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1 Intr oduction

Shapeanalysisof objectsis a key problemin computervision with several importantapplicationsin
manufacturing,suchasquality controlandreverseengineering.However, theapplicationof shapein
computervisionhasbeenlimited to dateby thedifficultiesin its computation.To build a recognition
andpositioningsystembasedon implicit curvesandsurfacesit is imperative to solve theproblemof
how curvesandsurfacescanbe fitted to thedataextractedfrom singleor multiple 3D images.The
fitting processis necessaryfor automaticallyconstructingobjectmodelsandfor building intermediate
representationsfrom observationsduringtherecognition.Implicit polynomialcurvesandsurfacesare
potentiallyamongthemostusefulobjector datarepresentationsfor usein computervisionandimage
analysis.Their power appearsby their ability to smoothnoisydata,to interpolatethroughsparseor
missingdata,their compactnessandtheir form beingcommonlyusedin numerousconstructions.

Let �������� bean implicit polynomialof degree	 givenby���������
����������������������� � � �"!�#%$ &�'�(*),+-� ' +-. ( +0/ ) 
2143 (1)

Then,we only have to determinethe parameterset 5 &6'�(7)98 which describesthe given databest. Pa-
rameterestimationis usuallycastasan optimizationproblem,which canbe solved in many ways
becauseof differentoptimizationcriteriaandseveralpossibleparameterizations.Generally, theliter-
atureon fitting canbe divided into threegeneraltechniques:least-squaresfitting (e.g. [Allen 1935,
Bookstein1979, FitzgibbonandFisher1995, Kanatani1993, Rosin1993]), Kalmanfiltering (e.g.
[Chui andChen1987, Degeeteretal. 1997, DickmannsandGraefe1988]), androbustclusteringtech-
niques(e.g. [Besl andJain1985, DudaandHaet1972]). While theclusteringmethodsarebasedon
mappingdatapointsto theparameterspace,suchastheHoughtransformandtheaccumulationmeth-
ods, the least-squaresmethodsare centeredon finding the setsof parametersthat minimize some
distancemeasuresbetweenthedatapointsandthecurvesandsurfaces.Unfortunately, theestimation
of theEuclideandistancesfrom adatapoint to ageneral curve andsurfacehasbeensometimescom-
putationallyimpractical,becausefor somecasesthereis no closedform expressionfor theEuclidean
distance,andapproximationsor iterativemethodsarerequiredto estimateit. For approximation,often
the resultof evaluatingthecharacteristicpolynomial ������:� is taken,or thefirst orderapproximation,
suggestedby Taubin[Taubin1991], is used.However, experimentswith theEuclideandistanceshow
the limitations of approximationsregardingquality andaccuracy of thefitting results.Additionally,
whenusinganapproximation,the invarianceof thefitting to Euclideantransformationsis not guar-
anteed.It is obvious thataccuracy andstability of thefitting hasa substantialimpacton recognition
performanceespeciallyin reverseengineeringwherewedesireanaccuratereconstructionof 3D geo-
metricmodelsof objectsfrom rangedata.Thusit is very importantto getgoodshapeestimatesfrom
thedata.

In thispaperwe

1. summarizehow to computetheEuclideandistancefunction for commonsurfacesandgeneral
quadricsurfaces,

2. summarizea little-known Euclideandistancefunctionto theellipse,

3. give anefficient algorithmfor least-squaresfitting usingtheEuclideandistance,and

4. comparethis fitting to threeother main fitting distancemeasuresand concludethat the Eu-
clideandistanceismuchmoreaccurateandstablewithoutextraordinarycomputationalexpense.

1



2 Fitting of generalcurvesand surfaces

An implicit curve or surfaceis thezerosetof a smoothfunction �<;>=@?BAC=ED of the F variables:G ��� �H
 5:�� ;I��������J
21K8 . In our applicationswe are interestedin threespecialcases:
G ��� � is a

planar curveif F 
ML and N 
PO , it is a surfaceif F 
RQ and N 
SO andit is a spacecurveif F 
MQ
and N 
PL . Givena finite setof datapoints T 
 5:��6UK8 , VXWZY O%[]\_^ , theproblemof fitting a general
curve andsurface

G ��� � to T is usuallycastasminimizinga distancemeasureO\ `�Ubadcfehg�i"j �0��6Uf[ G ��� �"� A k g�l (2)

from the datapointsto thecurve or surface
G ��� � , a functionof thesetof parameters5 &�'�(*)98 of the

polynomial. The distancefrom the point ��6U to the zeroset
G ��� � is definedasthe minimum of the

distancesfrom ��6U to points ��nm in thezeroset
G ��� � :ehg�i]j ����KUf[ G ��� �"�o
2p g�l 5hqr��KUts ��nm q,;K���0��nmu�J
21K8v3 (3)

In thepastresearchershaveoftenreplacedtherealEuclideandistanceby anapproximationbecauseof
computationalefficiency. But it is well known thata) a differentperformancefunctioncanproducea
very biasedresult,andb) for a lot of primitive curvesandsurfaceslike straightlines,ellipses,planes,
cylinders,andcones,thereis a closedform expressionfor theEuclideandistancefrom a point to the
zeroset.

In the following we summarizethe Algebraic fitting, the 3L fitting suggestedby Blane et.al.
[Blaneetal. 2000], a fitting methodsuggestedby Taubin [Taubin1991, Taubin1993] andour Eu-
clideanfitting method.

2.1 Algebraic fitting (AF)

Algebraicfitting is basedon the approximationof the Euclideandistancebetweena point and the
curveor surfaceby thealgebraicdistanceeng�i"j"w ����KUf[ G ��� �"�J
 ���0��6U9� . Giventhealgebraicdistancefor
eachpoint,Eq.(2) canbeformulatedasaneigenvectorproblem�xzy �x + 5 &�'�(*){8_
 �| + 5 &6'�(7)98 (4)

where �x is thematrixof monomialsfor thedataset�x 
~}-��� 'U +0. (U +�/ )UJ� ��������������%������ � � �"!�#{$r� Ubadc"������� � ` 3 (5)

To avoid the trivial solution 5 &6'�(7)98�
 �1 andany multiple of a solution,theparametervector 5 &6'�(7)�8
may be constrainedin someway (e.g. [Albano 1974, Bookstein1979, FitzgibbonandFisher1995,
Paton1970]) which leadsto thegeneralizedeigenvectorproblem�x�y �x + 5 &6'�(*)�8�
 �| + �� + 5 &6'�(*)�8�3 (6)

Themostusedconstraintsareeitherlinear, diag� �� �-+ 5 &6'�(*)�8_
�O , orquadratic, 5 &�'�(*)98 y + �� + 5 &6'�(7)�8_
�O .
Thesolutiongivesasetof eigenvalues �| , thesolutionis chosenthatyieldsto thelowestresidual.The
correspondingeigenvectoris theparametervector 5 &6'�(7)98 .

Theprosandconsof usingalgebraicdistancesarea)thegainin computationalefficiency, because
closedform solutionscanusuallybeobtained,on theonehandandb) theoftenunsatisfactoryresults
on theotherhand.
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2.2 3L fitting (LF)

The 3L fitting methodis basedon the algebraicdistancetoo, but it is slightly different. 3L fitting
uses,besidestheoriginal dataset,a pair of syntheticallygenerateddatasetsconsistingof pointsat a
distance� to eithersideof theoriginal dataset. This pair canbecomputedby a distancetransform.
The 3L fitting itself is formalizedasa linear least-squaresexplicit polynomialfitting problem. The
solutionfor theparametervector 5 &�'�(*)98 canbeobtainedimmediatelyby5 &�'�(*){8_
R�M��"� + �� [ (7)

where �� ��"� 
 � �� y�"� �� �"� �7� c �� y�"� denotesthepseudoinverseof �� �"� . Theblock matrix � �"� andthe
block columnvector �� aredefinedas

�� �"� 
���� ����K������� $�� � � ������ �� 
 �� s ���1  �� �� (8)

where �� � $ , �� �K��� , and �� � � � arethe matricesof monomialsfor the original dataset respectively
the syntheticallygenerateddatasets. The values ¡_� is the (Euclidean)distanceof ���� �{¢ to ���� $ .
Althoughthe3L fitting is computationallysimpleandfast,thecostof generatingthesets£ �n¤ and £d¥ ¤
might be quite substantialbecauseof the needof 3D morphologicaltransformations.The prosand
consof introducingtheadditionaldatasetsaretheimprovedstability androbustnessin thepresence
of noisyor misseddataon theonehand,but on theotherhandthe inferior accuracy comparedwith
theothersummarizedmethods.For adetaileddescriptiononhow to estimatetheparametersetoutof
thethreedatasetssee[Blaneet al. 2000].

2.3 Taubin’s fitting (TF)

An alternative to approximatelysolve theminimizationproblemis to replacetheEuclideandistance
from a point to animplicit curve or surfaceby thefirst orderapproximation[Taubin1991].

ehg�i"j y �b�� U [ G ��� �"�o
 ¦ ������6U9� ¦q*§�������KU�� q (9)

Restatingtheproblemastheminimizationthisdistancemeasure,theminimizeris thentheeigenvector
of thegeneralizedeigensystem �x y �x + 5 &�'�(*){8_
 �| + �¨6© y �¨6© + 5 &6'�(*)�8 (10)

where �¨ © is theJacobianmatrixof thematrix �x of monomialsfor thedataset.
Besidesthe fact that no iterative proceduresare required,the fundamentalproperty is that it

is a first order approximationto the exact distance. But, it is importantto note that the approxi-
matedistanceis also biasedin somesense. If, for instance,a datapoint ��KU is closeto a critical
point of the polynomial, i.e., q*§�������KU�� q«ª 1 , but ������KU{�¬
®1 , the distancebecomeslarge. This is
certainlya limitation. To minimize Eq. (2) the usageof the Levenberg-Marquardt(LM) algorithm
[Levenberg 1944, Marquardt1963] is suggestedby G. Taubin[Taubin1993].
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2.4 Euclideanfitting (EF)

To overcomethe problemswith the approximatedistancemetrics, it is natural to use insteadthe
Euclideandistance,which is invariant to transformationsin Euclideanspaceand is not biased. In
Sec.3 we arguehow theEuclideandistancecanbeestimatedbetweena point andthezeroset

G ��� � .
GiventheEuclideandistanceehg�i"j"¯ ����6Uf[ G ��� �"� for eachpoint the following simplealgorithmcanbe
used:

1. TheEuclideanfitting requiresan initial estimatefor theparameters5 &6'�(7)�8 andwe have found
(cf. Sec.4) that theresultsof Taubin’s fitting methodarebetterthantheothers.This givesthe
initial parameterset 5 &6'�(7)�89° ±�² .

2. In thesecondsteptheestimatedparameterareupdatedusinganonlinearoptimizationalgorithm5 &6'�(7)�89° ³ ¥ c ²´
¶µ �f· � 5 &6'�(*)�89° ³�²�� . Our implementationis basedon the LM algorithmwhich has
becomethestandardof nonlinearoptimizationroutines.It combinestheinherentstabilityof the
SteepestGradientDescentwith thequadraticconvergencerateof theGauss-Newton method.

3. The new estimates5 &�'�(*)98 ° ³ ¥ c ² are evaluatedby a so-calledM-estimator ¸ on the basisofeng�i"j"¯ ����6Uf[ G ��� �"� . If ¸_� 5 &�'�(*)989° ³ ¥ c ²¹�»º ¸_� 5 &�'�(*)989° ³�²�� the 5 &�'�(*){89° ³ ¥ c ² will be acceptedand the
fitting will be continuedwith step2. Otherwisethe fitting is terminatedand 5 &6'�(7)989° ³�² is the
desiredsolution.In Sec.3.3we discusstheproblemof selectingasuitableerrorfunction ¸ .

2.5 Summary

CombiningEq. (2) (to minimizesthe distanceerror of all points) and Eq. (3) (to get the distance
errorof onepoint) to get thefitting algorithmover all datapointswill leadto algorithmsof different
computationalcomplexity. Wesummarizethecomputationalpropertiesof thefour distancemeasures
discussedbelow.

Algorithm distancecomputation minimization
Algebraic closedform closedform
3L closedform closedform
Taubin closedform iterative
Euclidean closedor iterative iterative

Table1: Computationalpropertiesof the four distancemeasures:algebraicdistance,3L distance,
Taubin’s approximation,andEuclideandistance

Giventhedoubly iterative natureof theEuclideanform, many researchershave avoidedit. How-
ever, weshow below thatthetime differenceis notactuallysobadasmaybeexpected.

3 Estimation of the Euclideandistance

TheEuclideandistanceehg�i]j ���� U [ G ��� �"� betweenagivenpoint �� U andthezeroset
G ��� � is theminimal

distancebetween ��KU andthepoint ��nm in thezerosetwhosetangentis orthogonalto the line joining��6U and ��nm . To estimatetheEuclideandistancewe candifferentiatebetweencurvesandsurfacesfor
whichaclosedform expressionexist andthosewhereaniterative algorithmmustbecarriedout.
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3.1 Closed-form expression

For primitive curvesandsurfaceslike straightlines, ellipses,planes,cylinders,andcones,thereis
a closedform expressionfor the Euclideandistancefrom a point to the zerosetandwe usethese.
While theclosedform expressionfor a straightline anda planeis trivial, theclosedform expression
for theotherprimitive curvesandsurfacesis slightly complicated.Below, we will give an ideahow
theEuclideandistancecanbeestimatedin aclosedform for astraightline,acircle,anellipse,aplane,
asphere,anelliptical (or circular)cylinder, andanelliptical (or circular)cone.

It is a well-known thatmostfitting methodsarenot poseinvariant(seeSec.4.4). To improve the
poseinvarianceof thefittingswenormalizethedatasetin termsof generalmomentsto affinetransfor-
mationsatfirst. For adetaileddescriptiononhow to normalizethedatasetwereferto theappropriate,
numerousliterature(e.g.[GalvezandCanton1993, Hartley andZissermann2000, Rotheet al. 1996,
Wang1977]). Applying the normalizationwe get the dataset in a so-calledstandard positionwith
respectto a giventransformation,heretheaffine transformation.Thestandardpositioncanbeunder-
stoodasa specialrepresentative of theequivalenceclasscorrespondingto thetransformation.If the
datasetis in standardposition,a) it is ensuredthatwe getmorestablefitting resultsfor all methods,
andb) the framework to estimatethe Euclideandistancecanbe simplified for all axe-symmetrical
curvesandsurfacessubstantially. In particular, we normalizeby translatingthedatato thecentroid,
rotating the principal axes of the datato align with the coordinateaxes, and applying anisotropic
scalingto fit in theunit cube.

3.1.1 Straight line

TheEuclideandistancebetweena point ��6U andanarbitrarystraightline
G ��� �I
M&nc ± �   & ± c].   & ±"±

canbedirectly estimatedbyehg�i"j"¯ ����6UK[ G ��� �"�o
 � &nc ± �6U   & ± c].0U   & ±"± �h¼¾½ (11)

where½®
À¿ &KÁ c ±   &6Á± c .

3.1.2 Cir cle

TheEuclideandistancebetweena point ��6U andan arbitrarycircle
G ��� ��
�& Á ± � � Á   . Á �   &nc ± �  & ± c].   & ±"± canbedirectlyestimatedbyehg�i"j"¯ ����6Uf[ G ��� �"�J
 qf��KUts �� D q sÃÂÄ3 (12)

Center �� D andradiusÂ canbededucedfrom the 5 &�Å ³ 8 as

�� D 
ÇÆ�s &hc ±L%& Á ± [0s & ± cL%& Á ±ÉÈ y [EÂ Á 
ËÊ &hc ±L%& Á ±ÉÌ Á   Ê & ± cL%& Á ±ÉÌ Á s & ±"±& Á ± 3 (13)

3.1.3 Ellipse

TheEuclideandistancebetweenapoint �� U andtheellipse
G ��� ��
2& Á ± � Á   & ± Á . Á   & c"c �n.   & c ± �  & ± c].   & ±"± cannotestimatedby asingleexpression.First,weneedanexpressionfor thedistanceÍ � �6UtsÃ�Î� Á   � .0UtsÃ.h� Á A k g�l [ �� W G ��� �@3 (14)
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Insteadof transformingthe ellipse into a normalpositionwe can transform ��6U into the coordinate
systemof theellipse ��6U A ��:Ï .�:ÏÐ
 � �6UtsÃ� ¤ �KÑÓÒ i ��Ô �   � .0UtsÕ. ¤ � i7g�l ��Ô �.9ÏÖ
×s � �6UtsÃ� ¤ � i]g�l ��Ô �   � .0UtsÕ. ¤ �KÑÓÒ i ��Ô � (15)

with �� ¤ asthecenterand Ô theangleof theellipsewith respectto thex-axis. Theparameters�� ¤ , Ø ,Ù
, and Ô (cf. Fig. 1) canbedirectlydeducedfrom the 5 &�Å ³ 8 .�� ¤ 
 Æ &nc"c7& ± cosÐL%& ± Á &nc ±Ú & Á ± & ± Á sÕ& Á c"c [ &nc"c7&hc ± s�L%& Á ± & ± cÚ & Á ± & ± Á sÕ& Á c"c È yØ 
 ¿ Û ¼ | cÜ[ Ù 
 ¿ Û ¼ | Á| c"� Á 
 cÁÞÝ & Á ±   & ± Á ¡ ¿ � & Á ± sÕ& ± Á � Á   & Á c"c]ßÛ 
 s<à�& Á ± � Á¤   & ± Á . Á¤   &nc"c]� ¤ . ¤   &nc ± � ¤   & ± c]. ¤   & ±"±0áÔ 
2â%ã7Ñ j â lÕä & ± Á sÕ& Á ±   ¿ � & Á ± s�& ± Á � Á   & Á c"c&hc"c å

(16)

distE(xp (f )),

y

x

A
B ϕ

xc
æ

tx

px

Figure1: Euclideandistancefrom ��KU to theellipse. ���m is thenearestpoint to ��6U .

Now, we have to solve � ��Ï´sÃ��� Á   � .9Ï´sÃ.h� Á A k g�l (17)

with � ��¼ Ø ��Á   � .h¼ Ù ��Áç
ÀO . Thereweusinganice,but probablylittle known algorithm,publishedin
e.g.[VossandSüße,1995]. Then,Eq.(17)canbeexpressedin termsof polaranglesby �«
 Ø + ÑÓÒ i�è
and .Þ
 Ù + i7g�lrè : ��� è ��
 � �:Ïrs Ø +bÑÓÒ iÉè � Á   � .9ÏIs Ù + i]g�lrè � Á A k g�l 3 (18)

Applying é:��� è �"¼ é è 
21 wegetthegoniometricalequationØ +-� Ï + i]g�l´è s Ù +-. Ï +0ÑÓÒ inè s �êØ Á s Ù Á �d+�ÑÓÒ inè + i]g�lrè 
2143 (19)

To estimateè we substituteë 
 j â l � è ¼%L9� , andwe getwith

i]g�lrè 
 L ëO   ë Á â lne ÑÓÒ inè 
 Oçs ë ÁO   ë Á (20)

Eq.(21), ë ¬
21 ,Ù .9ÏJ+ ë�ì   L �êØ Á s Ù Á   Ø ��Ï-�E+ ë � s�L �êØ Á s Ù Á s Ø �:ÏÓ�d+ ë s Ù .9Ï´
Ö1Ä3 (21)
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Fromtheresultingsolutionsoneis selected,for whichthedistancetakesaminimum.Theappropriate
point ��nÅ hasto befinally transformedinto theoriginal coordinatesystemto getpoint ���m of theellipse
nearestto ��6U (cf. Fig. 1) � m 
í� Å ÑÓÒ i ��Ô �îs . Å i]g�l ��Ô �   � ¤.{m�
 �nÅ i]g�l ��Ô �   .{Å:ÑÓÒ i ��Ô �   . ¤ 3 (22)

Finally, we gettheEuclideandistanceasehg�i]j�¯ ����KUf[ G ��� �"�o
 qf��6Uts ���m q 3 (23)

3.1.4 Plane

TheEuclideandistancebetweenapoint ��KU andanarbitraryplane
G ��� �o
2&hc ±"± �   & ± c ± .   & ±"± c]/   & ±"±"±

canbedirectly estimatedbyehg�i"j"¯ ����KUf[ G ��� �"�J
 � &hc ±"± �KU   & ± c ± .0U   & ±"± c7/*U   & ±"±"± �É¼¾½ (24)

where½®
À¿ & Á c ±"±   & Á± c ±   & Á±"± c .

3.1.5 Sphere

The Euclideandistancebetweena point ��6U andan arbitrarysphere
G ��� �ï
ð& Á ±"± � ��Á   .fÁ   /9Á0�  & c ±"± �   & ± c ± .   & ±"± c /   & ±"±"± canbedirectlyestimatedbyehg�i"j"¯ ����6Uf[ G ��� �"�J
 qH�� D s ��KU q sÃÂÄ3 (25)

Center �� D andradiusÂ canbededucedfrom the 5 &�Å ³ 8 as�� D 
 Æ s &nc ±"±L%& Á ±"± [0s & ± c ±L%& Á ±"± [0s & ±"± cL%& Á ±"±KÈ yÂ Á 
 Ê &nc ±"±L%& Á ±"± Ì Á   Ê & ± c ±L%& Á ±"± Ì Á   Ê & ±"± cL%& Á ±"± Ì Á s & ±"±"±& Á ±"± 3 (26)

3.1.6 Elliptical cylinder

If the generatixñ of theelliptical cylinder is parallelto oneaxis,e.g. herethe z axis, any arbitrary
normalizedelliptical cylindercanbeexpressedby theimplicit polynomial

G ��� ��
2& Á ±"± � Á   & ± Á ± . Á  &nc"c ± �n.   &hc ±"± �   & ± c ± .   & ±"± c7/   & ±"±"± with & Á ±"± []& ± Á ±Rò 1 . The estimationof the Euclidean
distancecanbereducedto theestimationof theEuclideandistanceto thedirectrix 	 , hereanellipseG �ê	 �t
�& Á ±"± ��Á   & ± Á ± .fÁ   &nc"c ± �n.   &nc ±"± �   & ± c ± .   & ±"±"± , & Á ±"± []& ± Á ±Hò 1 . Thus,to estimatethe
Euclideandistancefor an elliptical cylinder we only have to estimatethe Euclideandistanceto an
ellipse(seeSec.3.1.3).

If theEuclideandistanceis given,we have to considerif theestimated���m belongsto thecylinder
elementor not,whichmeansif thegeneratrixñ of theelliptical cylinder is infinite in lengthor not. In
caseof afinite generatrixwecansimply estimatethepoint ��nÅ W G ��� � nearestto ��nm (seeFig. 2b.).

eng�i"j"¯ ����6Uf[ G ��� �"�J
ôó qf��KUts ��nm q if ñ�Aöõqf��KUts ��nÅ q else
(27)
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a. (Infinite) generatrixñ b. Finite generatrixñ
Figure2: Estimationof ehg�i"j"¯ ����KUf[ G ��� �"� for anelliptical cylinder. ��nm is thenearestpoint to ��6U on the
(infinite) cylinder. If ���m doesnotbelongto thecylinderelement,��nÅ canbeused.

3.1.7 Elliptical cone

If the generatix ñ of the elliptical coneis parallel to one axis, e.g. herethe z axis, any arbitrary
normalizedelliptical conecanbeexpressedby the implicit polynomial

G ��� �ù
P& Á ±"± �:Á   & ± Á ± .KÁ  & ±"± Á / Á   &nc"c ± �n.   &nc ±"± �   & ± c ± .   & ±"± c7/ with & Á ±"± []& ± Á ±�ò 1 and & ±"± Á ºú1 . Fromthe 5 &�'�(*){8 the
fixedpoint �� ± (vertex of thecone)canbedirectlydeduced.

�� ± 
Àsüûý & Á ±"± cÁ &nc"c ± 1cÁ &nc"c ± & ± Á ± 11 1 & ±"± Á»þÿ
� c +rûý &nc ±"±& ± c ±& ±"± c þÿ (28)

The estimationof the Euclideandistancecanbe donein two steps.First the estimationof the Eu-
clideandistancecanbereducedto theestimationof theEuclideandistanceto thedirectrix 	 , herean
ellipse

G �ê	 �o
2&�� Á ±"± � Á   &�� ± Á ± . Á   &�� c"c ± ��.   &�� c ±"± �   &�� ± c ± .   &�� ±"±"± , &�� Á ±"± []&�� ± Á ± ò 1 . Now, theparametersØ and
Ù

(axisof thedirectrix 	 ) aswell as Ô canbededucedfrom the 5 & �'�(*) 8 (seeSec.3.1.3).

Note,this stepis similar to that in theprevioussection,but 5 & �'�(*) 8 aredifferentto 5 &6'�(7)98 . In the
secondstepthe �� m with ������´s �� m ��� ���� U s �� m � is determined,which yields theEuclideandistance.
The only problemleft is how to estimate ���m . Therefore,we estimate �� �m locatedon the directrix 	
of thecone(seeFig. 3b.). Therespecting���m canbeestimatedusingsimplegeometricrelations(see
Fig. 3a.). Then,theestimationof theEuclideandistanceis trivial usingEq. 27. In thecasethat the
estimated���m doesnot belongto theconeelement(seeFig. 3c.), thereasoningis similar to thatin the
previoussection.

3.2 Iterati veestimation

If noclosedformexpressionisknown for theEuclideandistance(e.g.for commonshapeslikesuperel-
lipse andsuperellipsoid,torusandsupertoroid),an iterative optimizationproceduremustbe carried
out. Weusethefollowing simpleiterative algorithm(Fig. 4):

1. Theestimationis initialized by intersectingthecurve or surfacewith thestraightline defined
by the centerpoint �� ¤ andthe point ��6U . As resultwe get the initial point �� ° ±�²m . By the initial
solution,theupperboundfor thedistanceis determined.
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Figure3: Estimationof ehg�i"j"¯ ����KUf[ G ��� �"� for an elliptical cone. ���m is the nearestpoint to ��6U on the
(infinite) cone.If ���m doesnotbelongto theconeelement,��nÅ canbeused.

2. In thesecondsteptheestimateis updatedby amodifiedsteepestdescentmethod(cf. Fig. 4b.):�� ° ³ ¥ c ²m 
 �� ° ³�²m  
	 ° ³�² §z� Ý �� ° ³�²m ß [��_
21f[0O%[7LK[-3-3-3ù3 (29)

3. We have to decideby anobjective function  , if �� ° ³ ¥ c ²m will beacceptedasnew solution. The
objective functionis formulatedas

»����KUÉ[ �� ° ³ ¥ c ²m [ G ��� �"�J
Öp g�l Ý ehg�i"j"¯ ����KUf[ �� ° ³�²m �*[ ehg�i"j]¯ �0��6Uf[ �� ° ³ ¥ c ²m � ß 3 (30)

If ������� ¯ ����KUf[ �� ° ³ ¥ c ²m � º ������� ¯ �0��6Uf[ �� ° ³�²m � , we accept �� ° ³ ¥ c ²m asnew (local) solutionandthealgo-
rithm will becontinuedwith step2 until

��� ������� ¯ ����KUf[ �� ° ³ ¥ c ²m ��s ������� ¯ ����6Uf[ �� ° ³�²m � ��� º ������� 3 (31)

Otherwise �� ° ³ ¥ c ²m ; 
 �� ° ³�²m ,
	 ° ³ ¥ c ² 
×s�� 	 ° ³�² , � ò 1 and the algorithm will be continuedwith

step2� . To speedup theestimationa criterion to terminatetheupdatingmaybeusedlike e.g.qf�� ° ³ ¥ c ²m s �� ° ³�²m q! 
" , or �$#
� ³ .
cx

xt
[0]

xp
xp

dist

distxt

xt

xp

xt
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[0]

[1] [1]

[0]

[0]
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a. Initialization b. Updating

Figure4: Stepsto estimateeng�i"j ¯ ���� U [ G ��� �"� of �� U to thezeroset
G ��� � of anellipse
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3.3 Estimation error

GiventheEuclideandistanceerrorfor eachpoint,we thencomputethecurve or surfacefitting error.
Thestandardleast-squaresmethodtriesto minimize� U ehg�i"j Á¯ ����KUf[ G ��� �"�*[ (32)

which is unstableif thereareoutliersin the data. Outlying datacangive so strongan effect in the
minimizing that the parametersaredistorted. Replacingthe squaredresidualsby anotherfunction% � ehg�i"j ¯ ���� U [ G ��� �"�"� can reducethe effect of outliers. Appropriateminimization criteria including
functionswerediscussedin for instance[Besl 1990, Zhang1997]. It seemsdifficult to selecta func-
tion which is generallysuitable.Following theresultsgivenin [Rey 1983] thebestchoicemaybethe
so-calleḑ'& (leastpower) function ¸(& ; 
 ¦ ehg�i]j�¯ ����KUf[ G ��� �"� ¦ & ¼�)f3 (33)

This function representsa family of functionsincluding the two commonlyusedfunctions ¸ c (ab-
solutepower) with ) 
~O and ¸ Á (leastsquares) with ) 
ËL . Note, the smaller ) , the smalleris
the influenceof large errors. The associatedso-calledinfluencefunction is the first derivative of % .
It is obvious that ¸ c penalizesoutliersto a lesserextent than ¸ Á , andso theselectionof the former
would be moreappropriateif numerousoutliersarepresentin the data. But, the ¸ Á is familiar as
theEuclideandistance.A goodcompromisemaybe to startwith the leastpower estimatoŗ'& with) ª O%3 L , for whichagooderrorestimationmaybeexpected[Rey 1983]. After anumberof iterations,
e.g. ��
RQ , we remove the O-1�* worstdatapointsandcontinuethefitting with thecommonlyuseḑ Á
estimator. Note,onecanuseahistogramanalysisto improve thereliability of datapoint removal.

4 Experimental results

In theprevioussectionwe describedtheEuclideanfitting basedon theestimatedEuclideandistance
betweena 2D point or a 3D point anda curve or a surface. In this sectionwe summarizeempirical
testingof the proposedfitting methodin termsof efficiency, correctnessandrobustness.We only
evaluatesurfacesbecausethey arethemorecomplex (moreparameters)andcomputationalexpensive
case. The 3D dataweregeneratedby addingisotropicGaussiannoise +-,/.�0 *21435*21 076 *2148 6 *29 .
Additionally the surfaceswere partially occluded. The visible surfaceswere varied between 0;: 8
(maximalcase)and 0;:�< of the full 3D cylinder. Theperformanceof Euclideanfitting (EF) is com-
paredwith Algebraicfitting (AF), 3L fitting (LF), andTaubin’s fitting (TF). Finally, we look to the
poseinvarianceof thefitting methods.For all experimentswe includein thefour fitting methodsthe
sameconstraintswhich describetheexpectedsurfacetype to enforcethefitting of a specialsurface
type(cmp.Tab. 3).

4.1 Efficiency

A goodfitting algorithmhasto beasefficient aspossiblein termsof run timeandformalcomplexity.
While the problemof computationalcostis no longera really hardproblembecauseof the rapidly
increasingmachinespeed,we shouldguaranteethefitting hasacceptablecomputationalcostaswell
asrelatively low complexity.

Thealgorithmshavebeenimplementedin C andthecomputationwasperformedonaPentiumIII
466MHz. Theaveragecomputationalcostsfor thefour algorithmsarein Tab. 2.
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Table2: Averagecomputationalcostsin millisecondsper 1000points. Note, the averagecompu-
tationalcostsfor the LF areon the assumptionthat the pair of datasetsis available. The costof
generatingthesemight bequitesubstantialbecauseof theneedof anEuclideandistancetransforma-
tion.

AF LF TF EF
Plane 0.958 0.967 1.042 2.417
Sphere 1.208 1.301 1.250 3.208
Circularcylinder 3.583 3.462 3.625 12.375
Elliptical cylinder 13.292 12.864 13.958 241.667
Circularcone 15.667 15.445 15.833 288.375
Elliptical cone 15.042 15.465 15.375 291.958
Generalquadric 18.208 18.646 18.458 351.083

As expectedtheAF, LF = andTF havethebestperformance.TheEF algorithmrequiresarepeated
searchfor thepoint >@? closestto >BA andthecalculationof theEuclideandistance.A quick review of
the valuesin Tab. 2 shows that the computationalcostsincreaseif we fit an elliptical cylinder, a
circularor anelliptical conerespectively ageneralquadric.Thealgorithmto estimatethedistanceby
the closedform solutionrespectively the iterative algorithmis morecomplicatedin thesecases(cf.
Sec.3). Thenumberof necessaryiterationsto estimatethe .;C�DFE4G 9 usingTF andEF is alsoinfluenced
by the requiredprecisionof the LM algorithmto terminatethe updatingprocess.In summarythe
efficiency of EF is boundedby a factorof about20 timestheperformanceof theotheralgorithmsbut
is still computationallyreasonablefor up to 076�H datapointsif real-timeperformanceis notneeded.

4.2 Corr ectness

It is obvious that the fitting resultshoulddescribethe datasetby the correctcurve or surfacetype.
That meansthat it shouldnot fit a falsetype to the data. The problemthat we have to dealwith is
to decideif a fitting is wrongor not independentfrom our expectations.But, correctnessmakesonly
senseif wefit aspecialcurveor surfacetypeto thedata.Otherwise,if wefit ageneralcurveor surface
to thedata,every resultis correct.

To verify thecorrectnesswetestedif thefitting resultof the(constrained)eigenvalueanalysiscor-
respondsto thegeneralcurveor surfaceinvariants(seeTab. 3). If onesolutionsatisfiestheconditions
for onecurve or surfacetype, it is assumedthat thefitting is correctin senseof aninterpretablereal
curve or surface.Otherwise,thefitting will bedefinedasfailure. Theusedinvariantsfor thecurves
(cf. Eq. 34) andsurfaces(cf. Eq. 35) arethedeterminantI of the parametermatrix, the subdeter-
minant + expandedby theabsoluteparameter, the trace J of thesubmatrix,andfor the2D surfaces
additionallythesum K of all subdeterminantsof + expandedby theelementsof theprimarydiagonal
(seeTab.3).

IL,
MMMMMM
CBNPOQCSRPRTCSRUO
C RPR C OPN C O�R
C@RUOQC�O�RTC�OPO

MMMMMM +V,
MMMM C�NPOQC@RPR
CSRPRTCBOPN

MMMM JW,XC NPOZY C OPN\[ (34)
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I],

MMMMMMMM

CBNPOPO^C@RPRUOQCSRUO�RTCSRUOPO
C@RPRUO^CBOPNPOQC�O�RPRTC�O�RUO
C@RUO�R_CBO�RPRTC�OPOPNQC�OPO�R
C@RUOPO^CBO�RUOQC�OPO�RTC�OPOPO

MMMMMMMM
+`,

MMMMMM
C NPOPO C RPRUO C RUO�R
C@RPRUO^CBOPNPOQC�O�RPR
C RUO�R C O�RPR C OPOPN

MMMMMM

Ja,XC�NPOPO Y C�OPNPO Y C�OPOPN
Kb,XC�NPOPO7CBOPNPO Y CBNPOPO7C�OPOPN Y C�OPNPO7CBOPOPNdcWC N RPRUO cWC N RUO�R cWC NO�RPR [

(35)

Table3: Invariantsfor 2D curvesandsurfaces.

Invariants
2D curve Ellipse Ife,X6 , +hg
6 , IjikJml
6
2D surface Cylinder I],X6 , Kng
6

Cone I],X6 , Joip+ and K notboth g
6
Ellipsoid Iql
6 , Joip+Wgr6 , Kng
6

In our experimentsAF andLF failed sometimes(up to 23 percent)respectingour expectations,
especiallyin caseof +rgs076 * anda sparsedatasetor if mostof the3D objectis occluded.For TF
andEF we hadno failuresin ourexperiments.

4.3 Robustness

A fitting methodmustdegradegracefullywith increasingnoisein the data,with a decreasein the
availablerelevantdata,andwith an increasein the irrelevant data.To evaluatethe robustnessof the
proposedEF, we usesyntheticgenerateddatadescribinganelliptical cylinder with theaxes tu,v<�6 ,w ,Xx56 andthegeneratrixyz,{076�6 . The3D dataweregeneratedby addingisotropicGaussiannoise
+a,|.�0 *21435*21 076 *}148 6 *~9 andpartially occlusionexposingbetween0;: 8 (maximalcase)and 0;:�< of
the full 3D cylinder. In thefirst experimentthenumberof 3D pointsfor thesimulatedcylinder was� ,�0p��6 (maximalcase)andto measurethe averagefitting error eachexperimentruns500 times.
Thereportederror is theEuclideangeometricdistancebetweenthe3D datapointsandtheestimated
surfaces. The meansquareserrors(MSE’s) and standarddeviations of the different fittings are in
Fig. 5.

As expected,TF andEF yield thebestresultwith respectto themeanandstandarddeviation,and
the meanfor EF is alwayslower thanfor theotherthreealgorithms.The resultsof AF andLF are
only partiallyacceptable,becauseof themeanandthestandarddeviation. In thedirectcomparisonof
TF with EF theresultsof EF aremuchbetterandthemeanof EF is alwayslower thanthemeanof the
otherthreealgorithms.As mentionedin Sec.4.2,AF andLF cansometimesgivewrongresultswhich
meansthat thefitted curve or surfacetypsdoesnot comeup with our expectations.We removedall
failedfittingsoutof theconsiderations.

In thesecondexperiment,thenumberof 3D pointswasstepwisedescreasedfrom � ,v��6�6�6 down
to � ,�076 3D datapointsto evaluatethebehaviour of theseveral fitting methods.Eachexperiment
runs500times.Themeansquareserrors(MSE’s) andstandarddeviationsof thedifferentfittings are
in Fig. 6.

As expected,TF andEF yield also the bestresultsin this experiment. With descreasedpoint
densityespeciallythe AF andLF becomesmoreandmoreunstablewhich is reflectedin the mean
respectively thestandarddeviation. TF andEF is very stableevenwith only � ,�076 3D datapoints.
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a. Algebraicfitting. b. 3L fitting.
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c. Taubin’s fitting. d. Euclideanfitting.

Figure 5: Averageleastsquareserror with standarddeviation error barsfitting a syntheticgener-
ated cylinder (axes t , <�6 , w ,�x56 , generatrix y], 076�6 ) with addedGaussiannoise +�,
.�0 *21435*21 076 *}148 6 *~9 . The visible surfaceswere observed between0;: 8 (maximal case)and 0;:B0 8
of thefull 3D cylinder. Thenumberof 3D pointswas � ,{0p��6 . Thenumberof trialswas500.

Reviewing somevisualizedfitting resultsfor syntheticdatasets(seeFig. 7) we canassumethat
theresultsof EF aremuchbetterin thesenseof robustnessandtheexpectedsurfacethantheresultsof
AF, LF andTF. While therobustness(seeFig. 5) of TF is betterthanAF andLF, thefittedsurfacesof
all threefitting methodsaremostlylarger thantheoptimalsurface.Theresultsof EF arebothrobust
andthey correspondmuchmoreto ourexpectations.

4.4 Poseinvariance

It is obvious that the fitting resultsshouldbe poseinvariant. But, it is well known that this reason-
ableandnecessaryrequirementcannotbe alwaysguarantedby all four viewed fitting methods.To
evaluatetheposeinvariancewe usea realdataset(seeFig. 8a.)describinganelliptical cylinder. The
normalizeddatasetwasa) shifted,b) rotated,andc) bothrotatedandshifted. A quick review of the
residuals(MSE) in Tab. 4 shows thattheAF, theLF aswell astheTF arenotposeinvariantwhile the
EF is poseinvariant.To illustratetheposedependency, thefitting resultsfor position3 arevisualized
in Fig. 8.
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a. Algebraicfitting. b. 3L fitting.
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Figure 6: Averageleastsquareserror with standarddeviation error barsfitting a syntheticgener-
ated cylinder (axes t , <�6 , w ,�x56 , generatrix y], 076�6 ) with addedGaussiannoise +�,
.�0 *21435*21 076 *}148 6 *~9 . The numberof 3D pointswasstepwisedescresedfrom � ,���6�6�6 down to� ,�076 . Thevisiblesurfaceswas 0;:�� of thefull 3D cylinder. Thenumberof trials was500.

Table 4: Residualsfitting an elliptical cylinder. The normalizedcylinder was shifted by �n,� 6 [ � 1 6 [ 8B1 6 [ 0�� (pos. 1), rotatedby ��,/��:B0 8 and � , � 6 [ 3B1 0 [ 6 1 6 [ 3 � (pos. 2), shiftedand rotated
(pos.3).

normalpos pos.1 pos.2 pos.3
AF

� 076B�@��� 6 [ 3�8 x 8 8 [ 6�0p��0 8 [ <�� 3 6 0 [ � 85� 0
LF

� 076 �@� � 6 [ 3 x�x�� 6 [ ��< 8 � x [ 6�65<�� 8 [ 3 x�� 8
TF

� 076B�@��� 6 [ 3 6 8 x 0 [ 3 0�x�� 8 [ 6 85��� 0 [ ����0 �
EF

� 076 �@� � 6 [ x56 8 0 6 [ xS0 3�8 6 [ ��<��\x 6 [ <�65���

As we canseeAF yieldsanelliptical cylinder with correctdirectionbut too largeaxes,while the
resultsof TF is anelliptical cylinder with a correctdirectionbut too smallaxes. TheLF resultsgive
a cylinder with nearlycorrectaxesbut slightly incorrectdirectionvector. Theresultof EF describes
thedatasetbest(cmp.Tab. 4).
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Figure7: Fitting resultsfor a syntheticgenerateddataset. Thenoiselevel waszeroandthevisible
surface 0;:�< of thefull 3D cylinder. Note,themaximalvisiblesurfaceis 0;: 8 of thefull 3D cylinder.
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a. Realdata.

b. Algebraicfitting. c. 3L fitting.

d. Taubin’s fitting. d. Euclideanfitting.

Figure 8: Fitting resultsfor a real rangedata( points). The normalizeddataset was shifted by
��, � 6 [ � 1 6 [ 8B1 6 [ 0�� androtatedby �`,X��:B0p� and � , � 6 [ 3B1 0 [ 6 1 6 [ 3 � .

5 Conclusion

We revisited theEuclideanfitting of curvesandsurfacesto 3D datato investigateif it is worth con-
sideringEuclideanfitting again. The focus wason the quality and robustnessof Euclideanfitting
comparedwith thecommonlyusedAlgebraicandTaubin’s fitting andalsothe 3L fitting. Now, we
canconcludethat robustnessandaccuracy increasessufficiently comparedto theothermethodsand
Euclideanfitting is morestablewith increasednoise,aswell asinvariantto Euclideantransformations.

The main disadvantageof the Euclideanfitting, computationalcost,hasbecomelessimportant
dueto rising computingspeed.In our experimentsthecomputationalcostsof Euclideanfitting were
only about2-19timesworsethanTaubin’sfitting. Thisrelationprobablycannotbeimprovedsubstan-
tially in favor of Euclideanfitting, but theabsolutecomputationalcostsarebecominganinsignificant
deterrentto usage,especiallyif high accuracy is required.

The work was fundedby the CAMERA (CAd Modelling of Built Environmentsfrom Range
Analysis)project,anECTMR network (ERB FMRX-CT97-0127).
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