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Recap: Naive Method

Given Pattern P (length m) Text T (length n) find all occurrences of P in T.

P=|a/bla/b|c
T= a/babaababjclablabablaab.c
albjlalb|c
ablajb|c
albla/bjc (1) Naive method
alblalb|c hift al b
— shift always by one
albabjc — worst-case complexity
alblalblc m(n—m + 1)
a bl alb c i.e., in O(mn)




Recap: Naive Method

Given Pattern P, Text T, find all occurrences of P in T.

Best-Case O(n) Questions

Average-Case — show thatif Pand T are Best-Case Complexity?

randomly chosen from an alphabet with d letters,

then #character-comparisons of Naive Algorithm is: Average-Case Complexity?
_m .

(h—m +1) 1-d <= 2n—m+1) (on random strings)

1-d




Recap: Automaton Method

Given Pattern P (length m) Text T (length n) find all occurrences of P in T.

lospre(u, v) = length of longest
proper suffix of u that is prefix of v to state
lospre( ababa, P ) = |aba| =3




Recap: Automaton Method

Given Pattern P (length m) Text T (length n) find all occurrences of P in T.

mismatch a

mismatch
Automaton method
lospre(u, v) = length of longest _ _ _
proper suffix of u that is prefixof v | — O(m[S]) size & time to build
— O(n) matching time

|S| = size of alphabet of P
— for automata wo mismatch-transitions, |S| = size of alphabet of T [large!!]



1. Morris-Pratt Algorithm

Brief History:

—

1970: James H. Morris built a text editor for the CDC 6400 computer

with Vaughan Pratt, developed “A linear pattern matching algorithm”
[Report 40, University of California, Berkely, 1970]

Matching time: O(n + m)

rigorous analysis (Knuth) revealed: delay at a character can be O(m) é

Knuth added one check to Morris&Pratt’'s conditions, and was then
able to prove logarithmic delay (tight bound)

#character comparisons is <= 2n-1



1. Morris-Pratt Algorithm

oI T DN
=0 | A~
N T | O

1 3
P=la a
0 1

MP[ k | = lospre( P[1..k], P)

MP[ 3 ] = length of longest proper suffix of aba, that is prefix of abaab
= |a| = 1

MP[ 5 ] = length of longest proper suffix of abaab, that is prefix of abaab
= |abl =2

Note: a suffix of a string w is proper, if it is strictly shorter than w.




1. Morris-Pratt Algorithm

1 2 3 45

P=lalblajal|b
00112 MP[k]=Ilospre(P[1.Kk], P)
MP[3]= |a]| =1
MP[5]= |ab|=2
0

T= 'ab/bablaaalbaabablalb ala
ablalalb

Start matching with

“current lospre = 0”



1. Morris-Pratt Algorithm

1 2 3 45

P=|a/bjlajal|b
0/0/1|12 MP[ k ] = lospre( P[1..k], P)
MP[3]= |a| =1

MP[5]= |ab| = 2

—
I
O 0o

1
b blajlb/a alajlb/lalalbla/b a bjaa
b

T

Match!
— increase lospre by 1

10



1. Morris-Pratt Algorithm

12 3 45

P=lalb/ajalb
0011|112 MP[ k ] = lospre( P[1..k], P)
MP[3]= |a]| =1
MP[5]= |ab|=2
012

T=la b/bablaaalba abablalbala
ab alalb

Match!

— increase lospre by 1

11



@ 1. Morris-Pratt Algorithm
2
b
0

1 345

a alalb

0 11112 MP[k]=Ilospre( P[1.Kk], P)
MP[3]= |a] =1

MP[5]= |ab|=2

012

ab b abaaabaablablablaabc
ab aalb

T

Mismatch!
— set current lospreto MP[ 2] =0

— continue matching at same position (do not advance)

12



1. Morris-Pratt Algorithm

123 45
albjajab
00112 MP[k]=Ilospre(P[1.k],P)
MP[3]= |a]| =1
MP[5]= |ab|=2
012
alb/blalbjlaja a b aabjabjabaa
albla alb

0

a bjlaab

T

Mismatch!
Since lospre=0, advance one letter to the right
(and leave lospre=0)

13



1. Morris-Pratt (1970)

Given Pattern P, Text T, find all occurrences of P in T.
1 2 3 4 5

P= |a|blalalb
olol11!1 will never be used

Lopopre’s
12 3 0 1 2 3 45

14

alalal/blafalblal|blalb

O || T
o

> o e
o

|0 (|D

T | | T||T

ROHOOSOFOIRO

Blue arrow =
read current symbol again
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1. Morris-Pratt (1970)

Given Pattern P, Text T, find all occurrences of P in T.

1 2 3 4 5
P= |a|blalalb
olol11!1 will never be used
Lopopre’s
01 00 1230 1 23 45
T= ababaaabaabababaabc
al/blala|b
albla Question
albl|a b
alblalalb Time Complexity
(for matching)?
alblalal|b

¢
MROFOLOLOLE o
a b a b read current symbol again




Delay

12 3 45

= lablalalb
0/0/1/1 2 MP[ k ] = lospre( P[1..k], P )
MP[3]= |a] =1

MP[5] = |ab| =2

0 1/2)\
a

bfbllalblalalalb/lalalbla/blalb

ab alb

a}baab

T

delay =2 (number of checks at this position)

16



Delay

12 3 45
=|a/blala|b

0/0/1/1 2 MP[ k ] = lospre( P[1..k], P )
MP[3]= |a]| =1

MP[5]= |ab|=2

0 1/2
= ‘abaaabaababab

alb

delay =2 (number of checks at this position)

17



W

N QO | W

Maximum Delay

mismatch: lospre = MP[3] = 2

18



W

Maximum Delay

mismatch: lospre = MP[3] = 2

mismatch: lospre = MP[2] = 1

= N O | T W



Maximum Delay

W

mismatch: lospre = MP[3] = 2

a mismatch: lospre = MP[2] = 1

a a| mismatch: lospre = MP[1]=0

O =0 N O W



Maximum Delay

W

mismatch: lospre = MP[3] = 2

mismatch: lospre = MP[2] = 1

a a| mismatch: lospre = MP[1]=0

O O =0 N O | T W
Q

al'al/a mismatch at lospre =0 — advance




Delay in MP Algorithm

— how to decrease the delay??

W

mismatch: lospre = MP[3] = 2

mismatch: lospre = MP[2] = 1

a a| mismatch: lospre = MP[1]=0

O O =0 N O | T W
Q

al'al/a mismatch at lospre =0 — advance




2. Knuth-Morris-Pratt (KMP)

4

a

3 — how to decrease the delay??

3

b :> from this check, we know

a T[3] !'="a”

2 Thus: if next check-letter in P is “a”,
a a then mismatch

23



W

2. KMP

— how to decrease the delay??

:> from this check, we know
T[3] !="“a”

Thus: if next check-letter in P is “a”,

QNN T W

a then mismatch

— does next check-letter in P
equal fail-letter in P?

If so, then KMP-entry should be smaller!!
(= bigger shift = smaller delay)




W

-

o N(o Jo w

2. KMP

Mismatch at lospre = 3

fail-letter = 4
next check-letter = MP[3]+1=2+1=3

Pl4] = P[3]

Thus: KMP[3] should not equal “2”!

25
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2. KMP

12 3 4
P=lala ala

0 1]1?]3 — value for KMP[3]?

0123
T=[ajajalp Mismatch at lospre = 3

alalala)=

2 fail-letter = 4
next check-letter = MP[3]+1=2+1=3
alalala

P[4] = P[3]

Thus: KMP[3] should not equal “2”!

— find longest lospre, such that next-letter != fail-letter

— if does not exist, then mark “=1” = ADVANCE (and match with P[1])
= no further check (delay)



2. KMP
1 2 3 45
P= |a|b|a b _ _
Previous table (Morris-Pratt)

O[O0 1]1

-11 2 3 45
‘a b|a b Knuth-Morris-Pratt table
ol1]1]o

KMPJ j] largest k>=0 such that strong_cond(j,k) holds, or -1 if such k does
not exist

strong_cond(j,k): P[1..k] is a proper suffix of P[1..j] and
Plk+1] = P[j+1]

27



2. KMP

1123 4 5 ajblajalb
216 b 0101111
Knuth-Morris-Pratt table
ol-111101|2 MP table

01 101 2 3 4
T= (a|b|blal|blalafalblajalblalb|al|blalalb]|c

albjlalal|b

/ (&

no 2nd check! ajbjajal|b

KMP[ j] largest k>=0 such that strong_cond(j,k) holds:
strong_cond(j,k): P[1..K] is a proper suffix of pat[1..j] and P[k+1] != P[j+1]



2. KMP

Matching complexity of KMP: O(m + n)
— what is the maximum delay for KMP?
— in O(log m) [Knuth]

— can actually occur (e.g., for Fibonacci strings)

29



2. KMP

Lemma
For KMP, delay(m) = O(log m), and the bound is tight.

KMP1977 (p. 333)
Delay per scanned character is at most 1+log_.m,
where ¢=(1+sqrt{5})/2 = 1.618... is the golden ratio.

1) Define Fibonacci strings: f(1)=Db, f(2)=a, f(n)=f(n — 1)f(n — 2)
b, a, ab, aba, abaab, abaababa, ...

j=1 2 3 45 6 7 8 9101112131415 16171819 20 21

alblalalblalblalalb|lala|b|la|blala|blal|b]a

KMP[j]=l0]l0|1]0|0|3|0]1|0|0|6]0|0]3|0]1|{0|0|11]0(3

KMP[F, -2]=F, ,—-2
Mismatch at position 19 = Fg— 2, check at: 19, 11, 6, 3,1, 0.
F. =round(¢*/ sqrt{5}) > delay(m) = log4(m) — 2.

30



3. Boyer-Moore

Robert S. Boyer and J. Strother Moore in 1977

31



Idea 1

3. Boyer-Moore

Match RIGHT-TO-LEFT in window

first check

32
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3. Boyer-Moore

Idea1 Match RIGHT-TO-LEFT in window

For each letter z, let
R(z) = distance from right-most occurrence of z in P, to the end of P
(and |P] if there is no occurrence)
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3. Boyer-Moore

Idea1 Match RIGHT-TO-LEFT in window

For each letter z, let
R(z) = distance from right-most occurrence of z in P, to the end of P
(and |P] if there is no occurrence)

— shift R(a) to the right at mismatch with “a”
(for all smaller shifts, we get a mismatch)



3. Boyer-Moore

Idea1 Match RIGHT-TO-LEFT in window

For each letter z, let
R(z) = distance from right-most occurrence of z in P, to the end of P
(and |P] if there is no occurrence)
R(a) =2, R(b) =1
— may shift R(a) to the right at mismatch with “a”
(for all smaller shifts, we get a mismatch)

35



3. Boyer-Moore

Idea1 Match RIGHT-TO-LEFT in window
T= 'a/bla blajlalb a/b clalbabab
alblalblc
ablalb|c
ablalb|c

36



3. Boyer-Moore

Idea1 Match RIGHT-TO-LEFT in window
T= abablalajlbablcalblabab
abja/bjc
abjlajbjc
albjlabjc
albjlabjc

37
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3. Boyer-Moore

Idea1 Match RIGHT-TO-LEFT in window

T=]albla/bjla alba b c ababablalabc
abja/bjc
abjlajbjc
albjlabjc
a/bla|b|c

— after only 8 comparisons, detects the first match!

— compare this with the previous methods!



3. Boyer-Moore

Idea1 Match RIGHT-TO-LEFT in window

T= abablajlaiblalb cla b/ab abja a
abja/bjc
abjlajbjc
albjlabjc
a/bla|b|c

— after only 8 comparisons, detects the first match!
— compare this with the previous methods!
— letters T[1], T[2], T[3], and T[4] are never checked!

— allows for sub-linear matching time wrt n = |T|

39



3. Boyer-Moore

Idea1 Match RIGHT-TO-LEFT in window

L

ablajbjalajlba b cababjabaa
abja/bjc
abjlajbjc
albjlabjc
a/bla|b|c

after only 8 comparisons, detects the first match!
compare this with the previous methods!
letters T[1], T[2], T[3], and T[4] are never checked!

allows for sub-linear matching time wrt n = |T|
for natural language, almost always sublinear time!

40



3. Boyer-Moore

Idea1 — match RIGHT-TO-LEFT
— shift R(z) to the right at mismatch

N

“Horspool algorithm”

— How does Google Chrome search text (Ctrl* F) on a page so quickly?

It uses a search algorithm inspired by Boyer-Moore and
Boyer-Moore-Horspool

— V8 string search package (chromium project)



string-search.h - Code Search - Mozilla Firefox ] [~

| string-search.h - Code 5... = | &

=

4= | @ https:/jcode.goegle.com/p/chromium/codesearch#chromium/srcfvg/sre/string-search.h&cl—GROK&g—search&sgq— W C‘| |f}x Search | ‘ﬁ' E 4 #

‘. search Search Code

[chromium] // src / v8 [ src/ string-search.h

Files | Outline string-search.h ® Layers ¥ | Find v | Golo = | Link * | View in v | Relaled files «

optimizing-compile-dispatcher.h * I b
// Build shift table using suffixes.

ostreams.cc if (suffix < pattern length) {

ostreams.h Al for (int i = start; i <= pattern_length; i++) {
pending-compilation-error-handl¢ ' if (shift_table[i] == length) {
. e shift table[i] = suffix - start;

pending-compilation-error-handle }
property-descriptor.cc if (i == suffix) {
property-descriptor.h suffix = suffix_tablel[suffixl]:
property-details.h a y Y
property cc 2}

=
property.h }
prototype.h

register-configuration.cc / Boyer-Moore- tring search.

registar-configurationh = Bl 440 | /G- mmmmm s gl e e e s e e m e

runtime-profiler.cc

template <typename PatternChar, typename SubjectChar>

runtime-profilerh ,_|1nt StringSearch<PatternChar, SubjectChar>::BoycrMoorcHorspoolSearch(
safepoint-table.cc StringSearch<PatternChar, SubjectChar=* search,
. Vector<const SubjectChar> subject,
safepoint-table_h : : |
int start_index) { | \|

signature.h Vector<const PatternChar> pattern = search-=pattern_;
simulatorh int subject length = subject.length();

int pattern_length = pattern.length();
int* char_occurrences = search->bad char_ table();

source-position.h int badness = -pattern_length;
splay-tree-inl.h

small-pointer-list.h

// How bad we are doing withoul a good-suffix Lable.

splay-tree h PatternChar last char = pattern[pattern length - 1];
) i il i L] ) . " 1 - o 1 | A - K

B 8 ) &

|Hor5poo| | ~ ‘ v | Highlight All Match Case 5 ol 11 malches




3. Boyer-Moore

— how far can we shift?

43



3. Boyer-Moore

clalbab/cilabablablaalb|c

T=abcb,
aba(\bc>

ablalb|c

— how far can we shift?

— all of |P].
because “bc” does not occur to the left in P

— for every suffix u of P, let D(u) be the distance to the next
occurrence of u to the left (if none exists, then D(u)=|P|)

44



3. Boyer-Moore

Idea 2

T= bic b cablalbclalblabalb

a
.babc

— D(bc)=5

— now not OK, to shift by 5! Why??



3. Boyer-Moore

Idea 2

T=

bic b cablalbclalblabalb

a
.babc

— D(bc)=5
— now not OK, to shift by 5!  Why??

— a suffix of u is a prefix of P!

46
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3. Boyer-Moore

— D(bc)=5
— now not OK, to shift by 5!  Why??
— a suffix of u is a prefix of P!

— for every suffix u of P, let
L(u) = lospre(u, P)



48

3. Boyer-Moore

Idea 2

if mismatch after cu on symbol z, then
=max( R(z), D(v) )t — maximum shift

minC k, |P|-LCu) )<\\\\\\\\\\\\\\\\
e

report occurrence of P
k := |P|-LCuw
shift by k

Kk
k
els restrict by lospre



3. Boyer-Moore

T='abablaablabicablablablaab.c
ablabjc
albjajbjc
albjlajbjc
abjlajb|c

if mismatch after cu on symbol z, then
= max( R(z), DCu) )
min(C k, [P|-LCu) )

k
k
else

report occurrence of P _
k := |P|-L(P) » L(P)=0, hence we

49



3. Boyer-Moore

T='abablaablablcablablablaab.c
ablabjc
albjajbjc
albjlajbjc
abjlajb|c

if mismatch after cu on symbol z, then
= max( R(z), DCu) )
min(C k, [P|-LCu) )

k
k
else

report occurrence of P _
k := |P|-L(P) » L(P)=0, hence we

50



3. Boyer-Moore

T=]lababaalbabcablablahb
ablabjc
albjajbjc
albjlajbjc
abjlajb|c
abjabjc
a/blalb

if mismatch after cu on symbol z, then
= max( R(z), D(u) )
min(C k, [P[-LCu) )

k
k
else
report occurrence of P
k := |P|-L(P)

shift by k

91



3. Boyer-Moore

T=]lababaalbabcablablahb
ablabjc
albjajbjc
albjlajbjc
abjlajb|c
abjabjc
a/blalb
alb

if mismatch after cu on symbol z, then
= max( R(z), D(u) )
min(C k, [P[-LCu) )

k
k
else
report occurrence of P
k := |P|-L(P)

shift by k

52



3. Boyer-Moore

T=]lababaalbabcablablahb
ablabjc
albjajbjc
albjlajbjc
abjlajb|c
abjabjc
a/blalb
alb
a

if mismatch after cu on symbol z, then
= max( R(z), D(u) )
min(C k, [P[-LCu) )

k
k
else
report occurrence of P
k := |P|-L(P)

shift by k

53



3. Boyer-Moore

T=]lababaalbabcablablahb
ablabjc
albjajbjc
albjlajbjc
abjlajb|c
abjabjc
a/blalb
alb
a

if mismatch after cu on symbol z, then
= max( R(z), D(u) )
min(C k, [P[-LCu) )

k
k
else
report occurrence of P
k := |P|-L(P)

shift by k

o4



3. Boyer-Moore

T=]lababaalbabcablablahb
ablabjc
albjajbjc
albjlajbjc
abjlajb|c
abjabjc
a/blalb
alb
a

if mismatch after cu on symbol z, then
= max( R(z), D(u) )
min(C k, [P[-LCu) )

k
k
else
report occurrence of P
k := |P|-L(P)

shift by k

95



3. Boyer-Moore

T=]lababaalbabcablablahb
ablabjc
albjajbjc
albjlajbjc
abjlajb|c
abjabjc
a/blalb
alb
a

if mismatch after cu on symbol z, then
= max( R(z), D(u) )
min(C k, [P[-LCu) )

k
k
else
report occurrence of P
k := |P|-L(P)

shift by k

56



3. Boyer-Moore

T=]lababaalbabcablablahb
ablabjc
albjajbjc
albjlajbjc
abjlajb|c
abjabjc
a/blalb
alb
a

if mismatch after cu on symbol z, then
= max( R(z), D(u) )
min(C k, [P[-LCu) )

k
k
else
report occurrence of P
k := |P|-L(P)

shift by k

S7



3. Boyer-Moore

T= abablaablabicabablabjalabl c
ablabjc
albjajbjc
albjlajbjc
abjlajb|c

1t mismatch after cu on symbol z, then

k = max( R(z), D(u) )
k = minC k, |P|-LCu) ) — finished!
else
report occurrence of P — would shift k=2, but
k := |P|-L(P) end of text reached

shift by k

58



4. Horspool
Only Idea 1

— match from right-to-left
— at mismatch (with z): shift to R(z)

R(z) = distance from right-most occurrence of z in P[1..m-1], to the end of P

(|P] if there is no occurrence) I

59



4. Horspool
T= abjlabjlaa/blabcablalb bla a|b|c
abjlabjc
albja/bjc
abjlabjc
abjlalbjc
a/bjalb
ab blc
bla|b|c
albjlajb|c

For each letter z, let

R(z) = distance from right-most occurrence
of z in P[1..,m-1], to the end of P
(and |P] if there is no occurrence)

R(c)=5

<« correct definition of R(z)

60



CHARACTERS INSPECTED IN STRING/CHARACTER PASSED

0.9

0.8

e
g

o
-]

e
(2]

04

0.3

0.2

0.1

BINARY ALPHABET

ENGLISH

CENTENARY ALPHABET

EMPIRICAL COST

LENGTH OF PATTERN

BM — Average Case

To find first occurrence i
of an arbitrary 5-letter
word in an English text
Inspects on average

(0.25 * i)

text symbols.



In Practise
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Experimental Map

- Random text (10MB) and random patterns
- Tested all algorithms (KMP, BM, BDM, etc)
- 32-bit machine (UltraSPARC)

- Only 4 algorithms have a zone on the map.

Surprising:

- Results on DNA are same as random for |Y|=4
- Results on English text are same as random for | X]|=16 (!)

/

alphabet sizes

63
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A Alphabet Experimental Map
Size
32 o
English 16 Horspool 50/
8
BOM
DNA 4 BNDM
Shift-Or
2 >
A 8 16 32 64 m

Pattern Length




65
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