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1 Intr oduction

Shapeanalysisof objectsis akey problemin computervision with severalimportantapplicationsn
manufcturing,suchasquality controlandreverseengineeringHowever, the applicationof shapen
computevision hasbeenlimited to dateby thedifficultiesin its computation.To build a recognition
andpositioningsystembasedon implicit curvesandsurfacesit is imperatie to solve the problemof
how curvesandsurfacescanbe fitted to the dataextractedfrom single or multiple 3D images.The
fitting processs necessarfor automaticallyconstructingpbjectmodelsandfor building intermediate
representationfsom obserationsduringtherecognition.Implicit polynomialcurvesandsurfacesare
potentiallyamongthe mostusefulobjector datarepresentationfor usein computewisionandimage
analysis. Their power appearsy their ability to smoothnoisy data,to interpolatethroughsparseor
missingdata,their compactnesandtheir form beingcommonlyusedin numerousonstructions.
Let f(#) beanimplicit polynomialof degreed givenby

f(:ﬁ')zz aijk-ac’-yj-zk:O. 1)
R
Then,we only have to determinethe parameteset{a;;; } which describeghe given databest. Pa-
rameterestimationis usually castas an optimizationproblem,which canbe solved in mary ways
becausef differentoptimizationcriteriaandseveral possibleparameterizationgGenerally the liter-
atureon fitting canbe divided into threegeneraltechniquesieast-squareftting (e.g. [Allen 1935
Bookstein1979 FitzgibbonandFisher1995 Kanatanil993 Rosin1993), Kalmanfiltering (e.g.
[Chui andChen1987, Degeeteretal. 1997, DickmannsandGraefel988), androbustclusteringtech-
niques(e.g. [BeslandJain1985 DudaandHaet1977). While the clusteringmethodsarebasedon
mappingdatapointsto the parametespacesuchasthe Houghtransformandtheaccumulatiormeth-
ods, the least-squaremethodsare centeredon finding the setsof parameterghat minimize some
distancemeasurebetweerthe datapointsandthe curvesandsurfaces.Unfortunately the estimation
of the Euclideandistancedrom a datapointto a geneml curve andsurfacehasbeensometimesom-
putationallyimpractical,becausdor somecaseghereis no closedform expressiorfor the Euclidean
distanceandapproximation®r iterative methodsarerequiredto estimatdt. For approximationpften
the resultof evaluatingthe characteristipolynomial f (Z) is taken, or thefirst orderapproximation,
suggestedby Taubin[Taubin1991], is used.However, experimentswith the Euclideandistanceshav
the limitations of approximationgegardingquality andaccurag of thefitting results. Additionally,
whenusingan approximation the invarianceof the fitting to Euclideantransformationss not guar
anteed.lt is obviousthataccurag andstability of thefitting hasa substantialmpacton recognition
performancespeciallyin reverseengineeringvherewe desireanaccurateeconstructiorof 3D geo-
metric modelsof objectsfrom rangedata. Thusit is very importantto getgoodshapeestimategrom
thedata.
In this paperwe

1. summarizehow to computethe Euclideandistancefunctionfor commonsurfacesandgeneral
guadricsurfaces,

2. summarizealittle-known Euclideandistanceunctionto theellipse,
3. give anefficientalgorithmfor least-squarefitting usingthe Euclideandistanceand

4. comparethis fitting to three other main fitting distancemeasuresnd concludethat the Eu-
clideandistances muchmoreaccurateandstablewithoutextraordinarycomputationaéxpense.



2 Fitting of generalcurvesand surfaces

An implicit curve or surfaceis the zerosetof a smoothfunction f : R* — R™ of then variables:
Z(f) = {# : f(Z) =0}. In our applicationswe are interestedn threespecialcases: Z(f) is a
planar curveif n = 2 andm = 1, it is asurfaceif n = 3 andm = 1 andit is aspacecurveif n = 3
andm = 2. Givenafinite setof datapointsD = {Z,}, p € [1, P], the problemof fitting a general
curve andsurfaceZ( f) to D is usuallycastasminimizing a distanceneasure

P
3" dist (&, 2(/)) — Min 2
p=1

from the datapointsto the curve or surface Z( f), a function of the setof parameterga;;; } of the
polynomial. The distancefrom the point Z,, to the zeroset Z( f) is definedasthe minimum of the
distancesrom Z, to pointsZ, in thezerosetZ(f):

dist(Zp, Z(f)) = min{|| 7, — 7; || : £(&}) =0} . 3)

In thepastresearcherkave oftenreplacedhereal Euclideardistanceby anapproximatiorbecausef
computationakfficiengy. Butit is well known thata) a differentperformancdunctioncanproducea
very biasedresult,andb) for alot of primitive curvesandsurfacedik e straightlines, ellipses planes,
cylinders,andcones thereis a closedform expressiorfor the Euclideandistancefrom a point to the
zeroset.

In the following we summarizethe Algebraic fitting, the 3L fitting suggestedy Blane et.al.
[Blaneetal. 2000, a fitting methodsuggestedy Taubin[Taubin1991, Taubin1993 andour Eu-
clideanfitting method.

2.1 Algebraic fitting (AF)

Algebraicfitting is basedon the approximationof the Euclideandistancebetweena point andthe
curve or surfaceby thealgebraiadistancelist 4 (Z,, Z(f)) = f(Z,). Giventhealgebraiadistancefor
eachpoint, Eq. (2) canbe formulatedasan eigemwectorproblem

D"D - {agr} = X {aii} (4)
whereD is the matrix of monomialsfor the dataset
= ik
D= [{x;, - zp}(iﬂmg] . (5)
1id k320 1y P

To avoid theftrivial solution{a;;;} = 0 andary multiple of a solution,the parametevector {a; }
may be constrainedn someway (e.g. [Albano 1974 Bookstein1979 FitzgibbonandFisher1995
Paton197Q) which leadsto thegeneralizeaigewvectorproblem

ﬁTﬁ . {aijk} = X . é . {aijk} . (6)

Themostusedconstraint@reeitherlinear, diag(@)-{aijk} = 1, orquadatic, {aijk}T-C"-{aijk} =1.
Thesolutiongivesa setof eigervaluesX, thesolutionis choserthatyieldsto thelowestresidual. The
correspondingigevectoris the parametewector{a;;y } .

Theprosandconsof usingalgebraiadistancesrea) thegainin computationaéfficiengy, because
closedform solutionscanusuallybe obtained on the onehandandb) the often unsatishctoryresults
ontheotherhand.



2.2 3L fitting (LF)

The 3L fitting methodis basedon the algebraicdistancetoo, but it is slightly different. 3L fitting

uses besideghe original dataset,a pair of syntheticallygeneratediatasetsconsistingof pointsat a
distancec to eitherside of the original dataset. This pair canbe computedby a distancetransform.
The 3L fitting itself is formalizedasa linear least-squareexplicit polynomialfitting problem. The
solutionfor the parametewector{a;;; } canbeobtainedmmediatelyby

{aijp} = M5, - b, (7)

whereM;,; = (MZ, Maz)~' M}, denoteshe pseudoimerseof Msr,. Theblock matrix M3z, andthe
block columnvectorb aredefinedas

3 Mr_, ) -
M3 = | M, b=1| 0 (8)
Mr,, +c

where Mpo, Mr_c, and J\Zf'pﬂ are the matricesof monomialsfor the original datasetrespectiely
the syntheticallygeneratediatasets. The values+c is the (Euclidean)distanceof Mr_ 4 to J\pro.
Althoughthe 3L fitting is computationallysimpleandfast,the costof generatinghesetsI"_. andT" ..
might be quite substantiabecausef the needof 3D morphologicaltransformations.The prosand
consof introducingthe additionaldatasetsaretheimproved stability androbustnessn the presence
of noisy or misseddataon the onehand,but on the otherhandthe inferior accurag comparedwith
theothersummarizednethods For a detaileddescriptionon how to estimatehe parametesetout of
thethreedatasetssee[Blaneetal. 200d.

2.3 Taubin’sfitting (TF)

An alternatve to approximatelysolve the minimizationproblemis to replacethe Euclideandistance
from apointto animplicit curve or surfaceby thefirst orderapproximatiofTaubin1991].

— |f (Zp)|
distr (£p, Z2(f)) = =5~ 9)
200 = 95 @)1
Restatingheproblemastheminimizationthis distancemeasuretheminimizeris thentheeigewector
of thegeneralizecigensystem

— — - - T o
D™D -{aij} = X-Jp Jp - {aiji} (10)

where.J, is the Jacobiammatrix of the matrix D of monomialsfor the dataset.

Besidesthe fact that no iterative proceduresare required,the fundamentalpropertyis that it
is a first order approximationto the exact distance. But, it is importantto note that the approxi-
mate distanceis also biasedin somesense. If, for instance,a datapoint Z, is closeto a critical
point of the polynomial,i.e., ||V f(Zp)|| ~ 0, but f(Z,) # 0, the distancebecomedarge. This is
certainlya limitation. To minimize Eq. (2) the usageof the Levenbeg-Marquardt(LM) algorithm
[Levenbeg 1944 Marquardtl963 is suggestedby G. Taubin[Taubin1993.



2.4 Euclideanfitting (EF)

To overcomethe problemswith the approximatedistancemetrics, it is naturalto useinsteadthe
Euclideandistance which is invariantto transformationsn Euclideanspaceandis not biased. In
Sec.3 we arguehow the Euclideandistancecanbe estimatedetweera pointandthe zeroset Z( f).
Giventhe Euclideandistancedist (%, Z(f)) for eachpoint the following simplealgorithmcanbe
used:

1. The Euclideanfitting requiresaninitial estimatefor the parameterga;;; } andwe have found
(cf. Sec.4) thatthe resultsof Taubins fitting methodarebetterthanthe others.This givesthe
initial parameteset{a; }\°.

2. Inthesecondsteptheestimatedarameteareupdatedisinganonlinearoptimizationalgorithm
{aijp}*t = Fra({aiji ). Ourimplementatioris basedon the LM algorithmwhich has
becomeéhestandardf nonlinearoptimizationroutines.lt combinegheinherentstability of the
SteepesGradientDescenwith the quadraticcorvergencerateof the Gauss-Neiton method.

3. The new estimates{a;;;}[**!! are evaluatedby a so-calledM-estimator £ on the basisof
distg(Zp, Z(f)). f L({air}*t) < L£({aik}?) the {a;;x} will be acceptecandthe
fitting will be continuedwith step2. Otherwisethe fitting is terminatedand {a;;. }!*! is the
desiredsolution.In Sec.3.3we discusghe problemof selectinga suitableerrorfunction L.

2.5 Summary

Combining Eg. (2) (to minimizesthe distanceerror of all points)and Eq. (3) (to get the distance
errorof onepoint) to getthefitting algorithmover all datapointswill leadto algorithmsof different
computationatompleity. We summarizehe computationapropertiesof thefour distancaneasures
discussedbelow.

Algorithm  distancecomputation minimization

Algebraic  closedform closedform
3L closedform closedform
Taubin closedform iterative
Euclidean closedor iterative iterative

Table 1: Computationabropertiesof the four distancemeasures:algebraicdistance, 3L distance,
Taubins approximationandEuclideandistance

Giventhedoublyiterative natureof the Euclideanform, mary researcherbave avoidedit. How-
ever, we shav below thatthetime differenceis notactuallysobadasmay be expected.

3 Estimation of the Euclidean distance

TheEuclideandistancelist(Z),, Z(f)) betweeragivenpoint z, andthezerosetZ( f) is theminimal
distancebetweenz), andthe point Z; in the zerosetwhosetangentis orthogonatto the line joining
Z, andZ;. To estimatethe Euclideandistancewe candifferentiatebetweencurvesandsurfacesfor
which a closedform expressiorexist andthosewhereaniterative algorithmmustbe carriedout.



3.1 Closed-brm expression

For primitive curves and surfaceslik e straightlines, ellipses,planes,cylinders, and cones,thereis
a closedform expressionfor the Euclideandistancefrom a point to the zero setandwe usethese.
While the closedform expressiorfor a straightline anda planeis trivial, the closedform expression
for the otherprimitive curvesandsurfacesis slightly complicated.Below, we will give anideahow
theEuclideandistancecanbeestimatedn aclosedform for astraightline, acircle,anellipse,aplane,
asphereanelliptical (or circular) cylinder, andanelliptical (or circular)cone.

It is awell-known that mostfitting methodsarenot poseinvariant(seeSec.4.4). To improve the
poseinvarianceof thefittings we normalizethedatasetin termsof generamomentgo affine transfor
mationsatfirst. For adetaileddescriptionron how to normalizethe datasetwe referto theappropriate,
numerouditerature(e.g.[GalvezandCanton1993 Hartley andZissermanr200Q Rotheetal. 1996
Wang1977). Applying the normalizationwe getthe datasetin a so-calledstandad positionwith
respecto a giventransformationherethe affine transformation.The standargositioncanbe under
stoodasa specialrepresentate of the equivalenceclasscorrespondindo the transformation.f the
datasetis in standardyosition,a) it is ensuredhatwe getmorestablefitting resultsfor all methods,
andb) the framavork to estimatethe Euclideandistancecan be simplified for all axe-symmetrical
cunesandsurfacessubstantially In particular we normalizeby translatingthe datato the centroid,
rotating the principal axes of the datato align with the coordinateaxes, and applying anisotropic
scalingto fit in theunit cube.

3.1.1 Straight line

The Euclideandistancebetweera point z, andanarbitrarystraightline Z(f) = a1z + ao1y + ao
canbedirectly estimatedy

distp (Zp, Z2(f)) = (a102p + a01yp + aco) /N (11)
whereN = \/af, + a?; .

3.1.2 Circle

The Euclideandistancebetweena point #;, andan arbitrarycircle Z(f) = ago(z? + y?) + a0z +
ag1y + agg canbedirectly estimatedy

distg (Zp, Z(f)) = |Zp — Zmll =7 (12)

CenterZ,, andradiusr canbededucedrom the {a,;} as
a10 ao1 T a10 2 ao1 2 aoo
7 = _— 2 = e S —_— T . 13
m [ 2a90’ 2a20] ! (202()) * (2a20) a0 (13)
3.1.3 Ellipse

TheEuclideandistancebetweena point 7, andtheellipse Z(f) = agoz? + agey? + a112y + a1oz +
ao1y + agg cannotestimatedy a singleexpression First, we needanexpressiorfor the distance

V(@ —2)2 + (4, — 9)? > Min, 7€ Z(/). (14)



Insteadof transformingthe ellipseinto a normal positionwe cantransformz, into the coordinate
systemof theellipsez, — 7.

zg = (xp—x)cos(p) + (yp — ye)sin(yp)
Ve = —(ep— 2)sinp) + vy — ) cos(p) .

with Z. asthe centerandy the angleof the ellipsewith respecto the x-axis. The parameterg;,, A,
B, andy (cf. Fig. 1) canbedirectly deducedrom the {a,, }.

T
. ai1ap1 — 2ag2a19 a11a10 — 2a20a01
Le = 2 ’ 2
dagoape — af; dagoape — af;

A= \/h/x, B=+/h/X

M2= 3 (azo + ag2 £ /(a0 — ap2)? + 0%1) (16)
h= — (@207 + ao2y? + a112cye + a10%c + ao1ye + aoo)
( = arctan <a02 — a0+ \/(am _ a02)2 + a%)
ail
y
------------------------------ B\
dist (Xp, 2(f)) %, ﬁ
| X
Figurel: Euclideandistancerom z,, to theellipse.Z; is thenearespointto ).
Now, we have to solve
(zg — z)? + (yq — y)? = Min a7

with (z/A)? + (y/B)? = 1. Therewe usinganice, but probablylittle known algorithm,publishedn
e.g.[VossandSuRe,1995. Then,Eq.(17)canbeexpressedn termsof polaranglesby z = A - cos
andy = B - sin):

f@) = (zg — A-cosh)? + (y, — B -sinyp)? — Min. (18)
Applying df (v) /0 = 0 we getthegoniometricalequation
A-zg-siny) — B -yq-costp — (A2 — B?)-cos -sinp = 0. (29)

To estimatey we substitutet = tan(v/2), andwe getwith

2 1— ¢
siny = I +tt2 and cos®y = T ; (20)
Eq.(21),t # 0,
By, - t*+2(A%—~ B*+ Ax,) - 2 2(A’—~ B>~ Az,) -t — By, =0. (21)

6



Fromtheresultingsolutionsoneis selectedfor whichthedistancdakesa minimum. Theappropriate
point Z, hasto befinally transformednto the original coordinatesystemto getpoint Z; of theellipse
nearesto Z, (cf. Fig. 1)

zy = wreos(p) — yrsin(p) + oz (22)
Yyt = zrsin(p) + yrcos(p) + ye-

Finally, we getthe Euclideardistanceas

distg (Zp, Z(f)) = ||Zp — Zil|- (23)

3.1.4 Plane

TheEuclideardistancébetweerapointz, andanarbitraryplaneZ(f) = aiooz+ao10y~+a0012+ao00
canbedirectly estimatedy

distg (Zp, Z(f)) = (a1002p + @010Yp + @0012p + ao00) /N (24)

— /2 2 2
whereN = \/a%y, + a2,y + ay; -

3.1.5 Sphere

The Euclideandistancebetweena point 7, andan arbitrarysphereZ(f) = aggo(z? + y* + 22) +
a100T + ap10y + ago1z + aggo canbedirectly estimatedy

disty (Zp, Z(f)) = l|[#m — Tl — 7 (25)

CenterZz,, andradiusr canbededucedromthe{a,} as

T
L a100 ao10 ago1
Im = | — y s

2a200  2a200  2a200

2 2 2
a1 aol anol a

T2:< 00)+<00>+(00>_000.
2a300 2a200 2a200 a200

3.1.6 Elliptical cylinder

(26)

If the generatixg of the elliptical cylinder is parallelto oneaxis, e.g. herethe z axis, ary arbitrary
normalizecelliptical cylinder canbeexpressedby theimplicit polynomial Z(f) = asgox? + agaoy® +
ai110xyY + a100T + ap10y + Qpo12 + Qpoo with a200,a020 > 0. The estimationof the Euclidean
distancecanbereducedo the estimationof the Euclideandistanceto the directrix d, hereanellipse
Z(d) = a200x2 + a020y2 + a1107Y + 6100T + ap10y + @00, @200, @020 > 0. Thus,to estimatethe
Euclideandistancefor an elliptical cylinder we only have to estimatethe Euclideandistanceto an
ellipse(seeSec.3.1.3).

If the Euclideandistanceis given,we have to considerif the estimatedr; belongsto the cylinder
elemenir not, which meandf thegeneratrixg of theelliptical cylinderis infinite in lengthor not. In
caseof afinite generatrixwe cansimply estimatehepoint Z, € Z(f) nearesto Z; (seeFig. 2b).

[ — ¢ || if g = oo

|7, — | else 27)

distip (7, 2(f)) = {



disg (%, Z(f) %

a. (Infinite) generatrixg b. Finite generatrixg

Figure2: Estimationof dist(Zp, Z(f)) for anelliptical cylinder. Z; is thenearespointto z, onthe
(infinite) cylinder. If Z; doesnot belongto the cylinder element,z,. canbeused.

3.1.7 Elliptical cone

If the generatixg of the elliptical coneis parallelto one axis, e.g. herethe z axis, ary arbitrary
normalizedelliptical conecanbe expressedy theimplicit polynomial Z(f) = aggox? + ag20y® +
a002z2 + a1102yY + a100 + ap10Y + Qpo1% with a200, 0020 > 0 andaggy < 0. Fromthe {aijk} the
fixedpoint Z, (vertex of the cone)canbedirectly deduced.

1 —1
azo sailg 0 a100
= 1
o=—| sa110 @2 0 || aoo (28)
0 0 aoo2 ago1

The estimationof the Euclideandistancecan be donein two steps. First the estimationof the Eu-
clideandistancecanbereducedo the estimationof the Euclideandistanceto the directrix d, herean
ellipse Z (d) = gy + agoey + a0y + a0 +g10Y + Ggogs Gagg, Ggap > 0. Now, theparameters
A andB (axisof thedirectrix d) aswell asp canbededucedrom the{a;jk} (seeSec.3.1.3).

Note, this stepis similar to thatin the previous section,but {a;jk} aredifferentto {a;;x }. In the
secondstepthe Z; with (Z, — Z;) L (Z, — &) is determinedwhich yields the Euclideandistance.
The only problemleft is how to estimatez;. Therefore,we estimatez, locatedon the directrix d
of the cone(seeFig. 3b). Therespecting?; canbe estimatedusingsimplegeometricrelations(see
Fig. 3a.). Then,the estimationof the Euclideandistances trivial usingEq. 27. In the casethatthe
estimatedr; doesnot belongto the coneelement(seeFig. 3c.), thereasonings similar to thatin the
previoussection.

3.2 lterati ve estimation

If noclosedform expressioris known for theEuclideardistancge.g.for commonshapedik e superel-
lipse and superellipsoidtorusandsupertoroid) an iterative optimizationproceduremustbe carried
out. We usethefollowing simpleiterative algorithm(Fig. 4):

1. Theestimationis initialized by intersectingthe curve or surfacewith the straightline defined

by the centerpoint z. andthe point Z,,. As resultwe gettheinitial point;fgo}. By theinitial

solution,theupperboundfor thedistancds determined.



NY

a. (Infinite) generatrixg b. Normalizedcone c. Finite generatrixg

Figure3: Estimationof distz(Z,, Z(f)) for anelliptical cone. Z; is the nearespoint to Z, on the
(infinite) cone.If Z; doesnotbelongto theconeelementz, canbeused.

2. In the secondstepthe estimates updatedoy a modifiedsteepestlescenmethod(cf. Fig. 4b):
# = d 4 ol (f,[f]) L 5=0,1,2,... . (29)

3. We have to decideby an objective function F, if ;EES“] will beacceptedasnew solution. The

objective functionis formulatedas

F(@p, 3 T 2(f)) = min (distp (@, 7(7), dist (7, 7)) . (30)
If dist(Z,, 2 ) < distg (%, 7;"), we acceptz* ™! asnaw (local) solutionandthe algo-

rithm will becontinuedwith step2 until

dist (7, 37 ) — dist g (Z,, )| < thrs. (31)
otherwisezi” ™=z, ols+1l = —rals), 7+ > 0 andthe algorithmwill be continuedwith

step2*. To speedup the estimationa criterionto terminatethe updatingmay be usedlike e.g.
S[s+1] sl
| 7 || <eors> 75

- —

dist” %
dist™

X0

N

a. Initialization b. Updating

Figure4: Stepsto estimatalist (%, Z(f)) of Z, to thezerosetZ(f) of anellipse



3.3 Estimation error

Giventhe Euclideandistanceerrorfor eachpoint, we thencomputethe curve or surfacefitting error
The standardeast-squaresiethodtriesto minimize

> disth (&, Z(£)), (32)
p

which is unstablef thereareoutliersin the data. Outlying datacangive so strongan effect in the
minimizing that the parameterare distorted. Replacingthe squaredresidualsby anotherfunction
p (distg(Zp, Z(f))) canreducethe effect of outliers. Appropriateminimization criteria including
functionswerediscussedn for instancdBesl| 1990 Zhang1997. It seemdifficult to selecta func-
tion whichis generallysuitable.Following theresultsgivenin [Rey 1983 thebestchoicemaybethe
so-calledZ, (leastpowe function

£, = |dists(Zp, Z()|" /. (33)

This function represents family of functionsincluding the two commonlyusedfunctions£; (ab-
solutepowel with v = 1 and £, (leastsquaeg with v = 2. Note, the smallerv, the smalleris
the influenceof large errors. The associatedo-calledinfluencefunctionis the first derivative of p.

It is obviousthat £, penalizesoutliersto a lesserextentthan Lo, andsothe selectionof the former
would be more appropriateéf numerousoutliersare presentin the data. But, the £, is familiar as
the Euclideandistance.A goodcompromisemay be to startwith the leastpower estimator,, with

v = 1.2, for whichagooderrorestimatiormaybe expectedRey 1983. After anumberof iterations,
e.g.s = 3, weremove the 10% worstdatapointsandcontinuethefitting with thecommonlyused.,

estimator Note,onecanusea histogramanalysisto improve thereliability of datapointremoval.

4 Experimental results

In the previous sectionwe describedhe Euclidearfitting basedon the estimateceuclideandistance
betweena 2D point or a 3D point anda curve or a surface. In this sectionwe summarizeempirical
testingof the proposeditting methodin termsof efficiengy, correctnesand robustness.We only
evaluatesurfacesbecausdhey arethemorecomple (moreparametersaindcomputationaéxpensve
case. The 3D datawere generatedy addingisotropic Gaussiamoises = {1%,5%, 10%, 20%}.
Additionally the surfaceswere partially occluded. The visible surfaceswere varied between1 /2
(maximalcase)and1/6 of thefull 3D cylinder. The performancef Euclideanfitting (EF) is com-
paredwith Algebraicfitting (AF), 3L fitting (LF), and Taubins fitting (TF). Finally, we look to the
poseinvarianceof the fitting methods.For all experimentswve includein thefour fitting methodshe
sameconstraintswvhich describethe expectedsurfacetypeto enforcethe fitting of a specialsurface
type (cmp. Tah 3).

4.1 Efficiency

A goodfitting algorithmhasto beasefficient aspossiblein termsof runtime andformal compleity.
While the problemof computationakostis no longera really hard problembecausef the rapidly
increasingnachinespeedwe shouldguaranteghefitting hasacceptableomputationatostaswell
asrelatively low compleity.

Thealgorithmshave beenimplementedn C andthe computatiorwasperformedon aPentiumlii
466 MHz. Theaveragecomputationatostsfor thefour algorithmsarein Tah 2.
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Table2: Averagecomputationakostsin millisecondsper 1000 points. Note, the averagecompu-
tational costsfor the LF are on the assumptiorthat the pair of datasetsis available. The costof

generatinghesemight be quite substantiabecaus®f the needof an Euclideandistancetransforma-
tion.

AF LF TF EF
Plane 0.958 0.967 1.042 2417
Sphere 1.208 1.301 1.250 3.208

Circularcylinder 3583 3462 3.625 12.375
Elliptical cylinder 13.292 12.864 13.958 241.667
Circularcone 15.667 15.445 15.833 288.375
Elliptical cone 15.042 15.465 15.375 291.958
Generalquadric  18.208 18.646 18.458 351.083

As expectedheAF, LFt andTF have thebestperformanceThe EF algorithmrequiresarepeated
searchor the pointz; closesto z,, andthe calculationof the Euclideandistance A quick review of
the valuesin Tah 2 shaws that the computationakostsincreaseif we fit an elliptical cylinder, a
circularor anelliptical conerespectiely ageneralquadric. Thealgorithmto estimatahe distanceby
the closedform solutionrespectiely the iterative algorithmis more complicatedn thesecasedcf.
Sec.3). Thenumberof necessariterationsto estimatethe {a;; } usingTF andEF is alsoinfluenced
by the requiredprecisionof the LM algorithmto terminatethe updatingprocess.In summarythe
efficiency of EF is boundedoy afactorof about20 timesthe performancef the otheralgorithmsbut
is still computationallyreasonabléor upto 10° datapointsif real-timeperformanceés not needed.

4.2 Correctness

It is obvious thatthe fitting resultshoulddescribethe datasetby the correctcurve or surfacetype.
That meansthatit shouldnot fit a falsetype to the data. The problemthat we have to dealwith is
to decideif afitting is wrongor notindependenfrom our expectationsBut, correctnessnakesonly
sensef wefit aspecialcurve or surfacetypeto thedata.Otherwisejf wefit agenerakurve or surface
to the data,every resultis correct.

To verify thecorrectnessve testedf thefitting resultof the (constrainedgigewvalueanalysiscor
respondgo thegenerakurve or surfaceinvariants(seeTah 3). If onesolutionsatisfieghe conditions
for onecurve or surfacetype, it is assumedhatthefitting is correctin senseof aninterpretableaeal
cune or surface. Otherwise the fitting will be definedasfailure. The usedinvariantsfor the curves
(cf. Eq.34) andsurfaces(cf. Eg. 35) arethe determinantA of the parametematrix, the subdeter
minanto expandedby the absoluteparameterthetraceS of the submatrix,andfor the 2D surfaces
additionallythesumT of all subdeterminantsf o expandedy the elementf the primarydiagonal
(seeTah3).

azo0 a1 aio
A=|a11 ap ay |o=
aio ao1 aoo

azy a1l

S = ag + apa. (34)
ai; ao2

11



a200 ai110 @101 G100
a200 aiio aio1

a110 @o20 aoi1 4010
A = o= aio Qo0 aoll
a1o1 aoi1 @02 @001
ai1po1  aoil @02 35
a100 @010 @001 @000 (35)

S = agp0 + ap20 + aoo2
_ 2 2 2
T = a200a020 + @200@002 + @020@002 — @119 — @1p1 — @{11-

Table3: Invariantsfor 2D curvesandsurfaces.

Invariants
2Dcurve  Ellipse A #0,6>0,A-5<0
2D surface Cylinder A =0,T7 >0
Cone A =0,5-0andT notboth> 0
Ellipsoid A <0,S-0>0,7>0

In our experimentsAF andLF failed sometimegup to 23 percent)respectingour expectations,
especiallyin caseof o > 10% anda sparsedatasetor if mostof the 3D objectis occluded.For TF
andEF we hadnofailuresin our experiments.

4.3 Robustness

A fitting methodmustdegradegracefully with increasingnoisein the data,with a decreasén the
availablerelevantdata,andwith anincreasen theirrelevant data. To evaluatethe robustnesf the
proposecEF, we usesyntheticgeneratediatadescribingan elliptical cylinder with theaxes A = 60,
B = 40 andthe generatrixy = 100. The 3D dataweregeneratedby addingisotropicGaussiamoise
o = {1%, 5%, 10%, 20%} andpartially occlusionexposingbetweenl /2 (maximalcase)and1/6 of
thefull 3D cylinder. In thefirst experimentthe numberof 3D pointsfor the simulatedcylinder was
n = 180 (maximal case)andto measureahe averagefitting error eachexperimentruns 500 times.
Thereportederroris the Euclideangeometricdistancebetweerthe 3D datapointsandthe estimated
surfaces. The meansquareserrors(MSESs) and standarddeviations of the differentfittings arein
Fig. 5.

As expected,TF andEF yield the bestresultwith respecto the meanandstandardleviation, and
the meanfor EF is alwayslower thanfor the otherthreealgorithms. The resultsof AF andLF are
only partially acceptablebecaus®f the meanandthe standardieviation. In thedirectcomparisorof
TF with EF theresultsof EF aremuchbetterandthe meanof EF is alwayslowerthanthemeanof the
otherthreealgorithms.As mentionedn Sec.4.2AF andLF cansometimegjive wrongresultswhich
meanghatthe fitted curve or surfacetyps doesnot comeup with our expectations.We removed all
failedfittings out of the considerations.

In the secondexperiment thenumberof 3D pointswasstepwisedescreaseftom n = 3000 down
ton = 10 3D datapointsto evaluatethe behaiour of the several fitting methods.Eachexperiment
runs500times. The meansquare®rrors(MSEs) andstandarddeviationsof the differentfittings are
in Fig. 6.

As expected,TF and EF yield alsothe bestresultsin this experiment. With descreasegoint
densityespeciallythe AF and LF becomesmore and more unstablewhich is reflectedin the mean
respectiely the standardleviation. TF andEF is very stableevenwith only n = 10 3D datapoints.
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Figure5: Averageleastsquareserror with standarddeviation error barsfitting a syntheticgener
ated cylinder (axes A = 60, B = 40, generatrixg = 100) with addedGaussiamoisec =
{1%,5%, 10%,20%}. The visible surfaceswere obsered betweenl/2 (maximal case)and1/12
of thefull 3D cylinder. Thenumberof 3D pointswasn = 180. Thenumberof trials was500.

Reviewing somevisualizedfitting resultsfor syntheticdatasets(seeFig. 7) we canassumehat
theresultsof EF aremuchbetterin the sensef robustnesandthe expectedsuriacethantheresultsof
AF, LF andTF. While therohustnesgseeFig. 5) of TF is betterthanAF andLF, thefitted surfacesof
all threefitting methodsaremostly largerthanthe optimal surface. Theresultsof EF arebothrobust
andthey correspondnuchmoreto our expectations.

4.4 Poseinvariance

It is obvious thatthe fitting resultsshouldbe poseinvariant. But, it is well known that this reason-
ableandnecessaryequirementannotbe always guaranteddy all four viewed fitting methods.To

evaluatethe poseinvariancewe usearealdataset(seeFig. 8a.) describinganelliptical cylinder. The

normalizeddatasetwasa) shifted,b) rotated,andc) bothrotatedandshifted. A quick review of the

residualfMSE) in Tah 4 shavs thatthe AF, the LF aswell asthe TF arenot poseinvariantwhile the

EF is poseinvariant. To illustratethe posedependeng thefitting resultsfor position3 arevisualized
in Fig. 8.
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Figure 6: Averageleastsquareserror with standarddeviation error barsfitting a syntheticgener
ated cylinder (axes A = 60, B = 40, generatrixg = 100) with addedGaussiamoisec =
{1%,5%, 10%,20%}. The numberof 3D pointswas stepwisedescresedrom n = 3000 down to
n = 10. Thevisible surfaceswas1/3 of thefull 3D cylinder. The numberof trials was500.

Table 4. Residualsfitting an elliptical cylinder. The normalizedcylinder was shifted by ¢ =
[0.3,0.2,0.1] (pos. 1), rotatedby ¥ = n/12 andn = [0.5,1.0,0.5] (pos. 2), shifted and rotated
(pos.3).

normalpos pos.1 pos.2 pos.3
AF [10 9] 0.5242 2.0181 2.6950 1.8271
LF [1073] 0.5448 0.9629 4.0068 2.5432
TF [1073] 0.5024 1.5143 2.0277 1.3817
EF [1073] 0.4021 0.4152 0.8634 0.6088

As we canseeAF yieldsanelliptical cylinder with correctdirectionbut too large axes,while the
resultsof TF is anelliptical cylinder with a correctdirectionbut too smallaxes. The LF resultsgive
acylinder with nearlycorrectaxesbut slightly incorrectdirectionvector Theresultof EF describes
thedatasetbest(cmp. Tah 4).
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Figure7: Fitting resultsfor a syntheticgeneratediataset. The noiselevel waszeroandthe visible
surfacel/6 of thefull 3D cylinder. Note,the maximalvisible surfaceis 1/2 of thefull 3D cylinder.
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a. Realdata.

b. Algebraicfitting. c. 3L fitting.

d. Taubins fitting. d. Euclidearfitting.

Figure 8: Fitting resultsfor a real rangedata( points). The normalizeddata set was shifted by
t =1[0.3,0.2,0.1] androtatedby ¢ = 7/18 andn = [0.5,1.0,0.5].

5 Conclusion

We revisited the Euclidearfitting of curvesandsurfacesto 3D datato investigateif it is worth con-
sidering Euclideanfitting again. The focuswas on the quality and robustnessof Euclideanfitting
comparedwith the commonlyusedAlgebraicand Taubins fitting andalsothe 3L fitting. Now, we
canconcludethatrobustnessaandaccurayg increasesuficiently comparedo the othermethodsand
Euclidearfitting is morestablewith increasedhoise aswell asinvariantto Euclideartransformations.

The main disadantageof the Euclideanfitting, computationakost, hasbecomelessimportant
dueto rising computingspeed.In our experimentghe computationatostsof Euclidearfitting were
only about2-19timesworsethanTaubinsfitting. Thisrelationprobablycannotbeimprovedsubstan-
tially in favor of Euclidearfitting, but the absolutecomputationatostsarebecominganinsignificant
deterrento usagegspeciallyif high accurag is required.

The work was funded by the CAMERA (CAd Modelling of Built Environmentsfrom Range
Analysis)project,anEC TMR network (ERB FMRX-CT97-0127).

16



References

[Albano 1974] Albano, A. Representatioof digitized contoursin termsof conic arcsandstraight-
line sggments.CGIP, 3:23,1974.

[Allen 1935] Allan, F. E. Thegeneraform of theorthogonapolynomialfor simpleserieswith proofs
of their simpleproperties.In Proc. RoyalSoc.Edinturgh, pp.310-320,1935.

[Besl 1990] Besl, P. J. Analysisand Interpretation of Rang Images chap.GeometricSignal Pro-
cessing.Springer Berlin-Heidelbeg-New York, 1990.

[BeslandJain1985] Besl, P. J. andR. C. Jain. Three-dimensionabbjectrecognition. Computing
Surve, 17(1):75-1451985.

[Blaneetal. 2000] Blane,M. M. andZ. Lai andH. Civi andD. B. Cooper The 3L algorithmfor
fitting implicit polynomial curves and surfacesto data. IEEE Trans.on PAMI, 22:298-313,
2000.

[Bookstein1979] Bookstein,F. L. Fitting conicsectiongo scatteredlata. CGIP, 9:56—71,1979.

[ChuiandChen1987] Chui, C. K. and G. Chen. Kalman filtering with real time applications
Springer Berlin-Heidelbeg-New York, 1987.

[Degeeteretal. 1997] DegeeterJ.andH. vanBrusselandJ. DeschutteandM. Decreton A smoothly
constained Kalmanfilter. IEEE Transactionson Pattern Analysisand Machine Intelligence
19(10):1171-11771997.

[DickmannsandGraefel1988] DickmannsE. D. andV. Graefe.Dynamicmonoculammadinevision
Machine Vision and Applications 1:223-2401988.

[DudaandHaet1972] Duda,R. O. andP. E. Hart. The useof Houghtransformto detectlines and
curvesin pictures.Comm.AssocComp.Maching, 15:11-151972.

[FitzgibbonandFisher1995] Fitzgibbon,A. W. andR. B. Fisher A buyer’s guideto conicfitting. In
6th British Machine Vision Conferncepp.513-522,1995.

[GalvezandCanton1993] Galvwez, J. M. and M. Canton Normalizationand shaperecognitionof
three-dimensionadbjectsby 3D moments.PatternReca@nition, 26:667—-6811993.

[Grimson1990] Grimson,W. E. L. Objectrecanition by computer: The role of geometriccon-
straints MIT-PressCambridge-London1.990.

[Hartley andZissermanr2000] Hartley, R.andA. ZissermannMultiple View Geometryin Computer
Vision. CambridgeUniversity Press2000.

[Kanatani1993] Kanatani,K. Renormalizatiorfor biasedestimation. In 4th Int’l. Conf Computer
Vision, pp.599-606,1993.

[Levenbeg 1944] Levenbeg, K. A methodfor the solutionof certainnonlinearproblemsin least
squaresQuarterly of AppliedMathematics2:164—-1681944.

[Marquardt1963] Marquardt,D. W. An algorithmfor leastsquaresstimationof nonlinearparame-
ters. Journal of the Soc.of Industrial and AppliedMathematics11:431-4411963.

17



[Paton1970] Paton,K. A. Conicsectiongn chromosomenalysis.Pattern Recgnition, 2:39,1970.

[Rey 1983] Rey, W. J. J. Introductionto Rolust and Quasi-Robst StatisticalMethods Springey
Berlin-Heidelbeg-New York, 1983.

[Rosin1993] Rosin,P. L. A noteontheleastsquardfitting of ellipses. Pattern Rec@nition Letters,
14:799-8081993.

[Rotheetal. 1996] Rothe,l. andH. SueandK.Voss. The methodof normalizationto determine
invariants. IEEE Transactionson Pattern Aanalysisand Machine Intelligence 18(4):366—376,
1996.

[Taubin1991] Taubin,G. Estimationof planarcurves,surfacesandnon-planaispacecurvesdefined
by implicit equationswith applicationgo edgeandrangeimagesegmentation.|EEE Transac-
tionson Pattern Aanalysisand Machine Intelligence 13(11):1115-11381991.

[Taubin1993] Taubin,G. An improvedalgorithmfor algebraiccurve andsurfacefitting. In 4thInt’l.
Conf ComputeiMision, pp.658—-665,1993.

[VossandSiiRe,1995] Voss,K. andH. StiRe. AdaptiveModelleund Invariantenfiir zweidimension-
ale Bilder. Shaler, Aachen,1995.

[Wang1977] Wang,K. Affine-invariant momentmethodof three-dimensionabbjectidentification
PhD Thesis,SyracusdJniversity 1977.

[Zzhang1997] Zhang,Z. Parameteestimationtechniquesa tutorial with applicationto conicfitting.
Image and Vision Computing 15:59-76,1997.

18



