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> Last time we introduced natural deduction.
» We looked at the introduction rule conjl

Q
PAQ

conjl

» Now for the other rules of our formal deductive system ....
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Conjunction Elimination

» Elimination rules work in the opposite direction to
introduction rules

ANQ . PAQ
5 conjunctl Q

conjunct?

» An alternative conjunction elimination rule is:
Pl 1Q]

P and @ are assumptions in a

P A R .
Q conjE proof of R.

R

This can be useful for mechanized proofs.
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Disjunction Elimination

Likewise, there are introduction and elimination rules for
disjunction:
P .. Q ..
PV O disjl1 PV O disjl2

[P] [Q] To show R given PV Q, it
suffices to show R given P and
PV R R disjE R given Q.
R

The [¢] notation indicates that the rule discharges assumption ¢.
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Natural Deduction as Calculus of Derivations

Introduce sequent notation for derivations
Mo

Conclusion ¢ is derivable from assumptions '

Elimination rules can then be formulated using these sequents. For
instance:

Pl (o)

PVQ R
R

R disjE
can be re-expressed as

rN-PvQ INPFR ITAFR
N-~r

disjE
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Disjunction Rules in Action

Prove that BV A is true given that the assumption AV B holds.

AL . Bl1
isjl2 disjl1
AVB BVA BVA g,
BVA

PVQ R F

Rules:

P ..
PvQ disjl1

Q .
X disii2
PvQ

Al Q)

R
R disjE

Subscript 1 indicates which rule discharges which hypotheses
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Rules for Implication

[P] impl Forward: If on the assumption that P is true, Q
: can be shown to hold, then we can conclude P — Q.
impl Backward: To prove P — Q, assume P is true

Q .
_— /
P50 imp and prove that Q follows.
P;QQP mp The familiar modus ponens (mp) rule.
[Q] Another possible implication rule is this one. Note: this

is not necessarily a standard ND rule but may be useful
in mechanized proofs.

In general derivation assumptions may occur multiple times, and
only a subset of the occurrences need be discharged.
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Other Rules

Negation:
[P
Fj./;e not/ _'PR notE '
If and only if (+—):
Q1 [P
PQ iy Q2P Q@ P Q Qup,

P<+— Q P P
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Recall the logic problems from lecture 2: we can now prove
(Sunny V Rainy) A =Sunny — Rainy

as follows

[(SVR)A=Sh

[(5 v R) A _|5]1 conjunctl [S]2 )
(SVR) R
R

(SVR)AN-S — R

conjunct2

notE

[Rl2 disjE»
impl

10/18



Problematic lemma

» Can every valid statement be proved using only the inference
rules we have encountered so far?

» Consider Peirce's Law: ((A— B) — A) — A.

» Qur inference rules cannot prove this!

» Classical logic: We can prove it with the law of excluded
middle: AV —A

» Intuitionistic logic: It cannot generally be proved! Evidence
must be given for every statement, so we would need either
evidence of A or a refutation of A to assert AV —A.
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Classical Rules in Isabelle/HOL

» The logic we will be using in Isabelle (HOL) is a classical logic
and adds the rule:

P = TrueV P = False True_or_False

» From this, we can derive the rules
[~P]

False
P

excluded_middle ccontr

—~PVP
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Summary of Rules

P Q
; PA ) PAQ ) :
A conjl conjunctl conjunct?2
PAQ PAO
conjE
R
P Q
P . .
v disjl1 Q disjl2 Co
Pva Pve PVQ R R
L disE
R
P [Q
- ;
— impl P—Q P R E
P——Q (% imp
Q P
S Q+— P Q P+——Q Q
< . ——— ifiD1 X X 2
P e iffl P P
P+— Q !
[P p
- . -P notE : YRV excluded_middle
False R False
—— notl ——— ccontr
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» Natural deduction in propositional logic.

» Concept of a sequent calculus

Next time: Propositional reasoning in Isabelle
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