.

ThematrixproductT(d,,,d,,) [(T(d,,,d,, )is:

10 dy|/1 O d,| [1 O d,+d,,
01d,40 1 d,|=|0 1 d,+d,
00 1|00 1 00 1

Matrix product is variously referred to esmpoundingconcatenationor
composition.

1.7(00) =1

2. T(Sx,Sy)Er(tx,ty) =T(s, + tx,sy +ty)
3. T(s,8,) T (t,t,) =T (L,.1,) (s, )
4.T%(s,8,) =T(=s,7s,)

Note : 3. translation matrices aremmutative.




Homogeneous form of scale.

Recall the (x,y) form of Scale : S, 0
qs08)) =
0 s,

In homogeneous coordinates :

o

s.8,) =

<

o o.»
oU)
= O O

Concatenation of scales.

ThematrixproductS(s,;,s,,) [ Ss,,,S,)is:

s, 0 Ojs, O O S, 0S,, 0 0
0 s, OO0 s, 0= O s,8, O
0O 0 110 0 1 0 0o 1
Onlydiagonaklements thematrix- easy tomultiply!

Homogeneous form of rotation.

cosd -sind 0

X X
Yy |=|siné cosd O ||y
1 0 0 101
For rotationmatrices,
R™(8) = R(-6).

Rotationmatricesareorthogonali.e:
R™(6)=R"(6)

Orthogonality of rotation

matrices.
cosd -sind 0 cosd sind 0
R(@) =|sind cos® 0|, R'(H)=|-sind cosd 0
0 0 1 0 0 1
cos-0 -sin-6 0 cosd sind 0
R(-8)=|sin-8 <cos-8 0 |=|-sind cosd O
0 0 1 0 0 1

Other properties of rotation.
RO =1
R(O) [R(@) =R(E+9)

and

R(6) [R(¢) = R(¢) [R(6)

But thisis only becausetheaxisof rotation
istheame

For3Drotationsneed tobemorecareful

Scale then Translate

— —
Scale(2,2) (22) Translate(3,1) &3
(11) -

(0,0) (0,0)

Use matrix multiplication: p' = T(Sp) =SSP

103 200 2 03
TS =]/011 020|=1]021
001 001 001

Caution: matrix multiplication is NOT commutativj




Scale then Translate: p' = T(Sp)

@ Scale(2,2) (2.2) Translate(3,1) 3,1). ©3)
0,0)

(0,0)

Translate then Scale: p' = S(Tp)

— — ®4)
@y Translate(3,1) (3.1)‘ 4,2) Scale(2,2) (6.2).
0,0)

=TSp

= STp

Scalethen Translate: p' = T(Sp) = TSp

103|200 2 03
TS=/011/|020|=|021
001j|001 001

Translate then Scale: p' = S(Tp) = STp

200 103 2 06
ST=]/020 011|=1]022
001|001 001

Rotate then Translate

(0,0) (0,0)

—_— 0,5qrt(2)) —
(L.1) Rotate 45 deg Translate(3,0) g

Translate then Rotate

L_
(1,1) Translate(3,0)

0,0 (0,0)

—_—

Rotate 45 deg

Caution: matrix multiplication is NOT commutative!

(3,sart(2))

3.0

(3/sqrt(2),3/sqrt(2))

Rotate then Translate: p' = T(Rp) = TRp

103|{0-10] 0-13
TR =]011 100 001
001J(00 1] 001

Translate then Rotate: p' = R(Tp) = RTp
(010)[103] [o0-1-1]
RT=/1200|/|011|=]103
001|001 001

Types of transformations.

* Rotation and translation
— Angles and distances are preserved
— Unit cube is always unit cube
— Rigid-Body transformations.

¢ Rotation, translation and scale.
— Angles & distances not preserved.
— But parallel lines are.

Transformations of coordinate

systems.
e Have been discussing transformations as
transforming points.

e Always need to think the transformation in the
world coordinate system

¢ Sometimes this might not be so convenient
—i.e. rotating objects at its location




Transformations of coordinate
systems - Example

Concatenate local
transformation matrices
from left to right

Transformations of coordinate
systems - example

. | Canobtainthe local - “N/
Op world transformation -
/IN — matrix .
L : p',p",p" are the world P"=M MM, p
Pl coordinates of p after p"is the world coordinate of point p after n
P*=TiRTzp each transformation transformations
Quiz Solution

| sat in the car, and find the side mirror is 0.4m|o
my right and 0.3m in my front

| started my car and drove 5m forward, turned B0
degrees to right, moved 5m forward again, and
turned 45 degrees to the right, and stopped

* The side mirror position is loc
(0,4,0.3)

¢ The matrix of first driving
forward 5m is

What is the position of the side mirror now, 100
relative to where | was sitting in the beginning? T=015
001

Solution Solution

¢ The matrix to turn to the right
30 and 45 degrees (rotating -30
and -45 degrees around the
origin) are

Bo1g JEI ES

2 f V2 2

1 43 1 1 )
=|-= == 0|R =|-—= —= 0/ respectiv
R332 2 R 2 pectivey

0 0 1 0o 0 1

The local-to-global transformation matrix at
the last configuration of the car is

100

0010 0 1joo1f 0 o0 1

The final position of the side mirror can be
computed by TR:TR2 p which is around
(2.89331, 9.0214)




This is convenient for character
animation / robotics

In robotics / animation, we

often want to know what is

the current 3D location ol
the end effectors (like thd
hand)
Can concatenate matriceg
from the origin of the bod
towards the end effecter

Transformations of coordinate
systems.

DefineP" asapointin coordinatesystemi
Define M_; aghetransformthatconvertsapointin system jtoapointin system
PO =M W

i

and
P =M. (PY
i
wepbtainby substituton:
M =M M, M|<—J
Itcaralscheshown that /\B
A NN
M j<—i

3D Transformations.

¢ Use homogeneous coordinates, just as in 2D case.
¢ Transformations are now 4x4 matrices.

¢ We will use a right-handed (world) coordinate
system - ( z out of page ).

Translation in 3D.

Simple extension to the 3D case:

100 d,
010d
Td,.d,d.)= 001 dy
000 1

Scale in 3D.

Simple extension to the 3D case:

n

x

3%155/1%) =

oo o
oY o o
» O o o

o O O

Rotation in 3D

* Need to specify which axis the rotation is about.
* z-axis rotation is the same as the 2D case.

cosd -sind 0 O
sind cos# 0 O

8) =
R.(6) 0 0 10
0 0 01




Rotating About the x-axis R (6) Rotating About the y-axis

c R,(0)
\
x) (1 O 0 0)\(x X) (co® O sind 0)(x
Y| |0 cod -sib O|ly y| | 0 1 0 O0|ly
Z| |0 s co® 0]z Z| |-sind 0 co® O|]z
1 0 O 0 1)(1 1 0O 0 0 1)1
Rotation about an Rotatek, )
i - i . . y
Rotation About the z-axis arbitrary axis >
RZ(G) e About (uy uy, uz), a unit
vector on an arbitrary axis u
2 X
w &\ (co —sird 0 O\ (x [x] [uu(l-c)+c uu(l-c)-us uu(l-c)+usO | x
y| |sim co® 0 0fly y'|_|w(1-C)+us uwu(l-c)+c uu(l-c)-us 0|y
Z - 0 0 1 0|fz Z' UzUx(l'C)'u’S UyUZ(l'C)+UXS UZUz(l'C)+C 0|l z
1 0 0 0 1/\1 0 0 0 111
where c=cosf) & s=sinf
Rotation Shearing
* Not commutative if the axis of rotation are ’ 2 zy

not parallel

R.(@)R,(8) % R (HR.(@) B Exngune i o s snin

o »r O O

L — |
o ook

o o R 9




Calculating the world
coordinates of all vertices

¢ For each object, there is a local-to-global
transformation matrix

¢ So we apply the transformations to all the
vertices of each object

¢ We now know the world coordinates of all
the points in the scene

Normal Vectors

We also need to know the direction of the norn
vectors in the world coordinate system

This is going to be used at the shading operati
We only want to rotate the normal vector
Do not want to translate it

al

Normal Vectors - (2)

We need to set elements of the translation
part to zero

EET EER CF f fy Ty
r r r r r r

1 11 1 |1 1
LEPI CETN CF fp Ty T

Viewing

Now we have the world coordinates of all
the vertices

Now we want to convert the scene so that it
appears in front of the camera

View Transformation

We want to know the positions in the camera coordinate syster]

We can compute the camera-to-world transformation matrix us|
the orientation and translation of the camera from the origin of th

world coordinate system
.%

M W«—C
Vw

M eec

View Transformation

We want to know the positions in the camera coordinate syster]

Vw= Muw<c Vc

« Pointin the
“ camera coordinate

Mcsw

Point’in t Camera-to-world
world coordlnate transformation

Ve= Mo ¢ Vu
= MCHW VW




Summary.

Transformations: translation, rotation and scaling

Using homogeneous transformation, 2D (3D)
transformations can be represented by
multiplication of a 3x3 (4x4) matrix

Multiplication from left-to-right can be
considered as the transformation of the
coordinate system

Need to multiply the camera matrix from the left
at the end

Reading: Foley et al. Chapter 5, Acﬂaendix 2
sections Al to A5 for revision and further
background (Chapter 5)




