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Abstract

This work presents a formal treatment of correctness and completeness for a set of
seven uninterpreted Register Transfer Level (RTL) transformations. The completeness
property ensures that a transformational derivation system based on this set is able to
explore the entire design space, for a well-defined class of designs. The formalization
for behavior specifications, RTL implementations and RTL transformations, as well
as the mechanized proofs for correctness and completeness are conducted within the
higher-order logic of the Prototype Verification System (PVS).

1 Introduction

In spite of the increased confidence one has in automatic synthesis when compared with
manual design, the use of High Level Synthesis (HLS) tools does not considerably ease
the burden of hardware verification. HLS tools employ a set of complex optimization
algorithms which are usually implemented as large pieces of code, hence more error
prone. Possible software errors in these implementations may lead to incorrect func-
tionality of the synthesized designs.

When contemplating formal verification gynthesizedesigns, one can resort to
a general verification approach, like model checking or theorem proving. As an alter-
native, many research efforts are focused on ensuring the correctness of the synthesis
process itself, thus trying to eliminate the need of a difficult post-facto verification. A
survey and classification of approaches to correct synthesis can be found in [1]. One of
these approaches isansformational derivationit refers to a class of synthesis tech-
niques wherein an RTL design is derived by applying a sequence of behavior-preserving
transformations to an initial design representation. A variety of transformational deriva-
tion systems have been proposed; DDD [2], T-Ruby [3], Veritas [4], TRADES [5] and
HASH [6] to name a few.

The work presented here establishes the formal foundation on which a transforma-
tional derivation system using a core setufinterpreted RTL transformatiortan be
based. Starting from a minimal model for RTL designs we formally specified in in the
Prototype Verification System (PVS)[7-9] a set of 7 RTL transformations. We mechan-
ically proved that each transformation of our set is correct (it preserves the computa-
tional behavior of the design). Thewmpleteness properfgr a set of transformations
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is defined as the capability to derive any possible implementation of a given behavior
specification using a finite sequence of transformations contained in this set. In prov-
ing completeness we use a constructive approach. The practical uses of our work are
two-fold:

1. Atransformational derivation system based on the core set of RTL transformations
presented here will yield (if correctly implemented) correct design implementa-
tions. The completeness property of this set ensures a virtually exhaustive search
of the design space, for a certain class of designs.

2. Having identified a complete finite set of transformations, then it can be asserted
that any correct application of a synthesis algorithm should be assimilable with a
sequence of transformations of the complete set. One can check the correctness of
an existing synthesis tool by attempting to identify such sequences.

Vemuri [10, 11] reported a completeness argument for a similar set of transforma-
tions. However, his argument was informal, written in English without using any formal
logic or notation. Paper and pencil proofs usually use ad-hoc notions and need to be ex-
amined by others to validate them. In contrast, we present a proof which is fully mech-
anized in the higher-order logic of PVS and can be run by a simple command in the
proof environment. PVS is a higher-order logic specification and proving environment
which has an expressive language and a high degree of automation[7].

In Section 2 we present the formal model for RTL designs and behavior descrip-
tions. Section 3 summarizes the set of transformations and the specification and proof
methodology. A proof of completeness for this set is outlined in Section 4.

A collection of PVS specifications included in the Appendix illustrates the specifi-
cation methodology. For the complete specifications and proofs we refer the reader to
http://www.ececs.uc.eduéteica/pvs

2 Formal Models for RTL Designs and Behavior Descriptions

We present in this section abstract formal models for RTL designs corresponding to be-
havior specifications which consist of basic blocks of straight-line code with operations
and operators assumed to be binary.

An RTL design consists of a data-path and a controller which defines the sequence
of register transfers to be executed in the data-path. The data path of an RTL design
consists of a set of operators, a set of registers and interconnections between them.
Operators are hardware units that perform arithmetic operations and other data trans-
formations. Registers are used only for storing values (no shift or increment operations
are considered). In what follows we will use the tesomponentsvhen refering to op-
erators and registers collectively. We denotelte set of all components in the data
path,OP the set of all operators iB, andREG- the set of all registers i&. With these
notations, we call @ata path structure tuple of the form(E, OP, REG)

A register transfert of a data path structu&, OP, REGYefines the interconnec-
tions between a subset of components filenaccording to those computations sched-
uled to be performed in the data path at the control step defined by
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Definition 1. A register transfer rt associated with a data path struct(is OP,
REG)is a tuple of the form:

(EXPR,REGoyt, fop : OP — (E X E), freq : REG oyt — E)

whereEX PR C E,andREG,,; C REG.We call REG,,,; the set of output registers

of rt. f,, and f,., define the interconnections between components of the data path at
the control step correspondingrtoas follows: f,,, is a function mapping an operator to

a pair of components (its sources), afad, is a function that maps an output register to

a component (its input).

Although we started with a very simple model, throughout the specification exer-
cise we carefully enforce well-formedness conditions in order to keep the specification
consistent with the physical reality it was intended to model. For example, we will not
allow a register transfer which contains combinational cycles or floating inputs for op-
erators and registers. To formally define such requirements we will first introduce the
definition of theancestorset for a componeras the set of all components which are
connected te through a direct path.

Definition 2. TheancestorssetA of a componenrg of a data path structu(&,OP,REG)
with respect to a mapping functigfy, : OP — (E x E) is recursively defined as:

Ale) = { 0 e : register
A(fop(e) 1)U A(fop(e)2) U {fop(e)‘l, fop(e)2} e :operator

where f,,(e)‘1 and f,,(e)‘2 represent the first, respectively second projection of the
fop function applied to the operater
Well-formed register transfers. A register transfert is said to bavell-formedif:
1) each operator in the sEXPRof rt has itsancestordncluded inEXPR(there are
no floating inputs for operators); 2) there are no combinational cycles withity 8
each output register iIREG,,; has its source i'EXPR 4) concurrent operations are
performed on different hardware resources. Using a more formal notation:
Definition 3. A well-formed register transfer of a data-path structufé”, OP, REG)
is a register transfefEX PR, REG ou1, fop; freq) fOr which the following properties
stand:
1)V(e € EXPR) : ancestors(e) C EXPR;
2)V(e € EXPR) : not(e € ancestors(e);
3)image(freq) € EXPR,
4)V(el,e2 € (EXPRNOP)): (el =€2) = (fop(el)'l = fop(e2)'1 A fop(el)2 =
fop(€2)°2).

In the absence of conditional and loop constructs, the only control information that
needs to be supplied in order to completely define the functionality of the design is the
ordered sequence of interconnection configurations. The order is defined with respect
to the timing sequencing of operations to be performed in the data path. We define a
control graphassociated with a data path struct(E¢OP,REGps alist of well-formed
register transfersiontrol_graph(E,OP, REG) = (rt1 ), (rt2 ) ... ( vty ), whererty,

rta ....Tt, are register transfers associated with the data path strydu@P, REG).
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Definitions for Behavior Descriptions. Although restricted in comparison with
the variety of behavior descriptions currently implemented by the synthesis tools, the
straight-line code model is sufficient for describing many complex DSP applications.
Also, many of the optimization algorithms used by the existing HLS tools operate only
within the boundaries of loops and conditional constructs, that is, on the straight-line
code portions of a behavior specification.

Informally, a straight-line code behavior description assigns to each output variable
the result of a computation performed on a set of input variables. We call this computa-
tion abehavior expressigrand define it recursively as:
<beh> := <variable> | (<beh> <operation> <beh>)
whereoperation  is any binary arithmetic or logic function.

A trivial RTL implementation of a given behavior description can be obtained by
assigning to each operation an operator instance which performs that operation. Con-
versely, each design implementation can be associated a behavior description obtained
by traversing the operator trees in successive register transfers, and converting them into
behavior expressions. The extracted behavior expression associated to a component of
an implementation is defined bellow.

Definition 4. Theextracted behaviorof a componengin an RTL implementation
represented as a control graph tigtis defined using two mutually recursive functions:

B eb2(e, cdr(cg)) e:reg
O eg) = { (ebL(car(cg)‘fop(€)1), opf(€), ebl(car(cg) fop(€)2))  €:0P

r cg = null
eb2(r,cg) = < ebl(car(cg)* freqg(r), cg) r € car(cg)' REGous
eb2(r, cdr(cg)) r & car(cg)'REGout

whereopf(e)denotes the operation performed by an operatoiis a registercar and
cdrare the LISP notations for functions used to create and manipulate lists. When refer-
ing to the computational behavior of an RTL implementation, we actually refer to the
application of theeb2function to the output registers of this implementation.

In the PVS specification for the model described so far we associate with each RTL and
behavior description component a type whose values best identify with the structures
they represent:

registers operatorsandoperationsare uninterpreted nonempty types;
functionality of an operator is defined by a function type fromogeratorto an
operation

writes/assignments to output registers are function types;

register transferandbehavior descriptionare record types;

well-formed register transferare of a predicate subtype @ister transfers
control graphsare lists ofwell-formed register transfers

The interconnections between operators, as well as between operators and input
registers (corresponding tfy,, in Definition 1) are implicitly defined using a binary-
tree structure specified as a parameterized PVS recursive abstract DATATYPE [12] (see
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Appendix 1). A similar approach is proposed in [13] to model tree-shaped combina-
tional structures using recursive binary trees defined in HOL. PVS supports only total
functions such that any recursive definition is required to terminate. As a corollary, no
operator can be its own ancestor; in our model this translates to operator expressions
with no combinational cycles, which suites well the second well-formedness condition
in Definition 3.

A behavior expression has an associated parse tree that can also be modeled as a
binary tree datatype in PVS. Unlike the operator expressions, the behavior expressions
do not interpret the physical instance of an operator, but are concerned only with the
functions performed by these operators. The use of PVS’'s DATATYPE mechanism for
defining the operator trees and behavior expressions facilitated both specifications and
proofs. Upon type-checking a datatype definition, PVS automatically generates basic
declarations and axioms that formalize an abstract datatype, including extensionality
axioms, induction schemes and recursion combinators.

In order to establish the correctness of a transformation as a behavior preserving
correctness property, we need to check if two different RTL designs implement the same
behavior description. For this we defined extracted behaviofunction according to
Definition 5 (see Appendix 3) which extracts the computational behavior of an output
register in a control graph. This function will be used in the next section to express the
correctness theorems.

3 The set of RTL Transformations

It what follows we will succinctly describe each transformation in our set. For each
transformation we specify iiaputs functionandpreconditionghat ensure the behavior-
preserving correctness. Tldrrectness Theoreis expressed as:
T_Preconditions(rtl_impl, set_of_comp) =
c_behavior (T (rtl_impl, set_of_comp)) = c_behavior(rtl_impl)
whereT_Preconditionds a predicate function associated with a generic transformation
T. It returns true if certain properties of a set of componesgtdf comp of the de-
signrtl _impl are satisfied. The functionbehaviorextracts the behavior of the output
registers (corresponding to the output variables in the behavior description).
For the conciseness and readability of the transformations’ descriptions we intro-
duce several notations :

1. e € rt if the componene appears in th&EXPRfield of the register transfet.

2. operator?(e) is a predicate which defines the set of@leratorinstances.

3. opfn(e) returns the function of operater

4. in_regs(rt) denotes the set of input registers of a register tramsfer

5. operators(rt) define the set of all operators that appear in a register trarisfer

The transformations discussed here ameterpretedn the sense that we do not con-
sider the semantics of operations within an interpretation domain, but only the structural
aspects of the design representation to which the transformations are applied. For ex-
ample, logic optimization transformations consider the functions implemented by gates
(AND,OR,etc), hence they aiaterpreted ALU folding is concerned only with the
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ocC

Fig. 1. The OC Transformation

components’ interconnections and check that the folded ALUs have the same function-
ality (without interpreting this functionality), so they anainterpreted
In what follows we give an intuitive description for each transformation in our set.

TheOperator Copy (OC) transformation eliminates sharing of operators as illustrated
in Figure 1. In this figure, the result @P1is used by bottOP2andR4 OC inserts
a new operato®OP1’ which performs the same function @1 Both OP1andOPY’
have the same inputs but have only one target component each.
Inputs of OC: 1) a register transfert of a control graphcg to which OC is locally
applied, 2) alink defined as a tuple of components which are connected witlsinch
that the first projection is the source instance and the second projection is the driven
instance, 3) a new operatmew_op.
Function of OC: insertsnew_op in rt as a copy of the second projectionlofi‘2),
deleted and creates a new connection.
OC_Precondition(rt,l, new-op) f
(e € rt) : (operator?(e) AN(12 =€) \
(opfn(new-op) = opfn(l2)) A(not(new_op € rt)))

Operator Instance Substitution (OIS) allows the reuse of an operator instance which
is available during a certain register transfer. In Figure 2 oper@&kandOP2 are
used to perform addition in two different register transfers. OIS substitutes the appear-
ance ofOP2by OP1
Inputs of OIS: 1) a register transfert of a control graphcg to which OIS is locally
applied, 2) an operatosubstto be substituted, 3) An operatopr that will substitute
operatorsubst
Function of OIS: Replace the appearancesibstin rt byopr.
OIS _Precondition(rt, subst, opr) é

(opfn(subst) = opfn(opr)) \

(opr € rt = (fop(opr)'1 = fop(subst) LA fop(opr)'2 = fop(subst)’'2))

Register Transfer Split (RTS) transforms a register transfer into a sequence of two
transfers by saving intermediate results into a set of new temporary registers.
Inputs of RTS: 1) a register transfert of a control graphcg to which RTS is locally
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Fig. 2. The OIS Transformation  Fig.3. The RTS and RTM Transforma-
tions

applied, 2) a sesplit_setof operators and input registers to be scheduled in the first
register transfer, 3) a seéemp_setof temporary registers.
Function of RTS: RTS splits the initial transfer into two successive register transfers:
the first register transfer contains the operators and input registesplih_setand saves
intermediate values in temporary registers fré@mp_set the rest of the components
appear in the second register transfer with updated interconnections, such that interme-
diate values saved in the temporary registers are correspondingly input to components
RTS_Precondition(rt, split_set) 2

V(e € split_set) : operator?(e) = (fop(e)'l € split_set A fop(€)'2 € split_set)
In Figure 3, the RTS transformation is applied to the register tramsfeplit_setcon-
sists of operato©P1 and input registerR1 and R2, and thetemp_setis formed of
temporary registerslandT2.

Register Transfer Merge (RTM) is the inverse of RTS: it merges to successive register
transfers when the values computed in one transfer are passed to the next one through a
set of intermediate registers (see Figure 3).
Inputs of RTM : 1. Two successive register transfets andrt2 of a control graphcg
to which RTM is locally applied.
Function of RTM :it substitutes the sequeng#l,rt2 ( by one register transfer obtained
by eliminating the intermediate registers and replacing them with simple connections
in an orderly manner.
RT M _Precondition(rt1, rt2) 2
(in-regs(rt2) C rtl‘REG out) \(operators(rtl) N operators(rit2) = 0)

Register Transfer Decompose (RTDran be viewed as sequencing two tasks which
are initially executed in parallel. In Figure 4, OP2 is deferred to the next control step.
Inputs of RTD : 1) a register transfert of a control graph to which RTS is locally
applied, 2) an output registeR of rt.

Function of RTD: decomposet in two successive register transfers such that in the
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second register transfer only the value to be readRig computed and all other oper-
ations are performed in the first register transfer.
RT D _Precondition(rt) 2 in_regs(rt) 0 rt‘ REG gy = 0.

Figure 4 shows one register transfetr)(and its decomposition intl andrt2 corre-
sponding to an RTD transformation where regifés R5

R3

)
t1 R1 R2
: (] [Re]

OPT\ ﬁ RTD R

Fig.4. The RTD and RTC Transforma- Fig.5. The RIS Transformation
tions

Register Transfer Decompose (RTC]Js the inverse of RTD, it results in combing two
successive register transfers which can be executed in parallel (in Figure 4, the opera-
tions performed intl andrt2 can be executed in the same control step).
Inputs of RTC: 1) two successive register transfets andrt2 of a control graph to
which RTC is locally applied.
Function of RTC : combinestl andrt2 if their respective computations can per-
formed in parallel.
RTC_Precondition(rtl,rt2) 4
(rtl* REG oyt N1t2°REG oyt = 0) A(rt1'REG oyt Nin-regs(rt2) = ()
N(operators(rtl) Noperators(rt2) = ().

Register Instance Substitution (RIS)is illustrated in Figure 5. The appearanceR#

as an input register in the register trangfr is substituted byR1 To preserve the
behavior of the design, the substituting regiféiis also added as an output register in
that register transfer wheR3was last writtenit2). The connections are updated such
thatR1will read the same value &3,

Inputs of RIS: 1) a register transfert of a control graph to which RIS is locally
applied, 2) an input registeBubstof rt, 3) a registetWth that will substituteSubst
Function performed by RIS: The appearance ddubstas an input register int is
substituted by th&/th register; Wth is also added as an output register whé&uabst
was last written. The value written Wth in this transfer is the same as the value
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written is Subst
RIS_Precondition(cg, rt, Subst, Wth) é
V(rt € cg) : not-alive?(Subst, rt) V not_alive?(Wth,rt).
Let < be an order on register transfers of a control gragfsuch that for any two
register transfergl andrt2 of cg, rtl < rt2 if and only if rtl occurs aftert2 in cg,
andrtl < rt2 if and only if rtl occurs aftert2 or is equal tort2. Then we define
registerR not to be alive in the register transfi¢ras follows:
not_alive?(R,rt) 2V (rtl < rt) : (R € in_regs(rtl)) =
(Frt2:rt2 < rt Artl < rt2 AR € rt2°REG o) \
V(rtl) : vt < rtl A (R € rtl*'REG put) =
(3(rt2 < rtl) : vt < rt2 A R € in_regs(rt2))

In the above definition, a registBris said to benot.alive?in a register transfent
if: a) every timeR is read after the control step correspondingfahan the read value
was also written aftert, b) every value written t& beforert is also read beford. In
other wordsR is not alive duringt if it does not need to preserve its value during the
control step corresponding to.

In specifying the transformations we used a definitional approach, such that only
a couple of axioms were introduced in the specification. We followed a specification
methodology which resulted in a uniform definition of transformations; the uniform
definition allowed a similar treatment of the well-formedness and correctness proofs
for all transformations. As an example, the Appendix 4 shows a complete specification
for OIS: a recursive function updates the operators’ interconnections according to the
transformation applied; next, each field of the affected register transfer is updated to
accommodate the transformation, and finally - bring the locally defined transformation
in the context of the entire control graph.

A generictransformationwas defined as a function which assigns control graphs to
control graphs (i.e., only the well-formedness property is considereddri&ct trans-
formationwas defined as a predicate subtyp&afisformatiorinduced by the behavior
preserving condition (see Appendix 5). A set of transformations for which we will prove
completeness was defined as a predicate subtyperafct transformationghat can be
expressed using one of the seven transformations described above. Along the speci-
fication exercise we have not explicitly stated the well-formedness or the correctness
invariants, nor have we included sublemmas which assert that a certain transformation
belongs to the complete set. Instead, the invariants were implicitly enforced by the pred-
icate subtype definitions, and were automatically expressed by the PVS’s type-checker
as proof obligations. This allowed a much shorter and readable specification for the
witness sequences of transformations used to constructively prove completeness, as it
will be described in the next section.

4 Proving Completeness for a Set of Transformations

A set of correct (behavior-preserving) RTL transformations is said twbpletdf for

any two RTL designs which implement the same behavioral description, one design can
be derived from the other by applying a finite sequence of transformations contained in
this set. In what follows we will call transformations belonging to ourcgerational
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transformations (OT,)and RTL designs implementing the same behavieguivalent
designs
Definition 5. Let sbe a set of RTL transformationsis completdff:
V(rtll, rtl2 : designs,r : output_register) :
(c_behavior(r,rtll) = c_behavior(r,rtl2) =
A(seq : (9)) : apply(seq)(rtll) = rtl2)
where:c_behavioris a function that extracts the computational behavior of an output
registerr in a designimplementationsegis a sequence of transformationsgnand
applyis a function which recursively applies transformations in the order defined by
seq
Figure 6 illustrates the approach we used in proving completeness. We formulated

the following three subgoals which together imply completeness:

1. For every RTL desigrtll there exists a sequence of OTs which transforms it into
an equivalent design consisting of a single register transfer (all operations are per-
formed in the same control stegils.

2. For any two equivalent implementations consisting of only one register transfer
there exists a sequence of OTs which derives one design from the other.

3. For any RTL desigmtl2 there exists an equivalent design consisting of only one
register transfer from whictl2 can be derived through a sequence of OTs.

The first two subgoals were constructively proved by instantiating the sequent formulas
with algorithmically created witness sequences of OTs. A proof for the Completeness
Theorem was derived from the above subgoals using appropriate instantiation.

equivalent designs
r 1/ T e

Intermediate designs

/| T

4
inverse transformation
|
Subgoal 1, N Subgoal3
| rtls )
.
/ transformation

Fig. 6. Approach for the Completeness Proof

A Constructive Proof for the First Subgoal. The first subgoal states that any control
graph associated with an RTL design can be transformed into a control graph of length
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1 after repeatedly applying a sequence of OTs:

V(rtl : cqgraph) : (3(s : otseq) : length(apply(s)(rtl)) =1
The only OTs which result in decreasing the control graph length are RTM and RTC.
But the simple merging or composing is not always possible since a set of preconditions
has to be satisfied. However, it is possible to define sequences of OTs which create a
scenario where preconditions for merging or composing are satisfied.
Definition 6. We definepreconditioning for a transformatiobh the application of a
sequence of OTs which results in an equivalent control graph having the same length
with the initial one, but where the preconditions foare satisfied.
In order to create the witness for instantiating the sequent of the first subgoal, we defined
such sequences of preconditionings followed by the preconditioned transformations that
resultin repeatedly combining the first two register transfers of a control graph, until the
length of the list becomes equal to 1. The algorithm which defines this witness sequence
consists of the following steps (see also Figure 7):

1. A Preconditioning for RTD step is applied to the second transfer in the control
graph in order to create valid preconditions for decomposition. This step proves that
a sequence of RIS transformations applied to input registers of the second transfer,
followed by RTC transformations, results in disjoint input and output register sets
for this transfer (which is the precondition for RTD), while preserving the length of
the graph. (see Figure 7.b).

2. Reduce the cardinality of the output registers set of the second transfebby
deferring the computation for one output to the subsequent transfer. This is done
using a sequence of: (a) decomposition (RTD) for one ouRLih(Figure 7.c), (b)
preconditioning for merging or composing the newly created transfer with the first
register transfer, (c) merge or compose the new trari&r with the first transfer
(see Figure 7.d)

3. Reduce the length of the control graphby recursively applying the previous step
until all outputs of the second transfer are combined (through RTM or RTC) with
the first transfer. After executing this step, the second transfer becamayso it
can be deleted from the control graph (see Figure 7.e).

4. Reduce the length of the control graph to 2y recursively applying the third step.

5. Reduce the length of the graph from 2 to 1 This is treated as a separate step
because it needs a sequence of transformations different from the one executed in
step 3, but using the same OTs.

Proof Strategy for the Second Subgoallhe second subgoal states that any two equiv-
alent RTL designs consisting of only one register transfer, can be derived one from the
other through a sequence of OTs:
Y(rell, rti2 : c_graph) :
(length(rtll) = length(rtl2) = 1 A c_behavior(rtil) = c_behavior(rti2))
= (3(s : ot_seq) : rtl2 = apply(s)(rtll))
What distinguishes equivalent designs consisting of one register transfer (the associated
control graph has length 1) is only a possibly different sharing of operators and a dif-
ferent assignment of operators to physical instances.
The approach of [10, 11] in proving completeness makes use of a Normal Form Struc-
ture definition, which is a unique implementation of a given behavior description. The
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Fig. 7. Reducing the Length of a Control Graph

Normal Form Structure is in thidaximum Operators Forprthat is all operator sharings

are eliminated (see Figure 8.a). There is an important annotation to this definition: the
Normal Form is uniquéwithin naming of the hardware component3¥hen specify-

ing in a strict formal system, such a normal form is not a unique design, but a class of
designs which implement the same behavior asticular form that defines a set of
isomorphic structuresThe particular form of implementation used in our proofs is a
Minimum Operators Form

Definition 7. A register transfert is said to be in thélinimum Operators Form

(MinOF) if for any two expressionsl ande2 in rt , if el ande2 have the same
functionality and the same right and respectively left sources, ¢éier e2.

In other words, the sharing of operatorgrin is maximized, and the number of oper-
ator instances is minimized (see Figure 8.b). The use of MinOF as the particular form
of implementation is motivated by the fact that is easier to define a bijective mapping
between elements of two equivalent register transfers which are iMih@F form.

This mapping was used in defining the isomorphism between two implementations.

We conjecture thafTwo register transfers having isomorphic structures can be trans-
formed one into the other by a finite sequence of OIS transformafitms conjecture
implies theuniqueness within naming of the hardware componéntkeed, the correct
application of OIS when thesubstitutingoperator instance is not already in use in the
register transfer has the effect of “renaming” gubstitutecbperator.

A proof for the second Subgoal was then derived from the following three subgoals:

1. Any design consisting of only one register transfer can be brought tMith@F
form by applying a finite sequence of OIS transformations.

2. Any two equivalent designs which implement the same behavior Mith@F form
are structurally isomorphic.

3. The OIS transformation admits as inverse a sequence of OTs.
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a) Maximum Operators Form b) Minimum Operators Form

Fig. 8. Equivalent Transfers in Particular Forms of Implementation

Proof Strategy for the Third Subgoal. The third subgoal states that for any RTL de-
signcg there exists an equivalent design consisting of only one register transfer from
which cgcan be derived through a sequence of OTs:
V(rtl : c_graph) : (3(rs : c_graph, s : ot_seq) :

length(rs) = 1 A apply(s)(rs) = rtl) A proof for this subgoal was
derived from the first subgoal (constructively proved as described above), and a sub-
lemma stating thatach OT admits as inverse a sequence of. @ie mechanization of
this sublemma is part of the remaining work. Informally, each transformation admits as
inverse a sequence of transformations as follows:

— The inverse for OIS is a sequence of OCs (which are defined for only one link at a
time), or another OIS. The inverse of OC is OIS.

— The inverse for RTS is RTM and vice-versa.

— Theinverse for RTD is RTC. Since RTD is defined only for one output of a register
transfer, the inverse of RTC is a sequence of RTD and RTC transformations.

— The inverse for RIS is also an RIS, or (when the substituted register is a primary
output) a sequence of RIS and RTM.

5 Conclusions and Future Work

There are several limitations of this work that we will address in the future:

— We considered only implementations for behavior descriptions consisting of straight-
line code blocks. The model and the set of transformations can be enhanced to deal
with conditional constructs such that the completeness property will still hold.

— We do not guarantee that the preconditions used in proving correctness of the core
set of transformations angeakespreconditions. This would affect the effective-
ness of a verification methodology based on the completeness of our set.

— In the formal models presented here we implicitly considered that all variables are
correctly mapped to operators and registers input and output ports.

— The RTL models and transformations presented hererangerpreted that is, we
do not interpret the function performed by an operator in a domain of values. The
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correctness of a transformation is thus defined with respect to a relatively strict
structural similarity between two RTL designs.
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Appendix

1. Definitions for Operator Trees and Register Transfers:

expression[R: TYPE, O: TYPE] : DATATYPE

BEGIN

reg(reg: R): reg?

op(op: O, sourcel:expression, source2:expression): op?
END expression
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rt: THEORY

BEGIN

register: TYPE+

operator: TYPE+

operation: TYPE+

opfn: [operator -> operation]

IMPORTING expression_adt[register, operator]

transfer : TYPE = [# exp_set:finite_set[expression],
outregs:finite_set[(reg?)],
regassign:[(reg?)->expression] #]

END rt

2. Definitions for Well-formed Register Transfers and Control Graphs:

wellformed_set?(e_set:finite_set[expression]):bool=
(forall(e:(e_set)):subset?(ancestors(e), e_set)) AND
(forall (el,e2: (e_set)) :
(op?(el) AND op?(e2) AND op(el)=op(e2)) => el=e2)

wellformed_out?(rt:transfer) : bool =
subset?(image(rt'regassign)(rt‘outregs), rt'exp_set)

wellformed_rt?(rt:transfer): bool =

wellformed_set?(rt‘'exp_set) and wellformed_out?(rt)
wellformed_rt:TYPE = {rt:transfer | wellformed_rt?(rt)}
c_graph: TYPE = listjwellformed_rt]

3. Definitions for Extracted Behavior:

extracted_behavior(cg: cons_graph, e:(car(cg)'exp_set)) :
RECURSIVE beh =
if op?(e) then exp(opfn(op(e)),
extracted_behavior(cg, sourcel(e)),
extracted_behavior(cg, source2(e)))
else let m_cg: c_graph = match(e,cdr(cg)) in
if null?(m_cg) then leaf(e)
else extracted_behavior(m_cg, car(m_cg)‘regassign(e))
endif
endif
MEASURE size(e) + size(cdr(cg))

4. Definition for the OIS Transformations:

new_exp(e:expression, subst: (op?), opr: operator) :
RECURSIVE expression=
if reg?(e) then e
else if e = subst then op(opr, sourcel(e), source2(e))
else op(op(e), new_exp(sourcel(e), subst, opr),
new_exp(source2(e), subst, opr))
endif endif
MEASURE size(e)
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ois(rt: transfer, subst: (op?), opr:operator) : transfer =
(# exp_set:= new_exp_set(rt'exp_set, subst, opr),
outregs:= rt'outregs,
regassign:=
LAMBDA (x:(reg?)):new_exp(rt'regassign(x),subst,opr) #)

OIS(cg:list[transfer],n:below[length(cg)],subst:(op?),
opr:operator) :
listftransfer] = replace(cg,n,ois(nth(cg,n),subst,opr))

precondition_ois?(rt:transfer,subst:(op?),opr:operator):bool=
opfn(opr) = opfn(op(subst)) AND
(operators(rt)(opr) =>
(forall(e:(filter_op(rt'exp_set))) :
op(e)=opr => (sourcel(e)=sourcel(subst) and
source2(e)=source2(subst))) )
OIS_PB: LEMMA
forall(cg:c_graph,n:below[(length(cg))],subst:(op?),opr:operator,
r:(output_registers(cqg)) :
precondition_ois?(nth(cg,n),subst,opr) =>
extracted_behavior(r,cg) =
extracted_behavior(r,01S(cg,n,subst,opr))

5. Definitions for Generic Transformations, Correct Transformations, Operational

Transformations, and the Completeness Theorem:

[c_graph->c_graph]
{t:transform |
forall(cg:c_graph,r:(output_registers(cq))):
extracted_behavior(reg(r),cg) =
extracted_behavior(reg(r),t(cg))}

transform:TYPE
correct_tr:TYPE

oper_tr : TYPE =
{ot:correct_tr | forall(cg: c_graph) :
(ot(cg) = iden_tr(cg) % identity transformation
OR
(exists (n:below[length(cg)],r:(nth(cg,n)‘outregs)) :
ot(cg) = RTD(cg,n,r))
OR
(cons?(cg) => exists (n:below[length(cg)-1]) :
ot(cg) = RTC(cg,n))
OR
(exists (n:below[length(cg)],ss:finite_set[expression]) :
ot(cg) = RTS(cg,n,ss))

COMPLETENESS :THEOREM

forall(cgl,cg2 :cons_graph) :

cg_behavior(cgl) = cg_behavior(cg2) =>
exists(s:oper_tr_sequence): apply_sequence(s)(cgl) = cg2
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